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Abstract
The zero-range process (ZRP) is a minimal model of systems that exhibit condensation phenomena. The model consists of boxes occupied by particles, in which a
particle hops out of a box occupied by n particles, and into another box, with a
rate u(n). The steady state of the model is exactly calculable. Depending on the
hopping rates u(n), a coarsening process of high density regions into one microscopically occupied site may occur. This phenomenon in known as condensation.
In many systems which exhibit coarsening phenomena and which are modelled
by the ZRP, the dynamical process is more complex and hopping events may
constitute a non-Markovian process. The present work proposes a non-Markovian
variant of the ZRP and studies effects which the non-Markovian dynamics may
have on condensation. Using analytical and numerical methods, two main results
are found: (1) in mean-field (MF) dynamics, the model maps onto a Markovian
ZRP, but with modified hopping rates ū(n) 6= u(n), and therefore the condensation
transition is affected. (2) When hopping is between nearest-neighbor sites on a
one-dimensional lattice, the condensate drifts on the lattice with finite velocity.
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1

Introduction

The basic strategy of equilibrium statistical mechanics is to abandon the study
of a system through its detailed determinstic microscopic dynamics, and instead
assign to each microstate a probability measure. This strategy was put forward
in the works of Boltzmann and Gibbs. In this approach, one starts out from
postulates on the probabilities of microstates in isolated systems. One then shows
that in any equilibrium system, i.e., one for which the dynamics are defined by
a Hamiltonian, the probability to observe a microstate (if microstates could be
observed) is given by the Boltzmann distribution. Thus, the statistical mechanics
study of equilibrium systems is performed by first finding the Hamiltonian of the
system, and then following the probabilistic procedure of Boltzmann and Gibbs.
It was later realized that discarding the study of microscopic dynamics is possible because of a microscopic property which equilibrium systems possess: the
property of detailed balance [1]. A system is said to obey detailed balance if the
probability that the system will follow any microscopic trajectory in phase space
is equal to the probability that it will follow the time reversed trajectory. This
property, which will be discussed in some detail in the next section, can be considered as a microscopic definition of thermal equilibrium: any microscopic dynamics which obeys detailed balance can be statistically described by the Boltzmann
distribution. With the principle of detailed balance, the probabilistic approach
is extended to the dynamics itself: as long as they obey detailed balance, any
stochastic dynamics can be postulated for a system, and its stationary behavior
will remain unchanged. The freedom in choosing the details of the postulated
stochastic dynamics is significant, among other reasons, because exact knowledge
of the coupling of the system to its environment is usually unknown.
In the study of non-equilibrium systems, the details of the dynamics can no
longer be avoided. The important role dynamics play in non-stationary systems,
1

i.e. systems which are macroscopically changing over time, is reasonable. It is less
obvious why, or indeed whether, non-equilibrium steady states, i.e., macroscopically stationary systems which do not obey detailed balance, should depend on
microscopic dynamical details. However, a general framework for non-equilibrium
statistical mechanics akin to the works of Boltzmann and Gibbs is missing, and
so in practice many studies of non-equilibrium steady-states begin by postulating
some stochastic dynamics that govern the time evolution of the system. These
stochastic dynamics are usually considered as a coarse-grained description of the
true physical dynamics, in which some unknown degrees of freedom (such as those
of the environment) were “integrated out”. The coarse-grained stochastic dynamics of a system are by and large taken to be Markovian, i.e., it is assumed that
the rates (probabilities per unit time) of transition from one state into others depend only on the identity of that state, and not on the history of the system.
The Markovian assumption is an assumption on the degrees of freedom that were
integrated out. While it might be correct on time scales much longer than the
relaxation time of these degrees of freedom, there is no reason for it to be correct
for general physical systems.
Coarse-graining procedures which result in non-Markovian dynamics have been
shown in previous works to give rise to interesting effects, including the observation
of anomalous diffusion in random walks [2, 3] and modifying fluctuation relations
in stochastic systems [4]. The present work examines how non-equilibrium steadystates are affected by a non-Markovian “memory” of the dynamics, such as that
of degrees of freedom which were integrated out. The strategy with which this
issue will be tackled consists of two facets: concentrating on a simple model, and
studying phase transitions in this model.
The study of toy models in statistical mechanics has a long history, with the
Ising model being a characteristic example. In the field on non-equilibrium statis-
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tical mechanics, the analysis of simple models such as the exactly solvable asymmetric exclusion and zero-range processes has been a fruitful approach for gaining
insight on the behavior of non-equilibrium systems. They have also been used as a
laboratory for the development and testing of methods that might be practical in
other, more complex, non-equilibrium systems. Two such methods, for example,
are the study of Lee-Yang zeros in non-equilibrium phase transitions [5, 6], and the
study of large deviations as a general framework for non-equilibrium systems [7].
Simple exactly-solvable toy models also serve as useful phenomenological descriptions in the study of real-world systems such as traffic flow [8], biological transport
[9] and condensation phenomena which will be discussed below.
Phase transitions are macroscopic manifestations of dramatic (non-analytic)
changes in microscopic order when a parameter of the system is varied smoothly.
Their examination enables probing the relations between microscopic and macroscopic properties of a system. In the one-dimensional (1-d) models mentioned
above, phase transitions are particularly interesting to study, as they demonstrate
an important difference between equilibrium and non-equilibrium 1-d systems: in
equilibrium, phase transitions cannot occur in a 1-d system if interactions are
short-ranged. On the other hand, many cases of non-equilibrium 1-d systems
which undergo phase transitions are known even when the dynamics are entirely
local.
In this work I will concentrate on the zero-range process (ZRP). The ZRP,
which will be defined precisely in Sec. 3, is a process of particles which hop between sites with hopping rates that are only determined by the state of the site
(i.e., its occupation). Thus, a particle only “feels” others which are situated in the
same site. This process, which has been introduced in [10] as a simple process of
interacting particles, can be solved exactly (i.e., its stationary probability measure
is known exactly). Moreover, for some choice of hopping rates it possesses the
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interesting property that in the thermodynamic limit, it may undergo a condensation phase transition, in which a finite fraction of particles is located on one site.
For these reasons, it has been used to phenomenologically model a wide variety of
systems which exhibit similar condensation transitions.
Systems modelled by the ZRP often have complex dynamics in which hopping
events might constitute a non-Markovian process. In the present work, a nonMarkovian generalization of the ZRP is introduced and analyzed. The critical
behavior of the non-Markovian model for some choice of hopping rates is studied
analytically in a mean-field approximation, and numerically. Two main results are
found: (1) In mean-field dynamics, the model maps on to a Markovian ZRP, but
with modified hopping rates which affect the condensation transition. (2) When
hopping is between nearest-neighbors on a 1-d lattice, the condensate is seen to
drift with a finite velocity.
The structure of the work is as follows. In Sections 2 and 3, some background
material will be provided: the next section will present some general background
on common techniques and methods used in the study of non-equilibrium models,
while Section 3 will review the ZRP model and some of the known results regarding
it. In Sec. 4 the non-Markovian version of the model will be defined. The model
will be solved in the mean-field approximation in Sec. 5, and results of numerical
simulations of the model will be presented and discussed in Sec. 6. The numerical
simulations will show some discrepancies between the mean-field critical exponent
of the condensation transition, and that measured numerically. Sec. 7 will propose
a modified mean-field calculation which might better predict this critical exponent.
Some concluding remarks will be given in Sec. 8. Finally, in Appendices A-D, some
technical details will be discussed.

4

2

Stochastic particle systems: background and
methods

2.1

Markov processes

As discussed above, the starting point for a study of non-equilibrium models is to
postulate some stochastic dynamics according to which the model evolves in time.
The simplest assumption to make on these dynamics (which, as mentioned, does
not mean that it is justified when trying to model a real-world physical system) is
that these stochastic dynamics generate a Markov process. A Markov process is
formally defined as a stochastic process over a space of configurations C, that for
any successive series of times t1 < t2 < . . . < tn , and for any corresponding series
of microscopic configurations of the system Ci ∈ C, i = 1 . . . n, one has that
P(Cn , tn |C1 , t1 ; . . . ; Cn−1 , tn−t ) = P(Cn , tn |Cn−1 , tn−1 ).

(1)

In other words, the conditional probability to observe the system in configuration
Cn at time tn given previous observations Ci at corresponding times ti (1 ≤ i ≤
n−1) is equal to the conditional probability to observe Cn at time tn given only
the last of the previous observations Cn−1 at time tn−1 [1]. Less rigorously, it
can be said that a Markov process does not have a memory of its history, and
given the macroscopic state of the system at some time t0 , namely, given the
probability measure P(C, t0 ) over C, its macroscopic state P(C, t) for any t > t0
can be determined without the need for further information.
As an example, consider a discrete time random walk xt , t = 1, 2, . . ., over the
integers Z, whose transition probabilities at any time step are a function of both
its current and previous positions. This random walk is not a Markov process over
Z, as knowledge of P (xt0 ) at some time t0 is not enough for the determination
of P (xt0 +1 ). If, however, a microscopic configurations of the system is defined
5

to be a pair (xt , xt−1 ), i.e., the configuration space is taken to be Z2 , then the
process is Markovian. This example demonstrates that a non-Markovian process
over some configuration space might be a Markov process when defined over a
higher dimensional configuration space.
The converse is also true: if a process is Markovian over a high dimensional
space, its projection on a space of lower dimension will usually not be Markovian.
For instance, the full microscopic dynamics of any physical system are believed
to be deterministic and hence Markovian. However, performing a coarse-graining
procedure in which degrees of freedom deemed irrelevant are integrated out, will
usually result in a process which, taken by itself, is non-Markovian. In other words,
if only partial information on the state of a systems at any time is available, then
the observed time evolution of the system will in general be non-Markovian.

2.2

The master equation

The basic tool for analyzing Markov processes is the master equation [1, 11], which
is a differential equation that describes the evolution of the probability distribution P (C, t). For concreteness, I will introduce and discuss the master equation in
the particular context of stochastic particle systems, which are systems of particles moving between sites. The ZRP, which will be discussed in Sec. 3, is such a
stochastic particle system. The situation which I will discuss is that of L sites, indexed by i = 1, . . . , L, on which N particles move around (the number of particles
might be conserved or might fluctuate). At every moment in time, the configuration of the system is given by the occupations of all sites n ≡ {ni }Li=1 , where ni is
the number of particles at site i.
For such stochastic particle systems, the master equation is
X

d
P(n′ , t)W (n′ → n) − P(n, t)W (n → n′ ) .
P(n, t) =
dt
n′ 6=n
6

(2)

Here W (n′ → n) is the rate (probability per unit time) of transition from config-

uration n′ to configuration n. The master equation is nothing but a continuity

equation on the probability, stating that the probability of finding a system in
configuration n at time t changes only due to the probability to be in other configurations and move into n minus the probability to move out of n to other configurations. This equation can be recast as a matrix equation Ṗ(t) = P(t)W, where
P(t) is the vector of probabilities (with Pn (t) = P(n, t) as its n’th component),
and the matrix W is defined as

 W (n → n′ )
Wn,n′ =
 − P ′ W (n → n′ )
n 6=n

for n 6= n′

for n = n′

.

(3)

In this matrix, sometimes referred to as the infinitesimal generator of the Markov
process, all non-diagonal elements are positive, and the sum of all rows is zero (the
latter property being a manifestation of the conservation of probability). It can be
shown from these properties that any such matrix over a finite configuration space
has a zero eigenvalue, which means that the corresponding master equation admits
a stationary solution. If, in addition, any configuration n can be connected to any
other n′ by a path of transitions whose probability is strictly greater than zero (in
which case W is called irreducible), than the stationary state is unique, and any
initial condition will in long times converge to it [1].1 Describing the behavior of a
stochastic model usually entails finding this stationary distribution, finding time
dependent correlation functions in the steady state, and analyzing the dynamics
that lead to the steady state.
1

If the configuration space is infinite, the process can drift to infinity. An example of a Markov

process over an infinite configuration space which does not have a stationary state is a simple
random walk on an infinite lattice. Nevertheless, if a steady state exists, it is unique and the
system will converge to it from any initial condition.
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2.3

Detailed balance

Even though the master equation is linear, finding its stationary distribution is
usually not an easy task. The reason is that the size of the configuration space
grows exponentially with N and L, and therefore for large values of N and L it is
difficult to write down the matrix W and to diagonalize it. This task is simplified
considerably if the summed terms in (2) cancel in pairs, i.e.,
P(n′ )W (n′ → n) = P(n)W (n → n′ )

(4)

for all n, n′ . This is the famous condition of detailed balance, and will be considered
as the definition of an equilibrium system (i.e., a steady state in a system which
obeys detailed balance is an equilibrium steady state). Since the steady state
probabilities P(n) are determined by the transition rates W , detailed balance
is in fact only a condition on the latter. This can be seen more explicitly by
an equivalent criterion, sometimes called the Kolmogorov criterion [1, 11, 12].
This criterion states that a system satisfies detailed balance if and only if for
every “loop” of configurations n1 , n2 , ..., nk , n1 , the probability for the system to
transverse the loop in one direction is equal to that of the opposite direction:
W (n1 → n2 )W (n2 → n3 ) . . . W (nk → n1 ) = W (n1 → nk ) . . . W (n3 → n2 )W (n2 → n1 ).
(5)
The Kolmogorov criterion is equivalent to two other characteristics of equilibrium
systems: the absence of probability currents in the steady state, and the timereversal invariance of the steady state. The equivalence can be understood by
noting that in a steady state, all probability currents must flow in closed loops
(otherwise probability will change at the source and end of any current line).
Equation (5) ensures that such current loops do not form. Moreover, under time
reversal, any steady state will remain stationary; the only difference between the
“advancing” and “retarding” stationary states is the direction of probability cur8

rents. Therefore, if there are no probability currents in the steady state, it must
be time reversible.

2.4

Mean-field approximation

As mentioned before, it is usually a difficult task to find the stationary probability
measure of non-equilibrium systems (i.e., when detailed balance is not satisfied),
and sometimes even those of equilibrium steady states pose a formidable challenge.
A common method used in these cases is the mean-field (MF) approximation. In
this approximation it is assumed that there are no correlations between sites in
the system, in which case the probability measure factorizes to
P(n) =

L
Y

P (ni ).

(6)

i=1

The problem now reduces to finding the single site marginal probabilities P (n), a
one-dimensional function. This task is considerably easier than finding a probability measure over the L dimensional configuration space.
The price to pay for this reduction in complexity is that the MF approximation
is uncontrolled and usually cannot be justified a priori. Sometimes it gives good
quantitative results, other times it gives only good qualitative results, and it might
give results that are qualitative different from the exact solution of the model.

3
3.1

The zero range process
Description of the model

A ZRP is a process of particles hopping between sites, such that the hopping rates
are a function only of the state of the site from which each particle hops (the
origin site). More precisely, a ZRP is a stochastic process of N particles hopping
9

Figure 1: A schematic illustration of a ZRP on a ring with asymmetric hopping rates.
Particles that can hop in this particular configuration are colored red. Four of the
possible moves out of this configuration are indicated along with their rates.

between L sites. Each site 1 ≤ i ≤ L can be empty or occupied by an arbitrary
(integer) number of particles denoted by ni . The full configuration of the system
will be denoted by n ≡ {ni }Li=1 , and the probability to find the system in this
configuration by P(n). Schematically, a single step of the dynamics of a ZRP can
be written as
uij (ni )

{n1 , . . . , ni , . . . , nj , . . . , nL } −−−−→ {n1 , . . . , ni −1, . . . , nj +1, . . . , nL },

(7)

where i and j are neighboring sites, and the number above the arrow represents
the rate with which the process takes place (this notational convention will be used
throughout the paper). The hopping rates must satisfy uij (0) = 0, as a particle
cannot jump out of an empty site (see Fig. 1 for a schematic illustration of a ZRP).
A ZRP, then, is determined by two factors: the geometry of neighboring sites, and
the rates with which particles hop between neighboring sites.
Geometrically, a convenient way to establish which sites are neighbors is to
define the process on a graph: particles in such a view are located on the vertices
of the graph, and hop along the edges (i.e., vertices designate sites and edges
specify which sites are neighbors, see Fig. 2). A commonly considered type of
10

Figure 2: An illustration of a graph on which a ZRP can take place. Each vertex (box)
is a site on which particles can accumulate, and the edges (arrows) indicate the allowed
moves of particles from each site.

graph is a d-dimensional lattice, either infinite or finite with some given boundary
condition. In what follows I will mainly consider a 1-dimensional lattice with L
sites and periodic boundary conditions, i.e., a ring geometry in which particles can
only hop between nearest neighbors. Another type of graph which is often studied
and will be discussed in what follows is a fully-connected graph. This will be called
a mean-field (MF) geometry, since on the complete graph there can be no spatial
correlations and so the MF approximation describe exactly, in the thermodynamic
limit defined shortly, the behavior of models in the MF geometry. For both types
of graphs, I will mostly study the thermodynamic limit of the ZRP in which the
number of particles N and the number of sites L tend to infinity, but their ratio,
the concentration of particles ρ = N/L, remains constant.
The defining property of a ZRP is that the hopping rates between neighboring
sites do not depend on the state of the target site (the site to which the particle
hops). In a very general setting, if sites i, j are connected by an edge, a particle
would hop from i to j at rate uij (ni ). I will focus on translationally invariant
hopping rates, i.e., rates that do not depend on the identity of the origin site.
In 1-d case of a ring geometry with nearest-neighbor hopping, one can consider

11

symmetric hopping rates which do not depend on the identity of the target site;
totally asymmetric rates for which particles can hop from site i only to i+1 (i.e.,
particles hop only in one direction); and partially asymmetric rates for which
hopping is biased to one direction. In all three cases the hopping rates can be
written as u(ni ) for particles hopping from i to i+1, and q·u(ni ) for particles hopping
from i to i−1. Here, 0 ≤ q ≤ 1 is the asymmetry parameter : q = 1 corresponds to
the totally asymmetric case, q = 0 to the symmetric case, and all other values of
q to the partially symmetric case. An illustration of a partially asymmetric ZRP
on a ring is presented in Fig. 1. Note that for all q 6= 1 the ZRP dynamics do not
satisfy detailed balance and so they define a non-equilibrium process. This simple
fact can easily be seen by noticing that for asymmetric hopping, in the steady state
there must be a net current of particles flowing around the ring. It can also be
established more formally, by using the Kolmogorov criterion (5) and multiplying
the hopping rates going around the ring in the two directions.
Different choices of hopping rates can be used to model different systems, of
which I will mention a few (for a review see [13, 14]). Hopping rates that are proportional to the number of particles in the site, u(n) = β ·n, describe particles that
perform a random walk and do not interact, since the dynamics of such a model
would be to choose a random particle uniformly and update its position regardless
of the position of other particles. Any other hopping rates would correspond to a
situation in which each particle interact only with other particles in its site (and
hence the name of the model). For instance, a 1-d lattice with a constant rate
u(n) = β is a pure chipping process, in which each hop corresponds to a single
particle dissociation from the total mass of the origin site, and association to the
mass on its neighbor. Hopping rates that monotonically tend to a constant for
large n, i.e., u(n) ∼ β(1 + b/nσ ) with σ > 0, would describe a behavior similar to
a size dependent energy for each mass. If b < 0 (rates increasing to a constant), it
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can be viewed as if there is an energy which increases with the mass, while when
b < 0 (rates decreasing to a constant), it is as if there is a decreasing energy when
mass is increased. In the latter case, a condensation phase transition, in which
a finite fraction of the particles is located on a single site, may occur when the
density ρ is increased above a critical value. The condensation transition will be
discussed in more detail in Sec. 3.2.3, but when discussing the hopping rates it
is worthwhile to mention the connection between the rates and the condensation
transition: the conditions for condensation are that the rates either decrease to
zero (i.e., β = 0), or decrease more slowly than β(1 + 2/n) (i.e., σ < 1, or σ = 1
and b > 2).
A ZRP can be simulated on a computer by a discrete time Monte-Carlo version
of these dynamics using random sequential update: first pmax = maxn,i,j ui,j (n) is
found, then a directed edge (i, j) is chosen at random (uniformally from all edges
in the graph), and finally, a particle is moved from site i to j with probability
ui,j (ni )/pmax . This ensures ni is left unchanged with probability 1−u(n, τ )/pmax ≥
0. A total of L consecutive updates constitutes one time step in Monte-Carlo time.
This Monte Carlo process has the same stationary distribution as the continuoustime process defined above.

3.2

Known results

Four important results regarding the ZRP will be quoted.
3.2.1

Product measure and stationary solution

It can be shown that in all geometries, and for all hopping rates from site i to j of
the rather general form uij (ni ) = ui (ni )Wij , the steady state probability measure
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P(n) factorizes to the form:
P(n) =

−1
ZL,N

L
Y

Pi (ni ) δ

i=1

X
L
i=1


ni − N ,

(8)

where the δ function is a consequence of the conservation of particles, the normalization is given by
ZL,N =

L
XY
n

Pi (ni ) δ

i=1

X
L
i=1


ni − N ,

(9)

and Pi (ni ) are the single site occupation probabilities, which will be discussed
below [13, 12]. In other words, the occupations of different sites are not correlated
beyond the trivial correlations imposed by particle conservation (which vanish in
the thermodynamic limit), and the MF approximation can be used in all geometries
to calculate the exact behavior of the model in the thermodynamic limit. In
particular this implies that in all geometries, the steady state behavior of the
model is the same as that of the MF geometry.
In translationally invariant systems, stationary single-site occupation probabilities do not depend on the site, i.e., Pi (ni ) = P (ni ). As discussed above, to find
these probabilities, it is enough, in the thermodynamic limit, to consider a system
in the MF geometry. In this case, each site has a steady incoming current of J
particles per unit time, which is the mean output current of all other sites. The
dynamics of the occupation n of a single site can be schematically written as
u(n)

n −→ n − 1
J

n −→ n + 1.

(10)

These dynamics can be viewed as a random walk on the natural numbers in which
the walker hops to the right with a constant rate J and hops to the left with a site
dependent rate u(n). The master equation of these dynamics is
d
P (n) = P (n−1)J + P (n+1)u(n+1) − P (n)[J + u(n)].
dt
14

(11)

In the steady state, the recursion relation
u(n)P (n) = JP (n−1)

(12)

can be obtained by using the boundary conditions u(0) = 0 and P (−1) = 0. The
probability of finding n particles in the site (or equivalently, of finding the walker
in site n) is then

n
Y
J
P (n) = P (0)
= P (0)J n f (n),
u(k)
k=1

(13)

where in the last equality the unnormalized weights were defined to be
n
Y
1
f (n) =
.
u(k)
k=1

P (0) can be found by the normalization condition

(14)
P

P (n) = 1. Note that in the

full probability measure (8), J plays no role, since it appears both in the numerator
P (n) and in the denominator ZL,N .
The calculation above was done for an infinite system, i.e., in the thermodynamic limit. It can be shown that the solution (8) and (13) calculated above is
correct even for a finite system [13]. In a finite system, however, P (n) of equation
(13) no longer has the meaning of the marginal occupation probability of a single
site, and the correlations between sites imposed by the conservation of particles
(or equivalently, the δ function in equation (8)) must be taken into account. The
accurate marginal probability can be shown to be given by
P (n) = f (n)

ZL−1,N −n
,
ZL,N

(15)

with the weights f (n) defined by (14). Summing over n produces a useful recursion
relation for the normalization:
ZL,N =

N
X

f (n)ZL−1,N −n .

(16)

n=0

Equations (15) and (16) provide a simple algorithm for calculating P (n) numerically.
15

Figure 3:

An illustration of a general grand-canonical ZRP network. Green arrows
indicate sources of particles (generally, with different arrival rates Ji ), and red arrows
indicate particle sinks.

3.2.2

Canonical and grand-canonical ensembles

The ZRP as discussed so far has the important property that the number of particles is conserved by the dynamics. Borrowing a term from equilibrium statistical
mechanics, such ZRPs can be said to be in the canonical ensemble. It is also possible to consider ZRPs with a fluctuating number of particles, which will similarly
be said to be in the grand-canonical ensemble. Dynamically, for the number of
particles to fluctuate there must be “leads” that connect sites to outside reservoirs
of particles. These leads can be thought of as dangling edges in the graph on
which the ZRP is defined. It is most natural to consider incoming leads from a
particle bath that delivers a constant current of incoming particles (i.e., a constant
probability per unit time), and to consider outgoing leads as sinks that capture
some or all of the particles hopping out of the sites to which they are connected.
A general network of this sort is schematically depicted in Fig. 3.
In a system with several leads, each site i will generally have a different fugacity
zi , which will be determined by all incoming processes into the site, i.e., by currents
both from incoming leads and from other sites. The stationary probability measure
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of such a system can also be shown to factorize, and will be of the form
PGC (n) =

−1
ZL,{z}

L
Y

P (zi , ni ),

(17)

i=1

where the single site occupation probabilities are
n
Y
z
P (z, n) = P (z, 0)
= P (z, 0)z n f (n),
u(k)
k=1

(18)

similar to the canonical case (Eq. 13). The grand-canonical partition function is
given by
ZL,{z} =

L
XY
n

P (zi , ni ).

(19)

i=1

Note that from (18) and (14), the average hopping rate out of site i is given by
hu(ni )i = zi , which means that the fugacity is equal to the current leaving the site.
For this reason I will sometimes denote the fugacity by J.
To solve the general grand-canonical problem, all that remains is to determine
the fugacities from the knowledge of the incoming and outgoing rates of the leads.
The solution of the general problem has mainly been discussed in the queueing
theory literature ([12], the relation of ZRP to queueing theory will be explained
below), although certain more specific cases have also been discussed in the physics
literature ([13, 14]). For the present purposes, however, we will only be interested
in cases where all sites have the same fugacity. There are many ways to achieve a
grand-canonical system with a constant fugacity; two specific examples will now
be discussed. The first is to have particles created in each site i with rate J, and
annihilated with rates u(ni ). In this case, it is obvious from symmetry that all
sites have the same fugacity, and it is shown in [13] that this fugacity is z = J.
A second example in which a grand-canonical ZRP with constant fugacity can be
achieved is by examining totally-asymmetric hopping on a finite 1-d lattice with
open boundary conditions [14], see Fig. 4. Note first that the departure process
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Figure 4: An illustration of a grand-canonical ZRP on a finite lattice with open
boundary conditions. Particles hop into the first site with a constant rate J, hop from
site i to i+1 with rates u(ni ), and hop out of site L with rates u(nL ). All possible moves
in this particular configuration are indicated with their rates.
from each site does not depend on the state of sites that are “downstream” from
it, and so sites can only “feel” other sites that are “upstream”. In particular, the
first site, into which particles flow with probability J per unit time, is exactly
described by equations (10)-(14), from which (by comparison to Eq. (18)) it can
be seen that the fugacity z1 of the first site is exactly the current J. As will
be explained below, if a site is fed by a constant Poissonian current, the current
leaving it is also Poissonian with the same rate. For this reason, the second site will
be fed by a Poisson process with constant rate J, and so the second site will behave
exactly like the first, and will be described by the same equations. Following this
logic, all sites will have the same fugacity z = J.
In a grand-canonical ZRP with constant fugacity J, whether it is achieved
dynamically in one of the two ways described above or in any other way, the
partition function can be written as
ZL,J =

X
N

N

J ZL,N =

L
XY
n

where
F (J) =

P (J, ni ) = [F (J)]L .

(20)

i=1

∞
X

f (n)J n

(21)

n=0

is the single site partition function. As in equilibrium statistical mechanics, this
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last quantity is very useful as it can be used to calculate moments of the distribution, such as the average density
ρ̄(J) =

∞
X
n=0

nP (n) = P (0)

∞
X
n=0

nJ n f (n) = J

F ′ (J)
.
F (J)

(22)

If J is outside the radius of convergence of the power series (21), then the
system does not have a stationary state. For example, if limn→∞ u(n) = β is
well defined (as shall be assumed from now on), then the radius of convergence is
Jc = β and the normalization sum converges for all J < Jc , as can be seen using
ratio test, for example [15]. Physically, if J > Jc then the arrival rate of particles
is larger than the maximal possible departure current of the lattice, and so the
number of particles in the first site will indefinitely increase. That for some choice
of parameters there is no stationary state is in contrast to the canonical case,
in which a stationary probability always exists. Note that in the thermodynamic
limit, if both the canonical and grand-canonical stationary probabilities exist, then
they are equal to each other, as is seen by an comparison of equations (8)-(9)
and (13) with equations (17)-(18) and (20). Equation (22) then gives the relation
between the conjugate variables ρ and J: for a given canonical system with density
ρ, the current J can be found by solving the equation ρ = ρ̄(J).
The behavior of a grand-canonical system, which has a critical current above
which it cannot reach a steady state, can be seen as a phase transition. This view
is supported by the behavior at criticality (i.e., when J = Jc ), at which, if a steady
state exists, the system may exhibit phenomena similar to power law correlations
and a diverging correlation length. When the density of a canonical system is
increased to the critical density that corresponds to Jc , it undergoes a parallel but
different condensation phase transition. This phase transition will be discussed in
detail in the next section.
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3.2.3

Condensation

The hallmark feature of the (canonical) ZRP is the phenomenon of condensation:
in the thermodynamic limit, above a certain critical density of particles, a single
lattice site may become macroscopically occupied (this means that there is a single
site with a finite fraction of the total number of particles). To understand the
transition from a non-condensed phase in low densities to a condensed phase in
high densities it is instructive first to analyze in more detail the behavior of a grandcanonical ZRP with a single site, i.e., a single ZRP site with particles incoming at
a constant rate J and leaving with rates u(n).
We begin by noting that ρ̄(J) is a monotonically increasing function of J, as
can be shown by taking the derivative of the right hand side of (22) with respect
to J. Next, we recall that in the grand-canonical system, J ≤ Jc = β must hold,
as discussed above. If the radius of convergence Jc of (21) corresponds to a finite
density
ρc = ρ̄(Jc ) = ρ̄(β) < ∞,

(23)

then for densities ρ > ρc a current J that solves the equation ρ̄(J) = ρ cannot
be found, and the canonical system will be in a state which is unattainable by
its grand-canonical counterpart. In these cases the canonical system will be condensed: schematically, Lρc particles will be in a ‘fluid phase’, distributed according
to (8) and (13) with J = Jc , and the other L(ρ − ρc ) will all go to a single site (the
condensate).
Condensation may be classified into two types:
1. Strong condensation which occurs when u(n) ց 0. In this case the current
goes to zero in the thermodynamic limit, and all particles in the system
concentrate in one site. Strong condensation occurs at all densities, as ρc = 0.
This type of condensation is in a sense dull, since in the thermodynamic limit
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the dynamics of the system become frozen.
2. Weak condensation in which the current is non-zero, and a finite fraction of
the particles is in the fluid phase. Using the ratio test once more, it can be
seen that weak condensation occurs if the hopping rates decrease to β more
slowly than
u(n) ∼ β(1 + 2/n)

(24)

(now it is assumed that β 6= 0). Specifically, consider rates which, for n ≫ 1,
are of the form
u(n) ∼ β(1 + b/nσ ).

(25)

If 0 < σ < 1 condensation may occur for all values of b. On the other
hand, if σ = 1 condensation may occur only for b > bc = 2. In the former
case the fluid phase will be distributed according to a stretched exponential
distribution
P (n) ∼ exp(−bn1−σ /(1 − σ)),

(26)

and in the latter according to a power law distribution
P (n) ∼ n−b .

(27)

Weak condensation will occur only if the density is above a critical density
ρc = ρ̄(β) > 0 which is non-universal (i.e., depends on all hopping rates u(n)
and not just on their asymptotic form).
As explained above, the condensate consists of one site. In other words, whenever ρ > ρc all excess L(ρ − ρc ) particles go into a single site. It is important
to note that this is not a consequence of the dynamics of the system, but of the
steady state probability measure. A rigorous proof of this fact is given in [16],
but on an intuitive level this can be seen by comparing the probability weights
of configurations with one and two condensates [13]. For example, consider jump
21

rates of the form (25) with σ = 1, which imply that f (n) ∼ O(n−b ) for large n.
For a system of size L, the weight of finding the condensate on a single site is of

the order of Lf L(ρ − ρc ) = O(L1−b ), while the weight of finding the condensate
P

3−2b
extended over two sites is L2
). For b > 2
n f L(ρ − ρc ) − n f (n) = O(L
(for which condensation can occur), 1 − b > 3 − 2b, and so in the limit L → ∞

configurations with a single condensate site greatly outnumber those with multiple
condensates.
In any finite system, the condensate does not remain static in its site, but
rather relocates every once in a while to another randomly chosen site on the
lattice. During the relocation, there will be 2 condensate sites on the lattice: a
new condensate site will take up the particles from the old one which will be
depleted. For hopping rates of the form u(n) ∼ β(1 + b/n), the typical time
between relocations of the condensate grows algebraically with the system size as
tcondensate ∼ Lγ with γ > 2. On time scales much shorter than this, however, the
condensate will be seen to remain static [17].
Finally, it is useful to see pictorially how the condensation transition manifests
itself in a finite system. Figure 5a shows the single-site occupation probability P (n)
for densities below, at and above ρc (calculated numerically using equations (15)
and (16)), along with Monte-Carlo simulation results. The data was calculated for
a lattice of size L = 1000 with b = 3, for which ρc = 1. Figure 5b shows typical
snapshots of the lattice obtained from the same Monte-Carlo simulations.
3.2.4

Burke’s theorem

Models similar to the ZRP have been extensively studied in the field of queueing
theory. In this field, a queue is usually defined by a stochastic process which
determines the times at which customers join the queue (the arrival process), and
a rule (usually also stochastic) according to which customers are served at the
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Figure 5:

(a) Single-site occupation probability of a ZRP, obtained from numerical
calculation (solid lines) using equations (15) and (16), and from Monte-Carlo simulations
(symbols), for a lattice of size L = 1000 with b = 3. (b) Typical snapshots of the lattice
for densities which are below, approximately at, and above the critical density (note
that in the latter case, the y-axis is broken in order to show both the condensate and
the disordered background).

counter at the end of the queue and leave it. The stochastic process of the times
at which customers leave the queue is called the departure process.
Queues can be joined into a network so that a customer who leaves one queue
joins the end of another. In this way, the departure process of one queue is the
arrival process of the next. Viewed from this perspective, a queue can be thought
of as an operator which maps one stochastic process (the arrival process) into
another (the departure process).
From a queueing theory perspective, a ZRP on a ring is equivalent to a closed
series of queues, where the particles play the role of customers and the sites the
role of counters. for a ZRP with hopping rates u(n), the clerk at the counter serves
each customer with a rate which is a function of the length of the queue.
A fundamental result in the theory of queues is a theorem by Burke which
states that, under the right conditions on the queue, if the arrival process is a
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Poisson process, then departure process is an identical Poisson process [18]. The
“right conditions” for which this “Poisson in, Poisson out” result holds can be
formulated in different degrees of generality[12]. For our purposes it will suffice to
mention that it applies if the number of people in the queue n(t) is a birth-death
process, i.e., if the number can only change by one at each time step, and the rates
with which these changes occur (the birth rate and the death rate) are a fixed
function of n.
As mentioned above, a queue can be thought of as an operator which turns
one stochastic process (the arrival process) into another stochastic process (the
departure process). From this point of view, Burke’s theorem can be viewed as a
fixed point theorem: it establishes that the Poisson process is a stochastic process
which is kept fixed by certain “queueing operators”. In recent years, this view of
queues as operators acting on stochastic processes was studied in more detail, and
some properties of fixed points of queues were elucidated, including several generalizations of Burke’s theorem. These generalizations include proofs of existence,
uniqueness and attractiveness of fixed points for several different types of queues
(see [19, 20] and references therein). The last property is especially important: a
fixed point is considered attractive if a repeated application of the queueing operator on stochastic processes that are not the fixed point would eventually result
with a process close (in some sense) to the fixed-point process. In less abstract
terms, if many queues are placed in a series as described above, and the arrival
process into the first queue is a stochastic process which is not the fixed point, then
the departure process out of the last queue would be very close to the fixed-point
process (it would converge in distribution to the fixed-point as the length of the
series approaches infinity).2
2

Such convergence theorems were proven for quite general, but not arbitrary, arrival processes.

See [20] for details.
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These fixed-point theorems may give insight to the lack of (non-trivial) correlations between occupations of sites in a ZRP. Consider first a single ZRP site with
some arrival process. As discussed above, this site is equivalent to a queue with
exponentially distributed serving times with rates u(n). The number of particles
(or customers) in the site is a birth-death process, and so according to Burke’s
theorem, if the arrival process into the site is Poisson, so is the departure process.
Now consider a series of sites in line with open boundary conditions (i.e., particles
hop into the first site according to some rules, and disappear once they hop out
of the last site). By Burke’s theorem, if the arrival process to the first site is
Poisson, all arrival processes will be identical Poisson. It is no surprise, then, that
the probability measure of this series of sites factorizes, since no information is
transferred between sites. Finally, consider a ring geometry. For a finite ring, the
fixed-point theorems do not guarantee that the arrival processes will be Poisson,
and indeed in general they will not be. This is easy to understand once it is realized that each departure process from a site is correlated with the arrival process
into the next site, and therefore each departure process is correlated with all those
that are “downstream” from it. In a finite ring, since each departure process is
located “downstream” of itself, it must contain non-zero time correlations. In the
thermodynamic limit, however, the ring can be thought of as an infinite line, and
the attractiveness of the Poisson fixed point together with the translation invariance imply that all arrival and departure processes in the stationary state will be
Poisson.
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4

The non-Markovian ZRP

4.1

Motivation

As discussed in the introduction, non-Markovian systems are difficult to deal with,
and the study of simple non-Markovian toy models might prove helpful for understanding how the absence of the Markov property affects the statics and dynamics
of many non-equilibrium systems. The choice of the particular non-Markovian
ZRP model which will be described below has a further motivation that will now
be discussed.
The ZRP has been used as a minimal model for systems that undergo a condensation transition. Some examples of such systems which were modelled by the ZRP
include compartmentalization of shaken granular gasses [21], wealth condensation
in macroeconomics [22] and condensation in complex networks in which a single
node is connected to a finite fraction of the network [13]. The ZRP has also been
used to generally model domains of particles in one dimensional driven diffusive
systems [23, 24], which are systems of particles that diffuse on a lattice subject
to some external drive (for concreteness, an example of such a system is given
in Appendix A). Such systems may exhibit phase separation into a high-density
phase and a low-density phase, and an important question is to understand the
conditions under which phase separation may occur. In many driven diffusive systems, small domains of high and low density develop, and phase separation takes
place if these domains coarsen to form macroscopic high and low density regions.
In [23], Kafri et al. used the ZRP to model this coarsening process: each domain
is mapped to one site in a ZRP, and the hopping rates of the ZRP are taken to
be the mean current j(n) flowing through a domain of size n in the driven system
(see Fig. 6 for a schematic illustration of the mapping). In the ZRP it is then
known whether condensation takes place, which corresponds to phase separation
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Figure 6: Mapping of a driven diffusive system to a ZRP. Top: a snapshot of a
schematic 1-d driven diffusive system, which may consist of several types of particles
(schematically represented by + and −). Bottom: the corresponding configuration of
the ZRP, in which each cluster is mapped into a single site. The hopping rate out of
a site of n particles in the ZRP is taken to be j(n), the mean flux through a cluster of
size n in the driven system. The mapping is not exact, as the internal structure of the
clusters may induce time correlations of the current, and these correlations are lost in
the ZRP description.
in the driven system.
The correspondence between the dynamics of a 1-d driven diffusive systems
and the dynamics of a ZRP is in general not exact: particle domains in the driven
diffusive system may have an internal structure (for instance, if there is more than
one type of particles), which is lost in the mapping of the system to a ZRP. In
particular, this internal structure might induce time correlations in the current
flowing through a domain. When modelling a driven system by a ZRP, care must
be taken with these time correlations. Studying a non-Markovian ZRP in which
hopping rates out of a site depend on the history of the process, might shed light
on the effects that such time correlations of the current may have on condensation.
Thus, this study might assist in refining the criterion of Kafri et al. [25]. More
generally, results of this study might be relevant to other situations of condensation
which were modelled by the ZRP and in which memory effects might be present.
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4.2

Description of the model

In general, each site could have a memory of all previous times at which particles
hopped into it, i.e., of its full history. To simplify the model, I will consider the
case where only the time of the last hop into the site affects the hopping rate out of
the site. The ZRP will accordingly be extended by assigning to each site a second
degree of freedom: an internal discrete “clock” τi which proceeds irregularly in unit
steps, and measures the time since a particle last hopped into the site in integer
time units (i.e., τ = 0, 1, 2, . . .). The hopping rates out of site i are now taken
to depend both on the occupation of the site ni and on the state of its clock τi ,
but not on the state of any other site (in accordance with the general philosophy
of the ZRP). A full configuration of the system is now given by the set of pairs
(n, τ ) ≡ {(ni , τi )}Li=1 .
The precise dynamics of the particles and the clocks consists of two types of
processes:
1. Particles hop between sites with rate u(n, τ ). If there are ni > 0 particles at
site i and the clock state is τi , a particle jumps to the right neighboring site,
i + 1, with a rate (probability per unit time) u(ni , τi ) . Together with the
jump, the internal clock on the target site i + 1 is reset to zero.
2. Clocks measure the time since a particle last jumped in. Independently of
the jump processes, at each site i the internal clock τi is incremented by one
unit with a constant rate c. As mentioned, whenever a particle hops into
site i, the clock is reset to zero.
These two processes can be schematically summarized by
u(ni ,τi )

(ni , τi ), (ni+1 , τi+1 ) −−−−→ (ni −1, τi ), (ni+1 +1, 0)
c

(ni , τi ) −−−−→ (ni , τi +1),
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(28)

Note that the full jump/increment process described above defines a Markovian
process. However, the dependence of the jump rates on τ renders the particle jump
process, when it is taken by itself, non-Markovian, since the rate of jump depends
on how much time has past since a particle hopped into the jump site. For this
reason, the process described will be called a non-Markovian ZRP (NMZRP).
As in the Markovian ZRP, the model may be implemented by a discrete-time
Monte-Carlo version of these dynamics with random sequential update which is
defined as follows: find pmax = maxn,τ [u(n, τ ) + c]. For the Monte-Carlo update
pick a random site uniformly and attempt to make one of the following changes:
(i) move a particle to the right with probability u(n, τ )/pmax , (ii) increment the
internal clock with probability c/pmax . A total of L consecutive updates constitute
one Monte-Carlo sweep.
To be precise about the meaning of “rate” these dynamics can be rephrased
as follows: Each site i of the lattice carries two clocks which ring after some
random time. All 2L clocks ring independently. Given that the state at site i is
(ni , τi ), clock number 1 rings after an exponentially distributed random time with
parameter u(n, τ ), while clock number 2 rings after an exponentially distributed
random time with parameter c. If clock 1 rings first, a particle jumps to the right
(site i + 1). If clock 2 rings first, the internal clock at site i is incremented by
one unit. After any change of the state at site i, the clocks ring again after an
exponentially distributed random time determined by the updated state at site i.
It might seem more natural for the internal clocks to proceed continuously
rather than irregularly. This can be achieved by taking the continuous clock limit,
which is obtained by taking the limit of c → ∞. One way to do so is to define
c′ = c dτ and τ ′ = τ dτ , and then take the limit dτ → 0 while keeping c′ and τ ′

fixed. The clock state of a site is then taken to be τ ′ (which is an integer multiple
of dτ ) rather than τ (which is an integer). Using these definitions, if one wishes
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to consider the continuous clock limit of a model with hopping rates u(n, τ ), the
natural way to do so would be to choose continuous clock hopping rates u′ (n, τ ′ )
which satisfy u′ (n, τ ′ ) = u(n, τ ′ ) for each τ ′ = 0, 1, 2, . . .. For example, if the
discrete-clock model has hopping rates of the form u(n, τ ) = u(n)w(τ /τ0 ), then
its continuous clock limit would be u′ (n, τ ′ ) = u(n)w(τ ′ /τ0 ) (where τ0 remains
unchanged). Note that the constant c′ in this limit is merely a conversion factor
from clock units of time to real time units, and therefore it might be set to 1
without loss of generality. I will retain it, however, for its usefulness in discrete
time simulations. To avoid a cluttering of notation, whenever the continuous clock
limit will be considered in the remainder of the work, I will suppress the dashes
in c′ , τ ′ and u′ . In other words, the limit will be taken by replacing c → c/dτ and
τ → τ /dτ and then taking the limit dτ → 0.
The dynamics defined above correspond to the totally asymmetric ring geometry. Their generalization to symmetric or a partially asymmetric ring geometries
and to the MF geometry is straightforward. Another possible generalization is to
replace the constant rate of clock increments c with more general rates such as
rates s(n, τ ) that depend on the occupation of the site and its clock state. The
latter generalization will not be considered in this work.

5
5.1

Mean-field calculation
General considerations

The object of the calculation is to find the steady state marginal probability
P
P(n) = τ P(n, τ ) of the system being in configuration n (regardless of the clock
state). As mentioned above, this probability is determined by a non-Markovian
process, while the full steady-state distribution P(n, τ ) is determined by a Markov
process.
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In the NMZRP, the stationary probability measure in general does not factorize.
This will be shown numerically below. It should be noted that in a similar NMZRP,
in which the advance of the clock in each site is correlated with the clock states
of its neighbors, the the stationary measure can be shown to factorize [26]. This
correlated-clock NMZRP is described in Appendix B. Keeping in line with the
original motivation of the ZRP, in which there are no interactions between sites,
such non-local clock dynamics will not be considered in this work.
Since the probability measure does not factorize, the calculation carried out
for the Markovian ZRP cannot be exactly reproduced in the non-Markovian case.
A calculation of P(n, τ ) can, however, be carried out in the MF approximation
Q
in which a factorized solution of the form P(n, τ ) = Li=1 P (ni , τi ) is nevertheless
sought. As discussed above, this factorization is exact in the MF geometry in

which, because of symmetry, there are no correlations between occupations of
different sites except for those imposed by the conservation of particles.
It is possible to obtain the MF solution by substituting a factorized measure
into the full master equation of the NMZRP. This approach is followed in Appendix C, which explicitly demonstrates that the MF solution is exact on the
MF geometry. An alternative approach, which will be studied now, is to adopt
the calculation of Sec. 3.2.1 to the NMZRP dynamics: the single site marginal
probability in steady state P (n, τ ) will be found by examining a single site with
a “mean-field” incoming current J generated by all other sites. As discussed in
Sec. 3.2.2, this is equivalent to a solution of a single site in the grand-canonical
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ensemble. The master equation for the single site probability is
dP (n, τ= 0)
= JP (n−1) − JP (n, 0) −cP (n, 0)
{z
} | {z }
|
dt
I

II

+ P (n+1, 0) u(n+1, 0) − P (n, 0) u(n, 0)
|
{z
}
III

dP (n, τ6= 0)
= −JP (n, τ ) + cP (n, τ −1) − cP (n, τ ) +
{z
}
| {z } |
dt
I

II

+ P (n+1, τ ) u(n+1, τ ) − P (n, τ ) u(n, τ ),
|
{z
}

(29)

III

where P (n) ≡

P

τ

P (n, τ ) is the marginal distribution of the single site occupation,

and J is the incoming current. The terms marked by (I) correspond to a particle
hopping into the site, the terms marked by (II) correspond to an increment of the
internal clock, and the terms marked by (III) correspond to a particle hopping out
of the site. These equations are correct for n = 0 if we define P (−1, τ ) = 0 and
u(0, τ ) = 0.
In the steady state, all time derivatives are zero and the master equations
reduces to the recursion relations on P (n, τ )
P (n, τ = 0)[J + c + u(n, 0)] = JP (n−1) + P (n + 1, 0)u(n, 0)
P (n, τ 6= 0)[J + c + u(n, τ )] = cP (n, τ −1) + P (n+1, τ )u(n+1, τ ),

(30)

which should now be solved. Before attempting to do so, it can be noted that in
the MF approximation, the marginal occupation probabilities P (n) which we seek
are given by expressions similar to those known for a usual Markovian ZRP (13),
with modified “effective” hopping rates: summing equations (30) over all values
of τ all terms containing c telescopically cancel out, and one is left with
ū(n)P (n) = JP (n−1)

(31)

(compare with (12)). Here ū(n) is the mean hopping rate out of a site with n
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particles
ū(n) ≡

P

P (n, τ ) u(n, τ )
τP
τ

P (n, τ )

.

(32)

Equation (31) simply states the balance between the probabilities to hop into and
out of a site with n particles. As in the Markovian ZRP, iterating relations (31)
yields the steady-state occupation probability
P (n) = P (0)J n f¯(n),

(33)

where the single-site weights are given by
f¯(n) =

n
Y

ū(i)−1 ,

(34)

i=1

and P (0)−1 = 1 +

P∞

n=1

J n f¯(n) ensures proper normalization of P (n).

We now have a solution of the problem in terms of the effective hopping rates
ū(n). The next step of the calculation is to find these effective hopping rates,
or at least their large n asymptotic behavior. In the following section, an exact
solution will be found for a specific choice of hopping rates. Following this, a more
general method for obtaining the asymptotics of the effective hopping rates will
be discussed.

5.2
5.2.1

The on-off model
Definition of the model

The exact effective hopping rates, as well as the full single site probability distribution, can be calculated for the the special case where

 0
τ < τ0 (“off” state)
u(n, τ ) =
.
 u(n) τ ≥ τ (“on” state)

(35)

0

In this case, whenever a particle hops into a site the site is switched to an “off”
state in which no particles can hop out. Only after its clock reaches τ0 the site is
33

Figure 7:

A random walk on a ladder which is equivalent to the on-off model on a
single site in the grand-canonical ensemble. Vertices represent different states of the site,
which are labelled by the number or particles n and the clock state τ . Arrows represent
the different possible moves between the states, along with their rates (green arrows
represent a particle hopping into the site, red — a particle hopping out, and blue — an
advance of the clock). Note that the state (n = 0, τ = 0) is dynamically forbidden, as
there is no possibility to enter this state.

turned “on” again, in which case particles hop out with (conditional) rates u(n).
This special case will be called the on-off model. This model is equivalent to a
random walk on a ladder which is schematically depicted in Fig. 7.
5.2.2

Solution of the on-off model

The master equation for the stationary probability distribution (30) is
P (n, τ = 0)[J + c] = JP (n−1)
P (n, 0 < τ < τ0 )[J + c] = cP (n, τ −1)
P (n, τ ≥ τ0 )[J + c + u(n)] = cP (n, τ −1) + P (n+1, τ )u(n+1).
The mean hopping rates in this model are (by equation 32)


Poff (n)
ū(n) = u(n) 1 −
,
P (n)
where Poff (n) =

Pτ0 −1
τ =0

(36)

(37)

P (n, τ ) is the probability to find the site with n particles

in the “off” state. This sum can be evaluated by summing recursion relations (36)
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over 0 ≤ τ ≤ τ0 − 1 (for which u(n, τ ) = 0), which yields
Poff (n) =

τX
0 −1
τ =0

τ
τ0 −1 
J X
c
P (n, τ ) = P (n−1)
=
c + J τ =0 c + J
= P (n−1)Poff =

where
Poff = 1 −



c
c+J

 τ0

ū(n)
P (n)Poff , (38)
J

(39)

is the probability to find the site in the “off” state (i.e., with τ < τ0 ), as can be
verified by taking the sum of (38) over all n. The last equality in equation (38)
utilizes recursion relation (31). Substituting (38) back into equation (37) gives
Poff
1
1
=
+
,
ū(n)
J
u(n)

(40)

which states that the period of time between jumps is equal to the time it takes
the site to turn “on” plus the time it takes a particle to jump out once the system
is already “on”.
Relation (40) constitutes the solution of the MF on-off model. Once the effective hopping rates are known, the occupation probabilities can be found from (33)
and (34), and the full probability P (n, τ ) can be found from the master equation
(36). It is now also possible to determine whether the corresponding canonical
system will undergo condensation.
Before discussing the condensation in this model in detail, I will make three
comments. The first is that using the definition (32), equation (40) can be rewritten
as a useful relation between probabilities:
Pon (n)u(n)
Poff (n)
=
.
Poff
J

(41)

The second comment is that it is often interesting to know the probabilities
Poff (n) and Pon (n) to find the site with n particles in the “off” and “on” states
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respectively. These can be determined using (38) and (41), and are found to be
Poff ū(n)
P (n)
J
ū(n)
Pon (n) =
P (n).
u(n)

Poff (n) =

(42)

The third comment concerns the continuous clock limit, which is obtained (as
mentioned in Sec. 4.2) by replacing c → c/dτ and τ → τ /dτ , and taking the limit
dτ → 0 (note that τ0 remains unchanged, but τ is no longer integer and can assume
any value τ = 0, dτ, 2dτ, 3dτ, . . .). By summing once over all 0 ≤ τ ≤ τ0 −dτ and
once over all τ ≥ τ0 , the stationary master equation (36) can be rewritten as
Poff (n)[J + c̃] = JP (n−1)
Pon (n)[J + u(n)] = c̃Poff (n) + Pon (n+1)u(n+1),

(43)

where c̃Poff (n) ≡ cP (n, τ0 −dτ ) defines a renormalized clock rate. For every dτ the
solution of the model is known, and so it is possible to calculate that P (n, τ0−dτ ) =
Pon ū(n)
P (n).
c

Using (42) we now have
c̃ = J

J
Pon
,
−−−→ Jτ0 /c
dτ
→0
Poff
e
−1

(44)

where the limit was taken using Pon = (1 + Jdτ /c)−τ0 /dτ → e−Jτ0 /c (see Eq. 39).
Note that c̃ is independent of n, which justifies a-posteriori its definition. As might
be expected, the solution of the continuous clock limit does not depend on c and
τ0 independently, but only on their ratio.
5.2.3

Condensation

As discussed in Sec. 3.2.3, the occurrence of condensation in the canonical ensemble
depends only on the asymptotic behavior of the hopping rates u(n). In a canonical
NMZRP, the rates that should be examined are the effective ones, ū(n), as can be
seen from (31). Note that in a canonical system, the given parameter is the density
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ρ rather than the current J. The latter, which appears in all results obtained for
the on-off model, can be determined from the equation ρ̄(J) = ρ. Determining
whether condensation occurs is simpler, because it is enough to examine the system
at criticality and to look at the critical current Jc = limn→∞ ū(n).
It can be seen from (40) that strong condensation occurs in the on-off model
when u(n) ց 0. In this case the on-off model behaves similarly to a Markovian
ZRP with the same hopping rates. If, on the other hand,


b
u(n) ∼ β 1 + σ ,
n

(45)

the effective hopping rates are given by


beff
Jβ
1+ σ ,
ū(n) ∼
J + βPoff
n

(46)

with
beff =

J
b < b.
J + βPoff

(47)

Like in a Markovian ZRP, weak condensation occurs if 0 < σ < 1 for every beff , or
if σ = 1 and beff > 2. In the latter case, condensation sets in only at a critical value
of b higher than in the ZRP with unconditional jump rates u(n). In addition, the
marginal occupation probability of each site at the condensation transition decays
with a power law
P (n) ∼ n−beff

(48)

which is a slower decay than in the usual Markovian ZRP.
The critical current (if condensation indeed occurs) can be read off equation
(46) and is given by the solution to
Jc =

Jc β
.
Jc + βPoff (Jc )

(49)

This solution can in turn be substituted into (47), which gives
beff =

Jc
b.
β
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(50)

Two examples will be given. The first is τ0 = 1, for which (39) gives Poff (Jc ) =

J
.
c +J

In this case the critical current is found to satisfy
Jc =
which yields
c
Jc =
2
and

(c + Jc )β
,
c + Jc + β

r


4β
1+
−1
c

(51)

(52)

!
4β
−1 .
(53)
1+
beff
c
−1
p
4β
The critical value of b is then found to be bc = c
1 + 4β/c − 1
. The second
bc
=
2β

r

example is the continuous clock limit. In this limit, the current can be found by

substituting the limiting value of Poff into (49), or equivalently by substituting the
renormalized c̃ of (44) into equation (51). Either way, we obtain the transcendental
equation Jc = βe−Jc τ0 /c . If we take, for example, β = 1 and τ0 /c = 1, we get
Jc = 0.567... .
A numerical illustration of the results found for the MF on-off model is presented in Fig. 8. First, the single-site grand-canonical case was examined by
numerically integrating the master equation (29) with hopping rates of the form
u(n, τ ) = (1 + b/n)Θ(τ − 1), for different values of b (here Θ(τ ) is the Heaviside
step function, and I use the convention Θ(0) = 1). The clock rate was taken to be
c = 1, and the incoming current was chosen at its critical value Jc given by Eq.
(52). The initial condition was taken to be P (n, τ, t = 0) = δn,0 δτ,1 , i.e., an empty
site in the “on” state, and the equation was integrated for a time of T ≈ 106 time
units. At this time, beff was measured by calculating

d log P (n)
log P (n∗ ) − log P (n∗ − 1)
≈
,
−beff = lim
n→∞
d(log n)
log n∗ − log(n∗ − 1)

(54)

where n∗ is a large value of n. Note that the master equation (29) is diffusive, and so
√
at time T it is expected that P (n, T ) ≈ P (n) will be valid only for n < T ≈ 1000,
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Figure 8:

Theoretical predictions and numerical results of the MF on-off model. (a)
Numerical calculation of the effective critical exponent beff for a single grand-canonical
site (symbols) and the theoretical prediction given by equations (52) and (53) (solid
line). (b) The single-site occupation probability P (n) calculated from a Monte-Carlo
simulation of the on-off dynamics on a MF lattice of size L = 10 and ρ = 100 (symbols),
and the theoretical prediction (solid lines). See text for details.

which sets an upper bound on the possible value of n∗ . In practice, the value of
n∗ = 400 was chosen by examining

d log P (n)
d log n

graphically (see Fig. 9), and the error

bars were estimated by choosing nearby values of n∗ . The results, presented in
Fig. 8a, are seen to be in agreement with the prediction of Eq. (53).
Next, the behavior of the canonical on-off model on a lattice in the MF geometry was explored. In this case, the single-site probability P (n) was calculated by
a numerical Monte-Carlo simulation of the on-off dynamics, as described in Sec.
4.2. The size of the lattice was taken to be L = 10, the density was chosen to be
ρ = 100, deep in the condensed phase, and the clock rate used was c = 1. Hopping
rates of the form u(n) = 1+b/n for different values of b were examined. Results are
shown in Fig. 8b, along with the theoretical prediction calculated using relations
(14)-(16), with the effective hopping rates (40) (J and Poff were approximated by
equations (52) and (39) respectively). Once again, good agreement is seen between
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Figure 9: Estimation of beff according to equation (54), from numerical integration of
the master equation (29). n∗ is the value of n at which beff was estimated (see text for
details).

simulation and prediction. The small value of L was chosen for the practical reason
that the numerical calculation of the theoretical prediction of (14)-(16) becomes
difficult when L and ρ are both increased. Note that the MF prediction is only
expected to improve as L is increased, as explained in Appendix C.

5.3

Condensation in more general mean-field models

Solving the recursion relations (30) becomes more difficult once the dependence on
the clock state τ is not a simple on/off dependence. In this section I will show that
it is possible to study condensation in more general cases even without solving the
full probability exactly. I will do so for a specific simple example, but the method
used can in principle be extended to more general hopping rates. The example
that will be discussed is a NMZRP with two clock states in which the hopping
rates are taken to be

 αu(n) τ < τ
0
u(n, τ ) =
 u(n) τ ≥ τ
0
40

(state “1”)
(state “2”)

.

(55)

In this model, after a particle enters a site, the rates of hops out of the site change
for a while, and afterwards return to their original value. The on-off model is a
special case of this model, corresponding to the value α = 0. As was the case in
the on-off model, changing the value of τ0 amounts to renormalizing the value of c,
and for this reason I will only discuss the case τ0 = 1. I will denote P1 (n) ≡ P (n, 0)
P
and P2 (n) ≡ τ ≥1 P (n, τ ).

The stationary master equation for a single site in the two clock-states model

is given by
P1 (n)[J + c + αu(n)] = JP (n−1) + αP1 (n+1)u(n+1)
P2 (n)[J + c + u(n)] = cP1 (n) + P2 (n+1)u(n+1).

(56)

It is the last term of the first equation which complicates the solution of these
recursion relations compared to the on-off case (compare with equation 36). The
reason is that it is not trivial to find an equation for P1 (n), the probability to be
in the “1” state with n particles, which is closed in the sense that it depends only
on the probability P (n) to be with n particles. Rather, P1 (n) now depends also
on P1 (n+1).
The asymptotics of ū(n) can be found more easily, however, by using an ansatz
for the hopping rates and the probabilities. I will discuss the weak condensation
case when u(n) = β(1 + b/n). Motivated by the solution of the on-off model, I will
use the following ansatz:
 

1
beff
+O 2
ū(n) = J 1 +
n
n

 
c1
1
−beff
1+ +O 2
P (n) = An
n
n
 

1
c2
P1 (n) = γAn−beff 1 + + O 2 .
n
n

(57)

This ansatz corresponds to the system at the critical phase, when the current is
J = limn→∞ ū(n), and the probability is P (n) ∼ n−beff . Substituting this ansatz
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Figure 10:

beff /b as a function of α in the two clock-state model. The symbols were
measured by numerically solving the master equation (56) for two values of b and different
values of α and examining the decay of the tail of P (n, t) for large t (see text for details).
The solid line is the prediction of Eq. (59).

into the first equation of (56) and equating terms order by order in 1/n gives (from
the first two orders) γ = J/(J + c) and c1−c2 = beff (αβ/(J + c) − 1). Next, the
ansatz (57) and these results are substituted into (32). Once again, terms are
equated order by order in 1/n, from which the current is found to be

p
β
2
J=
α − c/β + (α − c/β) + 4c/β ,
2

(58)

and the effective critical exponent is
beff =

c + αJ
· b.
c + αJ + J − αβ

(59)

To illustrate the behavior of the two clock-state model, beff /b was calculated
for different values of α and b (Fig. 10). As in the numerical calculation of the
on-off model, this was done by numerically integrating the time dependant master


equation (29) with hopping rates of the form u(n, τ ) = (1 + b/n) αδτ,0 + Θ(τ − 1) ,
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clock rate c = 1, and current given by the value of J calculated in (58) (once
again, Θ(τ ) is the Heaviside step function, and I use the convention Θ(0) = 1).
The initial condition was taken to be P (n, τ, t = 0) = δn,0 δτ,1 , i.e., an empty site in
the “2” state, and the equation was integrated for a time of T ≈ 106 time units.
At this time, beff was estimated according to (54) (see the discussion after Eq. (54)
for details). The results are seen to be in agreement with the prediction of Eq.
(59).
The method outlined above would work for any hopping rates of the form
u(n, τ ) = u(n)w(τ ), albeit with more involved calculations.

6

The on-off model with nearest-neighbor hopping

In a ring geometry with nearest neighbor hopping, the assumption that there are
no non-trivial correlations between occupations of adjacent sites is not justified.
In fact, it will be shown below that the full probability measure in this case does
not factorize. As discussed in Sec. 2, there is no general way to determine the
effect of these correlations and to establish how good the predictions of the MF
approximation are. To this end, the on-off model in ring geometry was investigated
using numerical Monte-Carlo simulations (as described in Sec. 4.2).
The most striking novelty of the on-off model with nearest neighbor hopping is
that, above the condensation transition (which is seen to take place), simulations
indicate that the condensate drifts with a finite velocity when the hopping is
asymmetric. This drift of the condensate will be presented and discussed below,
but first the simpler case of symmetric hopping (in which, because of the symmetry,
there is no drift) will be examined.
In all results presented below, I take hopping rates of the form u(n) = β(1+b/n)
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with β = 1, which sets the units of time. In other words, time is always measured
in units of β −1 . I set τ0 = 1, and consider the variable τ as taking two values only,
0 and 1, corresponding to “off” and “on” respectively. I also consider only the
clock rate c = 1, unless otherwise mentioned.

6.1
6.1.1

Symmetric nearest-neighbor hopping
Condensation and single-site occupation

I will start the discussion of condensation on a ring with nearest-neighbor hopping
by examining the case of symmetric hopping rates. Note that, unlike the Markovian ZRP with symmetric hopping, which satisfies detailed balance, the on-off
NMZRP model with symmetric hopping is a non-equilibrium model. The reason
for this is that there are dynamical moves whose reversed moves are not dynamically allowed, such as a resetting of a clock to zero. Thus, probability currents
must exist in the steady state.
Monte-Carlo simulations of the on-off model with nearest neighbor hopping
were carried out on a ring of size L = 500 sites with different particle densities and
b = 4.5. The system was initialized to a state in which all particles were located
at the first site and all sites were “on”, and the dynamics were run for a time
of tequil = 2.5 · 107 time units to allow the system to reach a steady state. After
this equilibration time, the state of the system was recorded every tsampling = 5000
time units. The measured single site occupation probability P (n) and typical
snapshots of the lattice for different values of ρ, presented in Fig. 11, show a
qualitative resemblance to those of the Markovian ZRP (compare with Fig. 5).
In particular, it seems that a condensation transition similar to the Markovian
ZRP condensation takes place at a critical density of about ρc ≈ 2.75. To confirm
that the observed condensation transition is not a finite size effect, the single-site
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Figure 11: Site occupation of an on-off model with symmetric nearest-neighbor hopping, as obtained from Monte-Carlo simulations. (a) Single-site occupation probability
P (n) as a function of n, for different densities. (b) Typical snapshots of the lattice for
densities which are below, approximately at, and above the critical density (note that
in the latter case, the y-axis is broken in order to show both the condensate and the
disordered background). Simulations were carried out on a lattice of size L = 500 with
b = 4.5.

occupation probability for ρ = 3.5 was also measured for a lattice of size L = 2000,
in which it is seen that condensation also occurs, as shown in Fig. 12 (parameters
used in the simulation were b = 4.5, tequil = 3.2 · 108 and tsampling = 10000).
Although qualitatively similar to the MF critical behavior, the condensation
transition with symmetric nearest-neighbor hopping appears to be quantitatively
different. Estimating the critical exponent beff from Monte-Carlo simulation is
problematic, because it requires reliable statistical data from the tail of the distribution P (n). The tail of the distribution is particularly susceptible to distortions
due to finite size effects, and so computational limitations render acquisition of
such reliable data difficult (this difficulty exists also in a Markovian ZRP). Comparison with the MF exponents bMF
eff is possible, however, by juxtaposing the graph
MF

of n−beff with the occupation probabilities obtained from simulations. Fig. 13
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Figure 12: Single-site occupation of an on-off model with symmetric nearest-neighbor
hopping, for lattice sizes L = 500 and L = 2000. It is seen that the observed condensation persists in the larger value of L and so it is unlikely that it is a finite size effect.
Parameters of the simulation are b = 4.5 and ρ = 3.5.

shows such a juxtaposition for a ring with symmetric nearest-neighbor hopping
(13a). For comparison, a similar juxtaposition for results obtained in the MF geometry is presented (13b). Although in the case of symmetric nearest-neighbor
hopping there is no region of values of n in which a clear beff is seen, it is obvious
that the results of the simulation with nearest-neighbor hopping disagree with the
MF predictions. The Monte-Carlo simulations were carried out on a lattice of size
L = 1000 with a particle density of ρ = 10. The equilibration and sampling times
that were used were tequil = 1.25 · 108 and tsampling = 5000 respectively. The density
ρ was chosen to lie deep in the condensed phase for the practical reason that the
critical density is not known. Note that when doing so it is assumed that, as in
a Markovian ZRP, the background of the condensate in the supercritical phase is
distributed according to the critical power-law distribution, and so, as long as the
condensate is well separated from the background (as is the case in Fig. 13), beff
can be estimated. The results presented in Fig. 11a support the validity of this
assumption.
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Figure 13: (a) The critical exponent beff in the on-off model with symmetric nearestneighbor hopping is clearly seen to differ from the MF value of Eq. (53). The symbols
are results of a Monte-Carlo simulation while the solid lines are the graphs of the MF
MF
asymptotic form P (n) ∼ n−beff (b) . (b) For comparison, results of a simulation in the
MF geometry are plotted along with the same MF asymptotic form. Both simulations
were carried out on a lattice of L = 1000 with ρ = 10.

6.1.2

Correlations between different sites

In the Markovian ZRP, as in the MF on-off model, there are no correlations between sites in the thermodynamics limit. In a finite system, correlations might
be present. For instance, occupations of different sites are correlated because of
the conservation of particles which requires that if one site is occupied much more
than average others must be occupied less than average. These “trivial” (negative) correlations have no spatial dependence, i.e., do not depend on the distance
between the two sites considered. It is interesting to examine correlations in the
on-off model with nearest-neighbor hopping and to assess whether they differ from
the those in the Markovian case, and if so, to what extent.
The correlation coefficients of occupations and clock states of different sites
were measured in Monte-Carlo simulations of the on-off model with symmetric
nearest-neighbor hopping on rings of L = 100 and L = 500 sites, with b = 4.5, for
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C(ni , ni+∞ )
L = 100
L = 500

C(τi , τi+∞ ) C(ni , τi+∞ )

9.4 · 10−3

4 · 10−4

1.8 · 10−3

1 · 10−4

1.4 · 10−3
3 · 10−4

Table 1:

Correlations between far away sites in an on-off model with symmetric
nearest-neighbor hopping. An average was taken over different values of ρ, and b = 4.5.

different values of ρ. Before presenting the results of the simulation, I will discuss
the notations I will use. The correlation coefficient of the random variables X and
Y will be denoted by
C(X, Y ) = p

Cov(X, Y )
Var(X)Var(Y )

=p

hXY i − hXihY i
p
.
hX 2 i − hXi2 hY 2 i − hY i2

(60)

Since the system is translationally invariant, it is convenient to average correlations over all lattice sites; the notation h·ii is used to denote such a spatial
average. The notation i + ∞ is used to denote a site far away from the site i.
Considering correlation between far away sites is useful, since sites which are far
away are only expected to have trivial correlations. For nearby sites, it is only
the excess correlations above the trivial ones which are interesting; if, for example, 0 > C(ni , ni+1 ) > C(ni , ni+∞ ), then although the occupations of nearby sites
are negatively correlated, they are in effect positively correlated. For this reason,
in the results presented below, the correlation coefficients of far away sites were
subtracted from those of nearby sites. In practice, hxi yi+∞ i was calculated as
P50
1
hxi yi+∞ i ≈ 16
k=35 hxi yi+k i, for any properties x and y of a site. The values of
far away correlations measured in the simulation are shown in Table 1.

Simulation results for the correlations of nearest neighbors are presented in Fig.
14 (note that symmetry implies that hni mi+1 i = hni+1 mi i). The first observation
evident from these results is that, in contradiction to the MF hypothesis, when
the hopping is just between nearest neighbors there are non trivial correlations
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Figure 14:

Correlations between nearest-neighbor sites in the on-off model on a ring
with symmetric hopping and b = 4.5, as obtained from Monte-Carlo simulations. Lines
are presented as a guide to the eye.

between occupations and clock states of different sites. However, it is interesting
to note that the occupation correlations C(ni , ni+1 ) are quite small, especially for
large densities.
Another interesting finding is that the correlations seem to reflect the condensation phase transition: at a density close to ρc ≈ 2.75, the occupation correlations
are seen to change sign, and their transition from negative to positive correlations
seems to become sharper when increasing the lattice size. A non trivial behavior
of the correlations is also seen at small densities where the occupation correlation
coefficient reaches a minimum value at ρ ≈ 0.75.

6.2

Totally-asymmetric nearest-neighbor hopping

In this section, the on-off model with totally-asymmetric nearest-neighbor hopping
will be discussed. As mentioned above, the most striking novelty of the on-off
model with nearest-neighbor hopping is the constant drift of the condensate which
appears when the hopping is asymmetric. This drift will now be examined, followed
by discussions of the condensation transition and the correlations between sites.
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Figure 15:

Snapshots of an on-off model with totally-asymmetric nearest-neighbor
hopping on a ring of L = 100 at four different times. Open circles denote a site in the
“on” state, and closed circles a site in the “off” state. It is seen that the condensate
occupies two sites and drifts with a constant (mean) velocity. Simulation parameters:
ρ = 500 and b = 4.

6.2.1

Drift of the condensate

Recall that in a Markovian ZRP on a finite lattice, the condensate occasionally (on
times scales that are algebraically proportional to the system size) relocates to a
new site. On shorter time scales it is immobile, even if the hopping is asymmetric,
and the number of particles in it fluctuates. In an on-off NMZRP with asymmetric
nearest-neighbor hopping, the condensate drifts from one site to the next. This
drift can clearly be seen when examining snapshots of an on-off NMZRP lattice
at different times. Fig. 15 shows such snapshots of a lattice of L = 100 sites and
b = 4. The density is ρ = 500, well within the condensed phase. Two observations
can be made from these snapshots: the condensate occupies two consecutive sites,
and it advances at a constant (mean) velocity. These suggest that the condensate
slowly “spills” from one site to the next. A verification of this picture can be
seen by tracking the position of the the site with most particles imax (t), and the
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Figure 16:

The position of the most occupied site imax and the number of particles
in it nmax as a function of time, on a ring of size L = 500 with totally-asymmetric
nearest-neighbor hopping. Simulation parameters: ρ = 10 and b = 6.5.

number of particles in this site nmax (t), as shown in Fig. 16, which was measured
in a simulation of a lattice of size L = 500, with ρ = 10 and b = 6.5. The figure
suggests that the highest site moves stochastically with a constant drift, and the
number of particles in this site alternately increases and decreases in an almost
periodic fashion.
If the condensate indeed advances by “spilling” from one site to the next, its
velocity vcond should be inversely proportional to the number of particles in it
Ncond = N − Nc (where Nc = Lρc ), i.e.,
−1
vcond
∼ N − Nc = L(ρ − ρc ).

(61)

For large ρ, Ncond ≈ N , and so it is expected that in this case vcond ∼ 1/N . The
scaling of vcond with large N is seen in Fig. 17, which shows the mean velocity
measured on a lattice of L = 100 with varying densities and values of b. It is
similarly expected that when ρ is held fixed and L goes to infinity, vcond ∼ 1/L.
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Figure 17:
Velocity of condensate measured from a Monte-Carlo simulation of a
lattice of size L = 100 with totally asymmetric nearest-neighbor hopping. It is seen
that for large densities, the velocity with which the condensate drifts vcond is inversely
proportional to the number of particles in the system N , and is a function of b. The
dashed horizontal lines are presented as guides to the eye.
Note that the decrease of the condensate drift velocity with the number of particles
in it implies that in the thermodynamic limit the condensate is stationary, just as
in the Markovian ZRP or in the MF geometry. Whether this drift has an effect on
the thermodynamic limit is not yet known.
It should be noted that the condensate does not seem to occupy three sites
or more. More precisely, while it is common to find two consecutive sites (label
them i and i+1) with occupations much larger than the average occupation of the
rest of the sites, it is very rare that sites i−1 or i+2 should also be anomalously
occupied. In other words, if the condensate is moving from i to i+1, only after site
i has been depleted will particles start to accumulate in site i+2. This suggests
that the drift of the condensate is a consequence of correlations between three
consecutive sites: only if there is a (relatively) empty site followed by a site with a
large occupation will particles move from the occupied to the following site. This
observation provides the key to understanding the reason behind the drift of the
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Figure 18:

Occupation probability of a single-site in a ring with totally-asymmetric
nearest-neighbor hopping and different densities, as obtained from Monte-Carlo simulations. (a) A lattice of L = 500, in the subcritical phase, approximately at criticality, and
in the supercritical phase. The dotted black line shows a plot of P (n) ∼ n−2.78 (compare with the mean-field exponent bMF
eff ≈ 3.4). Parameters of the simulation: b = 5.5,
tequil = 2.5 · 107 , tsampling = 5000. (b) A lattice of L = 100 with densities high above the
critical density. Parameters of the simulation: b = 5, tequil = 5 · 106 , tsampling = 1000.
Dashed horizontal lines in both plots are at the expected limiting value of the plateau
Pplateau ∼ 2/L2 (ρ − ρc ).

condensate: when there is a higher than average number of particles in site i, there
is a higher than average flux into i+1, and therefore i+1 will be turned “off” more
than usual and will accumulate particles.
6.2.2

Condensation and single-site occupation

The movement of the condensate manifests itself also in the single site occupation
probability P (n) (see Fig. 18). Instead of a peak spread around the mean occupation of the condensate hncond i = (ρ − ρc )L (as in figures 5a, 8b and 11a), there is
a long plateau, which indicates that above some occupation level, all occupations
have an approximately uniform probability (the plateau is cut off by the finite
number of particles in the lattice). This plateau is a consequence of the “spilling”
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motion of the condensate: as the first condensate site is depleted and the second
condensate site grows, each of the two goes through all occupations 0 . n . Ncond .
For large values of L or ρ, the height of this plateau can be estimated as
Pplateau ∼

2
1
·
,
L L(ρ − ρc )

(62)

since there is a chance of 2/L that the site in question is one of the two condensate
sites, and in each one there is an approximately uniform probability to find any
occupation 0 < n < N = L(ρ−ρc ). In Fig. 18, this estimate is indicated by dashed
horizontal lines.
To corroborate the findings of the Monte-Carlo simulations, a direct numerical
calculation of the full occupation and clock probabilities was carried out for a
lattice of L = 3 sites with nearest-neighbor hopping. The master equation for the
probability of a configuration of the whole lattice is given by
h
i
d
P111 (n1 , n2 ) = − P111 (n1 , n2 ) u(n1 ) + u(n2 ) + u(N −n1 −n2 ) +
dt
h
i

+ P110 (n1 , n2 ) + P101 (n1 , n2 ) + P011 (n1 , n2 ) c
h
i h
i
d
P110 (n1 , n2 ) = − P110 (n1 , n2 ) u(n1 ) + u(n2 ) + c + P100 (n1 , n2 ) + P010 (n1 , n2 ) c +
dt
h
i
+ P110 (n1 , n2 +1) + P111 (n1 , n2 +1) u(n2 +1)
h
i
d
P100 (n1 , n2 ) = − P100 (n1 , n2 ) u(n1 ) + 2c +
dt
h
i
+ P100 (n1 +1, n2 −1) + P110 (n1 +1, n2 −1) u(n1 +1).
(63)
Here I have denoted the probability of a configuration (n, τ ) by Pτ1 τ2 τ3 (n1 , n2 ),
where n3 = N − n1 − n2 due to particle conservation. Similar equations can be
written for P101 (n1 , n2 ), P011 (n1 , n2 ), P010 (n1 , n2 ) and P001 (n1 , n2 ), but these four
probabilities are related to the other three by translational symmetry, for example,
P010 (n1 , n2 ) = P100 (n2 , N −n1 −n2 ) (note that the state with all τi = 0 cannot be
reached by the dynamics). This master equation was integrated numerically for
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Figure 19: (a) Full line is the single-site occupation probability for a ring of L = 3 sites
with totally-asymmetric nearest-neighbor hopping, as obtained by numerically integrating the master equation (63). Symbols were obtained from a Monte-Carlo simulation
with the same parameters (b = 3.5, ρ = 500, c = 2). (b) Location (imax ) and occupation
(nmax ) of the most occupied site as a function of time, obtained from the same MonteCarlo simulation. The condensate drift can clearly be seen (note that the lattice has
three sites with periodic boundary conditions).

ρ = 500 (i.e., N = 1500), with b = 3.5 and c = 2. The integration started
from an initial uniform probability with all sites “on”, and continued up to a
time of T = 3.4 · 105 time units in which it was seen that the probability was
close to a steady state. The single site probability can be calculated from the
P
full probability measure by P (n) = n′ ,τ1 ,τ2 ,τ3 Pτ1 τ2 τ3 (n, n′ ). Fig. 19a presents the
results from the numerical integration of the full master equation (solid line) and
from a Monte-Carlo simulation (symbols). The single-site occupation probabilities
from both agree with each other, and exhibit a plateau (parameter of Monte-Carlo
simulation: L = 3, b = 3.5,c = 2, ρ = 500). Figure 19b shows the location and
occupation of the most occupied site as a function of time, and it is seen that
the condensate drifts. The sharp rise of occupation probability for large n, which
indicates that time periods between “spilling” events are long compared to the
“spilling” time, is a finite size effect.
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Single-site occupation probability P (n) for lattices of different sizes with
totally-asymmetric nearest-neighbor hopping. The fluid background of the condensate
does not converge to a limiting distribution for lattice sizes up to L = 1000, and so the
behavior of the background in the supercritical phase could not be probed by MonteCarlo simulations. The parameters of the simulation are b = 5.5, and ρ = 10. Dashed
horizontal lines indicate Pplateau of Eq. (62).

The single site occupation probabilities below the condensation transition, and
approximately at the critical density, were also examined (Fig. 18a). These suggest
that the subcritical and critical phases behave qualitatively similar to a Markovian
ZRP. However, the critical exponent, which was estimated by a linear fit to a loglog plot to be beff ≈ 2.78, is seen to be smaller than the MF value of bMF
eff ≈ 3.4
(calculated from (53) using the parameters of the simulation).
It should be noted that in the supercritical phase, the part of the single site
occupation probability that corresponds to the fluid background (i.e., P (n) for
values of n which are smaller than the beginning of the plateau) seems to differ
from the distribution of the critical phase (see Fig. 18a). This is in contrast to the
fluid background in a condensed Markovian ZRP, which is distributed according
to the critical distribution (Fig. 5a and Fig. 11a). The reason for this apparent
continual change in the fluid background is unclear. One possibility is that it is
nothing but a finite-size effect. Indeed, the part of P (n) which corresponds to the
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fluid background keeps changing when the lattice size is increased and does not
seem to converge to a limiting distribution for lattice sizes up to L = 1000 (see
Fig. 20). Lattice sizes much larger than L = 1000 could not be simulated due to
computational limitations. Therefore, no information about the supercritical fluid
background in the thermodynamic limit could be obtained from these Monte-Carlo
simulations.
In addition to the theoretical problem of characterizing the fluid phase above
the condensation transition, its continual variation as the density increases introduces a practical difficulty. In the MF case, the critical exponent beff could be
measured by examining P (n) at a density high above ρc . In a totally asymmetric
ring, this is impossible, and the critical exponent beff must be estimated at densities
close to criticality. At such densities the tail of P (n) can depend quite strongly
on slight density variations, and this, together with the lack of knowledge of the
exact value of ρc , renders estimation of beff problematic.
6.2.3

Correlations between different sites

As was done for the symmetric case (Sec. 6.1.2), the correlation coefficient for
occupations and clocks of different sites was calculated for a ring with totallyasymmetric nearest-neighbor hopping. Fig. 21 shows results of Monte-Carlo simulations of a ring of size L = 500 with b = 5.5, in which it is seen that when
hopping is totally asymmetric, correlations between sites are quite different than
those with symmetric hopping (compare with Fig. 14): the occupation correlation
hC(ni , ni + 1) − C(ni , ni + 1)∞ ii is positive and increases through the condensation
transition, while clock correlations hC(τi , τi + 1) − C(τi , τi + 1)∞ ii seem to reach
a (negative) minimum and decrease in absolute value above the transition. The
increase of the occupation correlations above the transition is understood from the
picture of a condensate that “spills” from site to site, since the two most occupied
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Figure 21:

Correlations between nearest-neighbor sites in the on-off model on a ring
of size L = 500 with totally-asymmetric hopping, as obtained from Monte-Carlo simulations. In (a), the occupation correlations of both nearest neighbors (k = 1) and
next-nearest neighbors (k = 2) are shown. Lines are presented as a guide to the eye.
Simulation was carried out with b = 5.5.

sites are located next to each other, and so produce large positive correlations.
The next-nearest neighbors are already much less correlated, as illustrated in Fig.
21a.

6.3

Partially-asymmetric nearest-neighbor hopping

It is possible to interpolate between the cases of symmetric and totally-asymmetric
hopping rates by changing the asymmetry parameter q, as discussed in Sec. 3.1.
When hopping rates are partially asymmetric, features of both cases can be seen.
Most interestingly, when the hopping between nearest neighbors is partially
asymmetric, a linear drift of the condensate is seen. For example, Fig. 22 shows the
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Figure 22:

The position of the most occupied site imax and the number of particles
in it nmax as a function of time, on a ring with partially-asymmetric nearest-neighbor
hopping and asymmetry parameter q = 0.4. Simulation parameters: L = 100, ρ = 10,
=5.
¯

location of the most occupied site imax (t) and its occupation nmax (t) for asymmetry
parameter q = 0.4, measured from a Monte-Carlo simulation of a lattice of size
L = 100, with ρ = 10 and b = 5. It is seen that imax (t) advances from one site to
the next. However, nmax (t) does not show the same orderly oscillations as in the
totally asymmetric case (Fig. 16), but rather fluctuates pronouncedly.
These fluctuation are manifest also in the single-site occupation probability,
which for q 6= 0 no longer exhibits a long plateau (Fig. 23a). In addition, both
snapshots of the lattice (Fig. 23b) and the correlation between occupations of
neighboring sites (Fig. 24a) reveal that when q is increased, configurations in
which the condensate occupies two sites become increasingly rare. The picture
that emerges from these findings is that a “spilling” event of the condensate from
site to the next is initiated by fluctuations which become increasingly rare as
q is increased. In other words, states of the lattice with condensates located at
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Figure 23:

Site occupation of an on-off model partially-asymmetric nearest-neighbor
hopping, as obtained from Monte-Carlo simulations. (a) Single-site occupation probability P (n) for different values of the asymmetry parameter q. (b) Typical snapshots of
the lattice for three different values of q. Open circles denote a site in the “on” state,
and closed circles a site in the “off” state. Simulation parameters: L = 100, ρ = 10 and
b = 5.

consecutive sites are separated by a barrier which becomes higher as q is increased.
A possible explanation of this barrier is that, unlike when the hopping is totally
asymmetric, once a “spilling” starts and particles begin to accumulate in the second
condensate site, the first condensate site will be turned “off” more than average
(recall that the drift is due to the fact that the first condensate site is “on” more
often than the second). If this explanation is correct, the (negative) correlations
between the occupation of the first condensate site and the clock state (0 or 1) of
the second should decrease as q is increased. A substantial reduction in the these
correlations can indeed be seen in Fig. 24c.

6.4

Other numerical findings

An interesting numerical observation is that Eq. (41) seems to hold, at least approximately, even in the case of nearest-neighbor hopping; see Fig. 25, in which
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Figure 24:

Correlations between nearest-neighbor sites in the on-off model with
partially-asymmetric nearest-neighbor hopping, as obtained from Monte-Carlo simulations. Lines are presented as a guide to the eye. Simulation parameters: L = 100, ρ = 10
and b = 5.
Pon (n)u(n) Poff (n)
/ Poff
J

is plotted as a function of n and is seen to lie close to 1. The

substantial noise at large n’s comes from the division by Poff (n) which is relatively
noisy at the tails of the distribution. Values of Poff and J used in the plots were
numerically obtained in the simulation. This behavior has not yet been understood.

7

Modified mean-field approximation

As the numerical evidence has shown, the subcritical and critical behavior of the
on-off model on a ring with nearest-neighbor hopping is qualitatively similar to
the MF expectations, but with a modified critical exponent beff . In this section, a
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Figure 25:

Numerical verification of relation (41) between the “on” and “off” probabilities. Values of Poff and J were numerically obtained in the simulation. (a) MF
geometry (from the same simulation results as Fig. 8b). (b) Ring geometry with symmetric hopping rates (from the same simulation results as Fig. 11a). (c) Ring geometry
with totally asymmetric hopping (from the same simulation results as Fig. 18). (d) Ring
geometry with totally asymmetric hopping (from the same numerical calculation as Fig.
19a). (e) Ring geometry with partially asymmetric hopping (from the same simulation
results as Fig. 23a).

modified MF calculation that attempts to calculate the model’s critical behavior
for nearest-neighbor hopping will be suggested.
In the MF calculation presented in Sec. 5, it was assumed that at each site there
is a constant probability per unit time for a particle to hop in. In other words,
the arrival process into each site is Poisson with a constant rate J. In the case of
nearest-neighbor hopping, this assumption is obviously untrue: when the hopping
is totally asymmetric, for instance, if a particle hops into site i than site i−1 must
be in the “on” state, and therefore the probability that a second particle will now
hop into i is higher than the mean hopping rate. This illustration shows that in
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the on-off model, hopping events tend to be bunched together, and hence do not
constitute a Poisson process. It is not surprising, then, that the MF calculation
provides quantitatively incorrect predictions for the critical exponent beff .
In Appendix D I present the outline for a proposed modified MF calculation
that takes into account the non-Poisson nature of hopping events. So far, only
the initial steps of this calculation have been carried out, and it is not yet known
whether the calculation is feasible and whether this method will prove to provide more accurate predictions. It is nonetheless presented in the appendix for
completeness.

8

Conclusion and outlook

In this work, a non-Markovian generalization of the ZRP was suggested, and its
critical behavior was analyzed both analytically in a MF approximation and numerically. Two geometries were considered: the MF geometry in which particles
can hop from any site to any other site, and a ring geometry with nearest-neighbor
hopping.
The analytical MF calculation has shown that the NMZRP exhibits a condensation transition equivalent to the one that occurs in the Markovian case, but
with a modified effective critical exponent beff . This effective critical exponent was
calculated for the on-off model and for a two clock-states model, and a method
for its calculation for more general clock dependencies of the hopping rates was
presented.
To study the NMZRP with nearest-neighbor hopping, numerical simulations
of the on-off model were examined. These simulations suggest that a condensation transition indeed occurs, and that in the subcritical and critical phases,
the MF picture is qualitatively correct. The simulations of the on-off model with
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nearest-neighbor hopping also revealed a new phenomenon that takes place in the
supercritical phase: when the hopping is asymmetric, the condensate drifts with
a finite (mean) velocity. This velocity is inversely proportional to the system size,
suggesting that the thermodynamic limit is reached in a different route than in
the Markovian ZRP.
Several question remain open regarding the non-Markovian ZRP with nearestneighbor hopping. First, an exact theoretical determination of the critical exponents when the hopping is between nearest neighbors remains to be preformed.
A possible approach to this problem is outlined in Appendix D, and it would be
interesting to complete the calculation suggested there. It might also be beneficial
to further investigate the NMZRP with non-local clock dynamics described in Appendix B, in which a the probability measure factorizes even though the flow of the
current is not Poissonian. Understanding the mechanism which brings about the
product measure in this model might shed light on the interplay between spatial
and temporal correlations in NMZRPs.
The drift of the condensate also raises several interesting questions. First, it
would be interesting to establish more rigorously the mechanism behind this drift,
and to derive analytically the velocity of the condensate. A possible way in which
this could be done is by deriving and analyzing hydrodynamical equations for the
continuum limit of the model. A second important question concerns the effects
of this drift on the behavior of the model in the thermodynamic limit. While it
was seen that the drift velocity is inversely proportional to the number of particles
in the condensate, which suggests that in the thermodynamic limit it remains
immobile, numerical simulations could not probe lattices of sizes ' 1000. It would
be of interest to devise both numerical and theoretical methods to tackle this
question.
The motivation for the study of the NMZRP was to investigate how modelling
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condensation transitions in a general system by means of the ZRP might be affected by the non-Markovian features which coarse graining introduces. My results
suggest that such a modelling is possible, but might require a calculation of beff .
In particular, this might be of significance in the application of the criterion of
[23] for phase separation in driven diffusive systems (which was derived by modelling these systems with a ZRP): knowledge of the exact non-Markovian nature
of current correlations might be required in order to establish whether a particular driven diffusive system undergoes phase separation or not. In this respect,
it would be interesting to study more realistic hopping rates than those of the
on-off model. For instance, modelling the system discussed in Appendix A might
require a NMZRP site with two clocks, one for measuring the time since a particle
entered the left boundary and the other for the right boundary. Finally, it would
be interesting to see whether the drift of the condensate in the on-off model might
have a manifestation in driven diffusive systems and in other systems that undergo
condensation.
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Appendix A

An example of a driven diffusive
system

As discussed in Sec. 4.1, the modelling of coarsening in driven diffusive systems
was part of the motivation for the definition of the NMZRP studied in this work.
In this appendix, a concrete example of a one-dimensional driven diffusive system
which can be modelled by the ZRP will be given, and the reason why it might
require modelling with a non-Markovian ZRP will be elucidated.
In the model to be considered, two types of particles, + and −, hop on a 1-d
lattice of length L subject to an outside forcing, hard core exclusion and nearest
neighbor interaction energy of the form
L

ǫX
V =−
si si+1 .
4 i=1

(64)

Here 0 ≤ ǫ < 1 is the interaction strength, si is a ‘spin’ variable describing lattice
site i (si = ±1 according to the type of particle in site i, and si = 0 for vacant
sites), and the summation is taken over all lattice sites. The model then evolves
according to nearest-neighbor exchange dynamics with rates given by
1+∆V

+− −−−→ − +

α

+0 −→ 0 +

α

0− −→ −0,

(65)

where ∆V is the difference in the nearest-neighbor energy between the initial and
final states.
When a + particle joins an existing domain of particles from the left, it prevents
− particles from leaving the left boundary for a while. For this reason, there
are time correlations between arrivals and departures of particles from a domain.
Mapping this model to a ZRP thus requires considering a non-Markovian ZRP.
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Appendix B

Non-Markovian ZRP with correlated
clocks

This appendix will present a variant of the on-off model in which the clocks of
neighboring sites are correlated. It can be shown [26] that in this model, the
probability measure factorizes, i.e.,
P(n, τ ) =

−1
ZL,N

L
Y

P (ni , τi ) δ

i=1

X
L
i=1


ni − N .

(66)

The model will be defined for the case of asymmetric hopping with asymmetry
parameter q. In addition, only the case of τ0 = 1 will be discussed, and so τ can
take only two values, 0 (“off”) and 1 (“on”). Schematically, the particle dynamics
are
u(ni )δτ

,1

i
(ni , τi ), (ni+1 , τi+1 ) −−−−−−
→ (ni −1, τi ), (ni+1 +1, 0)

qu(ni )δτ

,1

i
(ni , τi ), (ni−1 , τi+1 ) −−−−−−
→ (ni −1, τi ), (ni−1 +1, 0),

(67)

and the clock increment dynamics are
c(δτi+1 ,1 + qδτi−1 ,1 )
(ni , τi ) −−−−−−−−−−−−→ (ni , τi +1).

(68)

In other words, particle dynamics are the same as those of the on-off model, i.e.,
a particle hops from site i to i + 1 with a rate of u(n, τ ) = u(n)δτ,1 , and similarly,
from i to i − 1 with rate qu(n, τ ). The difference from the on-off model lies in
the clock rates: a clock will only advance if its neighbors are already “on”. More
precisely, before a clock attempts to advance, it selects a neighbor according to the
asymmetry parameter: the right neighbor with probability p = 1/(1 + q) and the
left with probability 1−p. It then examines the clock state of the chosen neighbor,
and only if it is “on” will the clock attempt to advance.
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Appendix C

Obtaining the mean-field solution
from the full master equation

In Sec. 5.2, the solution of a NMZRP in the MF approximation was found by
studying a single site in the grand canonical ensemble. In this appendix, the equations for the MF single-site marginal probability P (n, τ ) will be derived by directly
substituting a factorized ansatz for the probability measure in the full master equation of the canonical model. This calculation will show that the solution obtained
in Sec. 5.2 using the MF approximation is indeed the solution of the NMZRP in
the MF geometry. To simplify notation, this calculation will be carried out for
the on-off model with τ0 = 1. The clock state τ is considered as taking only two
values: τ = 0 corresponding to the “off” state, and τ = 1 corresponding to the
“on” state.
The full master equation of a canonical NMZRP in the MF geometry in the
stationary state is
0=


d
P n, τ =
dt
L X
L X
X
 u(nj +1)
δτj ,1 δτi ,0 +
=
P ..., (nj +1, τj ), ..., (ni −1, τ ′ ), ...
L−1
i=1
j=1 τ ′ =0,1
j6=i




+ P ..., (ni , 0), ... cδτi ,1 − P n, τ [cδτi ,0 + u(ni )δτi ,1 ] , (69)

where the first term on the r.h.s. corresponds to the probability of entering the
configuration (n, τ ) by a particle hop, the second to entering this configuration
by an advance of a clock, and the third to leaving this configuration either by a
particle hop or by an advance of a clock. The solution of this equation can be
found because not only the whole sum over i vanishes, but luckily the summand
vanishes separately for each i (this cancellation, reminiscent of the condition of
detailed balance, is sometimes called pairwise balance). Substituting a factorized
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solution of the form P(n, τ ) =

QL

i=1

P (ni , τi ) now gives for each i

L
1 X P (nj +1, τj )u(nj +1)δτj ,1 X
P (ni −1, τ ′ )δτi ,0 +
L−1 j=1
P (nj , τj )
τ′
j6=i

+ P (ni , 0)cδτi ,1 = P (ni , τi )[cδτi ,0 + u(ni )δτi ,1 ]. (70)
For τi = 1 this gives
Pon (n)u(n) = cPoff (n),

(71)

while for τi = 0
Poff (n)c
1 X P (nj +1, τj )u(nj +1)δτj ,1 X
Pon (n′+1)u(n′+1) ≡ J, (72)
=
=
P (n−1)
L−1 j6=i
P (nj , τj )
n′
where P (n) = Poff (n) + Pon (n). The second equality utilizes the law of large numbers, which guarantees that in the thermodynamic limit, the sum over all sites can
P
P
be replaced with a steady-state average: L1 Li=1 f (ni , τi ) −−−→ n,τ P (n, τ )f (n, τ ).
L→∞

It straightforward to show that these equations for Poff (n), Pon (n) are equivalent

to equations (31), (39) and (41) with τ0 = 1. Therefore, the solution of the onoff model in the MF geometry is a factorized measure with the single site P (n)
obtained in Sec. 5.2.

Appendix D

Proposed modified mean-field calculation

As discussed in Sec. 7, in the on-off model with nearest-neighbor hopping, the hopping events between site are not Poissonian, while the MF approximation assumes
that they are. In this appendix I will present the outline of a proposed modified
MF calculation that attempts to take into account the non-Poisson nature of hopping events. This calculation is not yet complete; the initial progress made with
the calculation will be presented below.
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D.1

Outline of the proposed calculation

The proposed calculation examines a single site with the NMZRP dynamics, just
as in the MF calculation of Sec. 5, but with a modified incoming current: instead
of considering a steady incoming current (i.e., a constant probability per unit time
J), the incoming current is taken to depend on the history of previous jumps. In
a general point process, the probability of an event is a function of the times of
all previous event. In our case, this means that the probability per unit time that
the mth incoming hop into the site will be at time t is Jin (t; t1 , t2 , . . . , tm−1 ), where
ti is the time of the ith jump.
The main idea of the proposed calculation is inspired by the Burke-type fixed
point theorems discussed in Sec. 3.2.4: the subcritical phase in the thermodynamic
limit is translationally invariant, and so the arrival and departure processes are the
same for all sites. Since the departure process of one site is the arrival process of
the next, the arrival and departure processes are also equal to each other, and so
they must both be equal to the fixed-point process of a single site. The object of
the calculation is to find this fixed-point process. The main steps of the proposed
calculation are as follows:
• Step 1. Given the function Jin (t; t1 , t2 , . . .) find the stationary probability of
occupations and clock states of the site. This probability will be denoted
P (n, τ ; Jin ) (but Jin will be omitted when there is no risk of confusion).
• Step 2. Use P (n, τ ; Jin ) to find the departure process of the site, i.e., the
probability per unit time that at time t a particle will hop out of the site
given that particles have hoped out at times t′1 , t′2 , . . .. This departure process
will be denoted by Jout (t; t′1 , t′2 , . . . ; Jin ).
• Step 3. Find the fixed-point arrival/departure process by solving the functional equation Jin = Jout [Jin ] (here all time indices were suppressed).
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The outline proposed above describes a MF-type calculation, since only a single site is considered. If on a ring there are correlations between occupations of
different sites which are not a consequence of the correlated jump processes, these
correlations are ignored and it is likely that this calculation will not provide correct predictions. In this respect, the suggested method might indicate whether
correlations between sites are only due to the correlated jumps or whether there
are other sources of correlations.
The main complication in this computation lies in step 2, which requires computing different-time correlators, a difficult task even in the Markovian ZRP. To
this date, only step 1 of the calculation has been carried out, and only under the
simplifying assumption that Jin is not a function of all previous jump times, but
only of the time since the last incoming jump. The details of this calculation
are presented in the next section. Working out step 1 might be useful by itself,
however, as it can be used to determine beff semi-empirically, by substituting the
numerical values of the function Jin measured in simulations.
Note that the suggested calculation as presented above is only suitable for
totally-asymmetric hopping. When hopping is partially asymmetric, not only the
times of incoming particle jumps should be taken into account, but also the their
site of origin; in other words, for a general value of q the incoming current to be
L/R

R
considered should be Jin (t; tL1 , tL2 , . . .)+qJin (t; tR
1 , t2 , . . .), where ti

is the time the

ith particle from the left/right neighbor hopped into the site. This modification of
the calculation will not be discussed below, but it is not expected to introduce a
qualitative complication compared to the one described.

D.2

Finding P (n, τ ) for a general arrival process

As discussed, if the arrival process is a general point process, it must be described by a function of an infinite number of variables Jin (t; t1 , t2 , . . .). However,
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physically, it stands to reason that the incoming hop rate will have only a finite
“memory”, and so the incoming current at any time will depend only on the times
of a finite number of the previous incoming hops. The first simplification that
will be made is to assume that the incoming current is a function only of the last
incoming hop, i.e., the current can be expressed as a function J(τ̃ ), where τ̃ measures the time elapsed since the last hop (in the rest of this section the subscript
‘in’ will be suppressed). τ̃ is similar to the site clock τ , with the distinction that
the clock τ is discrete and advances irregularly, whereas τ̃ is a continuous variable
which advances regularly. In the continuous clock limit, τ̃ = τ which simplifies the
calculation, and so I will now only consider this limit. Ignoring the dependance of
the incoming current on earlier jump times, while inexact, can be seen as a first
order correction to the MF calculation. Higher order corrections can considered
by including a longer “memory” in the calculation.
The object of the calculation is to find the probability P (n, τ ) of a single on-off
site with an incoming current J(τ ). In other words, we seek a solution of the
random walk with the following dynamics:
J(τ )

(n, τ ) −−−−−−−→ (n+1, 0)
u(n)Θ(τ−τ0 )

(n, τ ) −−−−−−−→ (n−1, τ )
c/dτ

(n, τ ) −−−−−−−→ (n, τ +dτ ).

(73)

Below I will only consider hopping rates of the form u(n) = β(1+b/n). The master
equations corresponding to these dynamics (before taking the limit of dτ → 0) are
for τ < τ0
dP (n, τ, t)
= −P (n, τ, t)[c/dτ + J(τ )] + P (n, τ −dτ, t)c/dτ +
dt
X
P (n−1, τ ′ , t)J(τ ′ )δτ,0 (74)
+
τ′
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and for τ ≥ τ0
dP (n, τ, t)
= −P (n, τ, t)[c/dτ + J(τ ) + u(n)] +
dt
+ P (n, τ −dτ, t)c/dτ + P (n+1, τ, t)u(n+1). (75)
To find the steady state solution the time derivatives are equated to zero. First,
summing the equation over all values of τ gives
¯
P (n−1)J(n−1)
= P (n)ū(n),

(76)

analogously to Eq. (31), which leads to
P (n) = P (0)

m ¯
Y
J(k−1)

k=1

ū(k)

(77)

(compare with Eq. 13). Here I have defined the average incoming current with n
¯
particles J(n)
by
¯
J(n)P
(n) =

X

P (n, τ )J(τ ).

(78)

τ

The next step is to express P (n, τ ) in terms of P (n) and functions of τ . For
all τ < τ0 this can be achieved using Eq. (74), which gives P (n, τ ) in terms of
P (n, τ −1). It can be iterated to obtain for all τ < τ0
τ
P (n)ū(n) Y
c
P (n, τ < τ0 ) =
=
c
c + J(τ ′ )dτ
τ ′ =0
 X


τ
P (n)ū(n)
J(τ ′ )
dτ →0
=
exp −
dτ
ln 1 +
−−−→
c
c
τ ′ =0


Z
1 τ
P (n)ū(n)
′
′
exp −
J(τ )dτ . (79)
c
c 0

Finding a similar relation for τ ≥ τ0 is more difficult, because of the last term
in Eq. (75), which depends on n + 1. This difficulty can be circumvented, as was
done in Sec. 5.3, by restricting the examination to the large n asymptotics of P (n).
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To this end, I will define
 

dp
1
+O 2
1+
P (n) = N n
n
n

 
d(τ )
1
−beff
1+
P (n, τ ) = A(τ )n
+O 2
n
n

 
du
1
ū(n) = J 1 +
+O 2 .
n
n
−beff

(80)

For τ < τ0 , A(τ ) and d(τ ) were already calculated (Eq. 79). For τ > τo , these can
be found by expanding Eq. (75) to first order in 1/n and equating order by order.
The equation for the zeroth order term is (working in the continuous clock limit)
c

∂
A(τ ) = −J(τ )A(τ ),
∂τ

(81)

which gives
i
h R
τ
A(τ > τ0 ) = A(τ0 ) exp − 1c τ0 J(τ ′ )dτ ′ .

(82)

For hopping rates of the form u(n) = β(1 + b/n), the equation for the first order
term is
c


∂
A(τ )d(τ ) = −J(τ )A(τ )d(τ ) − βbeff A(τ ),
∂τ

(83)

which, using (81), gives

d(τ > τ0 ) = d(τ0 ) − beff β(τ −τ0 )/c

(84)

(it is assumed that A(τ ) and d(τ ) are both continuous at τ0 ). To sum up, we have

 
NJ
d(τ )
1
−beff
P (n, τ ) =
(85)
1+
G(τ )n
+O 2 ,
c
n
n
where
d(τ ) = dp + du −
and

βbeff
(τ − τ0 ) Θ(τ − τ0 ),
c



Z
1 τ
′
′
G(τ ) = exp −
J(τ )dτ .
c 0
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(86)

(87)

It is straightforward to check that G(τ )J(τ ) is the probability density that a particle enters the site when the clock state is τ (not to be confused with J(τ ), which
is the probability that a particle entered when the clock state is τ conditioned on
the clock reaching time τ ).
The final step of the calculation is to use the definition of ū(n) (32):
Z

∞

P (n, τ )u(n)Θ(τ −τ0 )dτ =
"
R∞

 #

Z
G(τ
)d(τ
)dτ
1
N Jβ −beff ∞
1
=
n
+O 2 ,
G(τ )dτ 1 + b + τ0R ∞
c
n
n
G(τ )dτ
τ0
τ0

P (n)ū(n) =

0

or, dividing by P (n),
Jβ
ū(n) =
c

Z

∞

τ0

"



G(τ )dτ 1 + b − dp +

R∞
τ0

G(τ )d(τ )dτ

R∞
τ0

G(τ )dτ



 #
1
1
+O 2 .
n
n

(88)

Comparing with Eq. (80), one obtains the condition for the site to be at criticality
Z ∞
c
(89)
G(τ )dτ = ,
β
τ0
and also the effective critical exponent
R∞
G(τ )dτ
c
beff = R ∞ τ0
· b.
β τ0 G(τ )(τ −τ0 )dτ
This concludes the asymptotic calculation of P (n, τ ).
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