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Abstract
With no general framework akin to the equilibrium ensemble theory of Boltzmann and Gibbs,
how should the study of nonequilibrium complex systems proceed? In this thesis, I follow an approach to this problem that has proven successful in recent decades: by studying simplified toy
models I seek general principles and lessons of wide applicability. I focus on different aspects
related to nonequilibrium real-space condensation, in which a macroscopic fraction of microscopic constituents of a system occupies a small portion of space. Through this phenomenon, I
explore themes of scaling, spontaneous symmetry breaking, and large deviations.
The thesis consists of four major studies. (i) In mass-transport models with spatial correlations, the dynamics of condensates is studied. An emergent condensate drift is found and
explicated. Its origin is shown to result from the interplay of correlations, drive, and spontaneous symmetry breaking. (ii) The buildup of condensates is examined in a model of particle
aggregation, where the scaling of occupation probabilities with the system size is calculated
exactly. (iii) The approach to equilibrium of a particle diffusing in a logarithmic potential is
investigated, and found to follow a scaling form with several surprising properties: two scaling
regimes are found, the scaling exponents are selected by the initial condition, and the selection mechanism is similar to that found in nonlinear diffusion equations. (iv) The behavior
of a model of condensation — the prototypical zero-range process — during rare-events with
highly atypical current is studied. It is shown that conditioning on atypical currents may lead
to condensation. Surprisingly, the condensates form in the bulk of an open system, rather than
the boundaries where they form under typical conditions. I end with a list of numerous open
questions which are prompted by the insights gained from these studies, and call for further
exploration.
 כיצד יש להתקדם בחקר,בהיעדר מסגרת תיאורטית מקבילה לתורת הצברים של בולצמן וגיבס
מערכות מורכבות הנמצאות מחוץ לשיווי משקל? בתזה הנוכחית אני מתמודד עם שאלה זאת על ידי
, על ידי ניתוח מודלים פשוטים:אימוץ גישת מחקר שנשאה פירות לא מבוטלים בעשורים האחרונים
 התזה מתמקדת בהיבטים שונים של התעבות.אני מבקש למצוא עקרונות ולקחים בעלי אופי כללי
 תופעה שבה שיעור סופי מאבני הבניין המיקרוסקופיים של מערכת מתרכז,מרחבית מחוץ לשיווי משקל
, שבירה ספונטנית של סימטריה, אני בוחן סוגיות של סקיילינג, בעזרת תופעה זו.באזור קטן במרחב
.וסטיות גדולות
 )א( מה הדינמיקה של קונדנסטים במודלים של תעבורת.התזה מורכבת מארבעה מחקרים עיקריים
מסה בעלי קורלציה מרחבית? המחקר חושף קיום של תנועת סחיפה קולקטיבית של הקונדנסטים
xi

xii
ומסביר אותה .מתברר כי שורשי התנועה נעוצים בשילוב של קורלציות מרחביות ,הנעה אל מחוץ לשיווי
משקל ,ושבירה ספונטנית של סימטריה) .ב( במודל של התקבצות חלקיקים ,תהליך בניית הקונדנסטים
נבחן ונמצא שלהתפלגות אכלוס האתרים יש צורת סקיילניג שאותה אנו מחשבים במדויק) .ג( כיצד
מתכנס חלקיק דיפוסיבי בפוטנציאל לוגריתמי לשיווי משקל? המחקר חושף שתהליך זה מתואר על ידי
פונקציית סקיילינג עם מספר תכונות מפתיעות :לפונקציה שני משטרי סקיילינג שונים ,האקספוננטים
של הסקיילינג נבחרים על ידי תנאי ההתחלה ,ומנגנון הבחירה של האקספוננטים דומה לזה שמושל
בבחירת גלים נוסעים במשוואות דיפוזיה לא לינאריות) .ד( כיצד מתנהג מודל טיפוסי של קונדנסציה
– מודל ה־ – zero-range processבעת אירועים נדירים שבהם זרם המערכת שונה מאוד מן הזרם
הטיפוסי? המחקר מראה כי התנייה על זרם לא טיפוסי יכולה להוביל לקונדנסציה .למרבה ההפתעה,
במערכת פתוחה קונדנסטים אלה נוצרים בלב המערכת ,ולא ליד השפה כפי שקורה בעת קונדנסציה
תחת תנאים טיפוסיים .את התזה חותמת שורת שאלות פתוחות שעולות מן התובנות שנלמדו ממחקרים
אלה.
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Introduction
The ordinary-sized stuff which is our Jives, the things people write poetry about—
clouds—daffodils—waterfalls—and what happens in a cup of coffee when the
cream goes in—these things are full of mystery, as mysterious to us as the heavens
were to the Greeks. We’re better at predicting events at the edge of the galaxy
or inside the nucleus of an atom than whether it’ll rain on auntie’s garden party
three Sundays from now. Because the problem turns out to be different.
— Tom Stoppard, Arcadia

To a large extent, science in general and physics in particular owe their undeniable success in
describing and understanding reality to the simple strategy of simplification. With Occam’s
razor as a principal guideline, focusing on a single aspect of a given scientific problem while
disregarding realistic details furnishes science with great efficacy and agility and enables efficient
progress (the wealth of knowledge that can be derived from the simple harmonic oscillator, in
such diverse fields as mechanics, optics and quantum field theory, is a good example of the
success of this strategy). Nature, however, is anything but simple, as is obvious when looking
at “the ordinary-sized stuff” around us. Indeed, nonequilibrium many-body systems, systems
which organize in complex hierarchical structures, systems where microscopic and macroscopic
levels of description are highly interdependent — in short, complex systems — are abundant in
all branches of science, be it in the study of physics, biology, sociology, economics and even
history and psychology. If scientific progress comes about through simplification, how can the
very complexity of a system be studied?
For systems which are in thermodynamic equilibrium, the answer to this problem can be
found in the ensemble theory of Boltzmann and Gibbs. This theory provides a universal procedure
for the calculation of macroscopic properties from the knowledge of the energy of microstates.
An analogous general framework for the study of nonequilibrium systems is, famously, lacking
at present, and it is quite possible that one does not exist (at least not with the same general
applicability as the equilibrium theory). Without such a framework, one course of action which
has proven fruitful is to seek lessons which are quite generally applicable, rather than laws of
nature which are universally true [6]. An example of two such (related) lessons is provided by
the equilibrium theory of critical phenomena1 : (i) the large-scale structures in complex systems
1

In equilibrium, complexity is usually found only at critical phase transitions, the system otherwise being either
in an ordered or a disordered phase, both of which lack complex macroscopic structures.
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are often universal, i.e., independent of the precise microscopic details of the system; (ii) only
rather crude characteristics of a system, such as locality vs. non-locality of the dynamics, its
symmetries, and conservation laws, affect its universal behavior [6, 7].
In the broadest sense, the goal of the works presented in this thesis is to distill and examine
similar lessons in a nonequilibrium setting. To achieve this goal, the approach adopted here is to
focus on the study of “minimal models” — another lesson learned in the study of equilibrium
phase transitions. These are simplified toy models that nonetheless exhibit complex emergent
behavior, not unlike the equilibrium Ising model of ferromagnetism. These models provide
an effective “laboratory” for the study of nonequilibrium systems, where new and interesting
phenomena may be found and their origin identified and analyzed. Such models are often exactly
soluble, and even when they are not they may help, by eliminating irrelevant details of real
systems, in clarifying the essential mechanisms which underly the studied phenomena. It should
be noted that in the equilibrium theory of critical phenomena, universality guarantees that models
such as the Ising model can be used to make quantitative predictions about emergent structure
in real-world systems (for example, critical exponents measured in the liquid-gas critical point
agree with the values calculated in the Ising model). Nonequilibrium toy models such as the ones
studied here are not backed by a similar well-established concept of universality. Thus, these
models are not generally expected to quantitatively describe any real-world system. Nonetheless,
they may be instructive in learning the types of phenomena that occur in more realistic nonequilibrium systems, and they often provide qualitative insight into these phenomena. Furthermore,
such models provide well controlled examples in which one may examine mathematical methods
and develop general mathematical tools for the description and study of complex nonequilibrium
systems.
To be concrete, the research described in this thesis by and large focuses on different aspects
of the statics and dynamics of a single phenomenon: nonequilibrium real-space condensation.
In condensing systems, high density regions (“condensates” or “traffic jams”) form, in which a
macroscopic fraction of all mass (particles, molecules, energy, cars, etc.) in the system is located
in a small portion of space. Condensation sets in through a phase transition which can occur in
some equilibrium systems, and is quite ubiquitous in nonequilibrium systems. Examples include
shaken granular gasses [8], vehicular traffic [9–11], the macroeconomics of wealth distribution
[12, 13], and the evolution of complex networks [14], to name a few (for reviews see Refs.
[15–17]).
The use of toy models has proven to be a very effective method for the study of real-space
condensation. Thus, the study of condensation exemplifies the approach to the study of complex
systems which was advocated above. To have in mind a concrete image of the type research
summed up in this thesis, I shall provide some necessary background on equilibrium and
nonequilibrium dynamics in Sec. 1.1, and then briefly review, in Sec. 1.2, models used for the
study of real-space condensation and in particular a model known as the zero-range process.
After doing so, I shall in Sec. 1.3 overview the specific problems tackled in this thesis.

1.1. Equilibrium and nonequilibrium dynamics

1.1

Equilibrium and nonequilibrium dynamics

In practice, time and dynamics play no role in equilibrium statistical mechanics. They may
appear when discussing foundational aspects of the of the theory, such as the ergodic hypothesis.
But they are absent from the procedure developed by Boltzmann and Gibbs for the calculation of
macroscopic properties of a many-body system, as this procedure requires only the knowledge of
the energy of the microscopic constituents. Replacing dynamics, as they did, by a probabilistic
analysis not only simplifies calculations when the dynamics is complicated (and indeed determining the microscopic dynamics of many-body systems is usually both intractable and unhelpful),
but also enables the study of systems whose exact microscopic dynamics are not known.
In nonequilibrium systems, this is no longer the case. It is quite obvious that dynamics is
indispensable when studying systems whose state changes in time. In other words, when the
microscopic dynamics are not time-translationally invariant2 , one cannot but expect that so is
the macroscopic behavior. More surprisingly, dynamics cannot be circumvented even when
considering stationary nonequilibrium systems. It is well known that a general framework for
the description of macroscopic systems coupled to several different reservoirs or those that
are subject to nonconservative forces (to give two prominent classes of systems which may
reach nonequilibrium steady states) is lacking, even though the dynamics is (when the ultimate
stationary state is reached) symmetric under time translations. What sets apart equilibrium from
nonequilibrium steady states is the existence of time reversal symmetry. It is ultimately this
symmetry which allows for the description of a system by the Boltzmann distribution, i.e., in
terms of probabilities which depend only the energy, a function that is local in the space of
microscopic system configurations (see below).

1.1.1

Stochastic and Markov processes

In light of the discussion above, it is clear that studies of nonequilibrium systems must begin
with a description of the dynamics of the system. When considering a closed, isolated system,
one may start with a deterministic description based on the classical or quantum microscopic
equations of motion. This approach is most useful when studying the foundations of statistical
mechanics. However, when describing realistic systems, it is in most cases more appropriate
to consider open systems, i.e., not to neglect the effects of the rest of the universe3 . Thus,
keeping track of all the microscopic degrees of freedom which are relevant to the dynamics under
consideration is obviously not possible. The most common way to model interactions with the
external world is probabilistic: to assume that the dynamics of the system is stochastic.
2

Time dependant microscopic behavior may have one of two origins: either (i) the dynamical processes
themselves change with time, e.g., when time dependant forces are applied on the system, or (ii) when the initial
condition is not the equilibrium one, leading to relaxation dynamics.
3
According to a well known example, the effect of the gravitational force of an electron at the edge of the
observable universe on the motion of oxygen molecules in a gas at normal conditions on earth (assuming these
molecules are classical hard-sphere particles) leads to discernably different molecule trajectories after only 56
molecule collisions [18].
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Using stochastic processes is therefore a popular approach to model and study nonequilibrium
systems. By and large, these stochastic processes are assumed to be Markovian, i.e., given the
current state of the system, its future evolution is independent of its past. The Markovian
hypothesis is often a reasonable one to make when trying to model a large variety of systems
[19]. In practice, however, the Markovian hypothesis is usually employed without examining
its plausibility, for practical reasons: it is much more difficult to study non-Markovian systems.
As a result, even when it is crude, the Markovian approximation is often the only way to make
progress.
The starting point of all studies described in this work follows the philosophy described above:
all models studied are Markov processes. One of the studies (Sec. 2.2) aims to understand what
is lost when accepting the Markovian hypothesis — in the context of real-space condensation,
we examine how a non-Markovian “memory” affects the phenomenology of the condensation
transition. Even in this study we eventually analyze a Markov model.

1.1.2

Equilibrium vs. nonequilibrium Markov processes

As mentioned above, the difference between an equilibrium and a non-equilibrium steady state
lies in the time inversion symmetry of the dynamics. In the context of a Markov chain, this
reversibility is stated by the condition of detailed balance.
Consider a discrete Markov chain with configurations labeled by C1 , C2 , C3 , . . .. This chain
is defined by the transition rates (probabilities per unit time) Wi→j to go from state Ci to Cj .
The evolution of the probability P (Ci ) to be at state Ci is given the master equation,

dP (Ci ) X
=
Wj→i P (Cj ) − Wi→j P (Ci ) .
dt
j6=i

(1.1)

This is an equation for the continuity of probability: the change in the probability of Ci equals
the current of probability that flows into this state, i.e., the probability of jumping from other
states to Ci minus the probability of jumping for Ci to any other state.
An ergodic chain is one where any state can be reached from any other state with some
positive probability by a finite number of jumps4 . An ergodic chain has a unique stationary
distribution P ∗ (C), and any initial condition relaxes towards this distribution [20]. In the
stationary distribution, the sum on the right-hand side of the master equation (1.1) vanishes.
The stationary state is called an equilibrium state if each of the summands in Eq. (1.1) vanishes
separately — this is called the condition of detailed balance:
Wj→i P ∗ (Cj ) = Wi→j P ∗ (Ci )

(1.2)

for every i and j. Since the stationary distribution P ∗ is dictated by the rates W, this is in
fact a condition only on the latter. If this condition holds, it can be shown that an “energy”
4

Mathematically, it is stated by the condition that for any two states i and j, there is some path i1 , i2 , . . . , iT
such that Wi→i1 Wi1 →i2 · · · WiT →j > 0.
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function Ei exists such that the equilibrium distribution is given by the Boltzmann distribution
P ∗ (Ci ) = Z −1 e−Ei , where Z is a normalization constant [20]. Importantly, the energies depend
on the transitions rates in a local fashion: the energy Ei0 of a particular state Ci0 is dictated
(up to an overall additive constant) only by the rates Wi0 →j and Wj→i0 to and from other states
Cj . Therefore, if the rates of transitions that do not involve Ci0 are changed without violating
detailed balance, the equilibrium probability to be in this state shall remain the same.
To see that detailed balance is in fact a condition of time reversal symmetry, note that
Wj→i P ∗ (Cj ) − Wi→j P ∗ (Ci ) is the current of probability that flows between sites i and j. Therefore, in an equilibrium steady state there are no probability currents, and thus the equilibrium
dynamics do not change when reversing the direction of time. Conversely, in a nonequilibrium
steady state, if one measures the net number of jumps the system undergoes between all couples
of states i and j (measuring −1 if the reverse jump occurs) then some of the measured currents
must be non-zero. These currents would reverse their sign when time is inverted, and thus a
nonequilibrium steady state does not have time reversal symmetry.

1.2

Real space condensation: zero-range process and
related models

In this section I shall review some simplified toy models that have been used to study real-space
condensation. The focus shall be on the zero-range process (ZRP), a prototypical model of
nonequilibrium condensation [15], but other models shall also be briefly mentioned. This section
will thus serve to provide a mental image both of the types of models that are studied in this
thesis and of the phenomenon of real-space condensation,

1.2.1

Definition of the zero-range process

The ZRP consists of particles hopping between sites on a lattice, with no restriction on the
number of particles per site. Therefore, each site 1 ≤ i ≤ L can accommodate an arbitrary
number of particles 0 ≤ ni < ∞ (L is the number of sites in the lattice). The dynamical rule
which defines the model (and is the reason for its name) may imprecisely be stated as: each
particles can “feel” only particles in its own box. Mathematically, this means that the rates
with which particles hop out of site i is a function u(ni ) which depends only on the state of
site i (i.e., on ni ) and not on the states of other sites. The motion of particles may be either
symmetric or asymmetric: once a particle leaves site i, it moves to the right neighbor, site i + 1
with probability p, and to the left neighbor i − 1 with probability q ≡ 1 − p. These dynamical
P
rules are presented schematically in Fig. 1.1. The number of particles N ≡ ni (or equivalently
the density ρ ≡ N/L) is conserved by this dynamics. When the dynamics is asymmetric, i.e.,
p 6= 1/2, detailed balance is not satisfied
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Figure 1.1: A schematic representation of the dynamics of a ZRP with periodic boundary conditions.
Particles are distributed between sites with no restriction on the number of particles per site. A particle
may hop out of a site occupied by n particles with a rate u(n). Once a particle leaves a site, it moves to its
right neighbor with probability p and to its left neighbor with probability q ≡ 1 − p.

The steady-state distribution of the ZRP is known for any choice of the hopping rates u(n)
and any asymmetry [15]. It is given by a product of single-site terms
X

L
L
Y
−1
P(n) = ZL,N
f (ni ) δ
ni − N ,
(1.3)
i=1

i=1

where the single-site weights are determined by the hopping rates,
n
Y
1
f (n) =
.
u(k)
k=1

(1.4)

ZL,N is a normalization constant which ensures that the sum over all probabilities equals 1,
and the δ-function reflects the conservation of particles. Surprisingly, perhaps, the steady state
probability (1.3) does not depend on the asymmetry p.
The ZRP has been employed in the analysis of condensation in many systems, including
jamming in traffic flow [11, 21], gelation in networks resulting in a hub with a macroscopic
linking number [14, 22], and clustering of compartmentalized shaken granular gases [8, 23]. In
addition, a general criterion for phase separation in one-dimensional driven diffusive systems
has been proposed, which is based on effectively describing the system as a ZRP [24]. In some
of these cases, the model under consideration can be mapped exactly to the ZRP, while in others
the ZRP is employed as an effective description.

1.2.2

Condensation in the ZRP

Using the stationary distribution (1.3), it can be shown that certain choices of the hopping rates
u(n) may give rise to a condensation transition in the model [25]. When condensation occurs, at
low densities the system is in a homogeneous disordered state, while above some critical density
a macroscopic fraction of all particles resides in a single site (the condensate).
For condensation to occur, the jump rates must, for large n, decrease slowly enough. In
particular, condensation occurs for rates of the form

 1 
b
u(n) = γ 1 + σ + o σ ,
(1.5)
n
n
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Figure 1.2: The condensation transition in a ZRP with L=1000 sites and rates (1.6) with b = 3. Left:
typical snapshots of the lattice below, at, and above the condensation transition (here ρc = 1). Right: the
occupation probability P (n) to find n particles at a site, at the same densities. Above the transition a peak
forms, due to the formation of the condensate.

with σ < 1, or for


 1 
b
u(n) = γ 1 + + o
,
n
n

(1.6)

with b > 2. Note that the constant γ only sets the timescales of the process and does not affect
condensation. For these rates, the system is in a homogeneous disordered state at low densities,
and when the density is raised above some critical value ρc [which depends not only on b and σ
but on the exact form of u(n)], a single (random) site becomes macroscopically occupied by a
finite fraction of all N particles, see Fig. 1.2 [25]. A natural order parameter for this transition is
the fraction of particles in the most occupied site
m≡

nmax
,
L

(1.7)

where nmax is the occupation of the most occupied site. In the disordered phase nmax = O(log L),
and thus in the thermodynamic limit m = 0 [26]. In the condensed phase, on the other hand,
m = ρ−ρc . Thus, the condensation transition with rates (1.5) or (1.6) is a second order transition.
A different type of condensation transition may occur in a ZRP with rates u(n) which depend
explicitly on the system size L. For example, if the rates have the form

c if n ≤ ` (L)
0
max
u(n) =
(1.8)
c if n > ` (L)
1

max

with c0 > c1 and `max (L) a given function of L, it has been shown that the model may undergo
a phase transition depending on this function. For log L  `max (L)  L, the condensation
transition occurs at a critical density ρc = c1 /(c0 − c1 ). This transition is of second order, and it
is quite similar to the transition discussed in the previous paragraph. However, when
`max = aL

(1.9)
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with some a > 0, there is a first order phase transition at a density ρtrans (a) > ρc [27, 28]. At
this transition, the order parameter jumps discontinuously from m = 0 just below the transition
to m = ρ − ρc just above it.

1.2.3

Other models of condensation

While the ZRP is the most well studied model that exhibits real-space condensation, others have
also been studied. Some studies focus on models that retain the factorization property (1.3).
These include generalizations of the ZRP with more species of particles [29], with a continuous
mass variable at each site (rather than a discrete number of particles) [16, 30, 31], and with more
conservation laws [32, 33].
Other models which exhibit condensation do not have a factorized steady state. Examples
include the bus route model [9], and the misanthrope process and other urn models [15, 34].
Since the stationary measure of these lattice gasses does not have a product form, their analysis
con usually only proceed under a mean-field (MF) approximation. In some specific models, the
problem can by bypassed by specially tailored methods which allow one to study condensation
rigorously even without exact knowledge of the stationary distribution. A notable example of
is given by the “chipping model”, a type of aggregation model where particles coalesce into
diffusing clusters, but may also chip off from the clusters. In usual aggregation models, particles
irreversibly coalesce into ever growing clusters, and the steady state (consisting of a single cluster
encompassing all particles) is trivially condensed at any density. When the chipping process
is added, the model has a non-trivial steady state with strong correlations between sites. The
stationary distribution is not known exactly. Nonetheless, it can be shown that a condensation
transition occurs in the model when the clusters diffuse symmetrically (but not when the diffusion
is asymmetric) [35–37].

1.3

The scope of this thesis

The studies of condensation which compile this thesis can be divided into to two parts: the
first, comprised of Sections 2 and 3, presents studies whose aim is to go beyond the ZRP,
while the second, Sections 4 and 5, examines properties of the ZRP model itself. The studies
attempt to draw lessons revolving around three physical principles — symmetry and its breaking,
scaling and universality, and order induced by large deviations — and what happens when these
principles are at play in a nonequilibrium setting.
Dynamics of condensates in mass-transport models
Section 2 describes a new phenomenon observed in some models of condensation — an emergent
drift motion of the condensate — whose roots are traced back to the interplay of spontaneous
translational symmetry breaking, asymmetric driving, and spatial correlations. This section

1.3. The scope of this thesis
begins by exploring how spatial and temporal correlations in the dynamics affect condensation.
Such correlations do not exist in the exactly soluble ZRP, and are an obstruction for obtaining
exact solutions of correlated models. Thus, they have not received much attention in the past.
In this section, we show that a condensate drift is quite generically found to emerge in such
correlated models. The mechanism underlying the drift is scrutinized, and its relation to symmetry
breaking is explained. The generality of the findings is demonstrated by considering another
model of condensation that was recently proposed — the accelerated exclusion process (AEP).
Most of the results of this chapter have been published in the following references:
[1] O. Hirschberg, D. Mukamel and G. M. Schütz, “Motion of condensates in non-Markovian
zero-range dynamics,” J. Stat. Mech. 2012, P08014 (2012).
[2] O. Hirschberg, D. Mukamel and G. M. Schütz, “Emergent motion of condensates in
mass-transport models,” Phys. Rev. E 87, 052116 (2013).
[38] O. Hirschberg and D. Mukamel, “Condensation transition and drifting condensates in the
accelerated exclusion process,” In preparation.
Buildup of condensates in the asymmetric simple inclusion process
A different model, the asymmetric simple inclusion process (ASIP), is considered in Sec. 3. This
is a queueing-theory motivated open-boundary version of a well studied model of clustering and
aggregation. It has recently received attention when fluctuations in the model were numerically
observed to have non-trivial power-law scaling forms [39]. In this section these observed scaling
forms are derived analytically, and are shown to be related to similar scaling forms found in
the closed-boundary version of the model. The analysis explains this relation by an interesting
physical picture: the open-boundary version of the model can be seen as a “conveyor belt” along
which the coalescence of clusters takes place. It is furthermore shown that the scaling forms are
universal, in the sense that they are independent of the details of how particles are injected into
the system. The results presented in this section have been published in the following reference:
[3] S. Reuveni, O. Hirschberg, I. Eliazar, and U. Yechieli, “Occupation probabilities and
fluctuations in the asymmetric simple inclusion process,” Phys. Rev. E 89, 042109 (2014).
Approach to equilibrium of diffusion in a logarithmic potential
The theme of scaling and universality is also explored in Sec. 4, which describes a work that
grew out the study of two-time current correlation functions in the ZRP. In order to calculate
these correlators, we have examined the equation that describes the relaxation to equilibrium
of a particle diffusing in a logarithmic potential. We show that the solution to this diffusion
equation approaches a scaling form with some peculiar features: the equation has a family of
scaling solutions, each comprised of two different scaling forms valid in different regimes; the

9

10

Introduction
“correct” scaling solution is selected from this family by the initial condition, which is thus
relevant for the long-time asymptotics of the relaxation; the selection mechanism is similar to
that found in problems of front propagation in nonlinear equations. The diffusion equation we
consider is linear, and therefore we can prove these features rigorously. This diffusion equation
has applications in large variety of systems and models, and thus the applicability of our findings
is much wider than our original motivation concerning the ZRP. A few examples of applications
are discussed. The results of this section have been published in the following references:
[4] O. Hirschberg, D. Mukamel and G. M. Schütz, “Approach to equilibrium of diffusion in a
logarithmic potential,” Phys. Rev. E 84, 041111 (2011).
[5] O. Hirschberg, D. Mukamel and G. M. Schütz, “Diffusion in a logarithmic potential:
scaling and selection in the approach to equilibrium,” J. Stat. Mech. 2012, P02001 (2012).
Condensation in a ZRP with atypical current
Finally, Sec. 5 studies how conditioning a ZRP to have a highly atypical current may lead to a
condensation transition. Here, the ZRP is considered as an example for the application of the
macroscopic fluctuation theory (MFT). This is a theory, developed in the last decade, that allows
one to use macroscopic response functions to calculate rare-event probabilities. The ZRP has
been one of the first models in which the use of the MFT was demonstrated, but it was only
studied in regimes where no condensation occurs. Surprisingly, we find that in condensation
due to atypical currents, the condensate can form in the bulk of the system, whereas under
typical conditions open ZRPs can develop condensates only at the boundaries. The condensation
transition discussed in this chapter provides a rather simple example of a general principle which
has recently been brought to light: conditioning a system on rare events tends to order the system.

2

Dynamics of condensates in
mass-transport models

2.1

Introduction

The goal of this chapter is to study what effects spatial correlations, which are generically found
in models of condensation, may have on the condensation transition. As described above, the
most widely studied model of condensation, the ZRP, is rather special, as the occupations of
different sites are independent in the steady state [in the thermodynamic limit, see Eq. (1.3)].
The factorization property (1.3) of the ZRP is quite fragile: most modifications of the model
destroy the product form of the stationary measure, and thus introduce correlations between sites.
Do these correlations affect the condensation transition?
Below, it shall be shown that in models with a non-product measure, the dynamics of the
condensate may be drastically altered. To understand how the dynamics of the condensate
change, let us begin with a description of the dynamics of the condensate in the ZRP.
In any finite ZRP, there is always a non-vanishing probability that due to a fluctuation the
condensate will relocate to another site. The dynamics of the condensate depend on the hopping
rates u(n) (as defined in Fig. 1.1). The most well-studied rates are (1.6). It is known that for a
ZRP with these rates and asymmetric hopping, the typical time between condensate relocations
diverges with the system size as Lb (recall that b > 2 is necessary for condensation to occur).
For symmetric hopping this time is longer, Lb+1 [40]. Therefore, in the thermodynamic limit
the condensate is essentially static. When the condensate does relocate, it moves to a random
new site [41, 42]. During the relocation process there are two highly occupied sites (the old
condensate and the new one) simultaneously, until one of the them “dies out” and the other
remains as the new condensate [40]. The probability for the condensate to evaporate altogether
is negligible.
The dynamics of the condensate is different for ZRPs with rates of the form (1.8) and (1.9),
i.e., those with a first order condensation transition. In these models, there is a dynamical
phase transition at some density ρdyn (a) > ρtrans (a), at which the dynamics of the condensate
changes its nature. When ρ > ρdyn , the condensate relocates as in the case discussed in the
previous paragraph: a new site becomes macroscopically occupied, there is a period of time
with two competing condensates, and then one of them “wins” and remains the new condensate.
11
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However, when ρtrans < ρ < ρdyn , the probability of having two simultaneous condensates
becomes exponentially small in the system size. Rather, the condensate typically relocates by
vanishing, leaving the system in homogeneous disordered metastable state. Then, after some
(random) time, a new condensate forms on a random site [28].
Our work on condensation in spatially-correlated models reveals a new dynamical regime for
the condensate: the condensate may develop a drift motion whereby it relocates along the lattice
in an orderly fashion. This condensate motion is the main focus of the current section. The
mechanism that underlies the drift is found to be strongly related to symmetry: the drift results
from a combination of the spontaneous breaking of translation symmetry by the condensate,
and of the existence of nonequilibrium particle currents which break time and space inversion
symmetry.
The work on the subject began with a study of a non-Markovian ZRP, where the condensate
drift was initially observed in numerical studies [43]. Sec. 2.2 describes an in-depth study, both
analytical and numerical, of this non-Markovian ZRP. Among its results, this study brings to light
some of the characteristics of the condensate drift, including numerical evidence for the existence
of different drift regimes in this model. The following section, Sec. 2.3, explores the mechanism
that underlies the motion of the condensate. By considering a simplified toy model, this study
reveals the aforementioned symmetry-breaking origin of the drift and thus suggests that this drift
is a rather generic phenomenon in nonequilibrium condensing systems. As an application of the
theory, Sec. 2.4 explores a recently proposed variant of the exclusion process — the accelerated
exclusion process (AEP). The phase diagram of the model is calculated, identifying that the
condensed phase exhibits a condensate drift.

2.2

Condensation in a non-Markovian ZRP

The ZRP is often used for the study of condensation in complex system by providing a simplified
effective description of the more complicated dynamics. The ZRP dynamics is thus viewed as a
coarse-grained version of the true underlying dynamics of the system under consideration. For
example, when one studies one-dimensional driven diffusive systems, one may approximately
describe the dynamics of clusters in the driven gas by ZRP sites [24, 44, 45], see Fig. 2.1. In such
approximate descriptions, some information on the the clusters, such as their internal structure,
is lost. In the original system, this internal structure generically introduces some memory in the
dynamics of particle-exchange processes between the cluster i.e., these processes are not Poisson.
Such temporally correlated dynamics are neglected when approximating the system as a ZRP.
In a work which has begun during my M.Sc. research, we have sought to examine the
effects that temporally correlated dynamics may have on condensation. By examining a nonMarkovian generalization of the ZRP, we have found that introducing temporal correlations
impacts condensation in two ways [43]: (1) the “coupling constant” b [see Eq. (1.6)] which
controls condensation is “renormalized” by the non-Markovian dynamics; (2) the condensate is

2.2. Condensation in a non-Markovian ZRP

13

j (4)
+ – + –

– +

+ – –

j (4)

Figure 2.1: Mapping of a driven diffusive system to a ZRP. Top: a snapshot of a schematic onedimensional driven diffusive system, which may consist of several types of particles (schematically
represented by + and −). Bottom: the corresponding configuration of the ZRP, in which each cluster is
mapped into a single site, disregarding the internal structure of the cluster. The hopping rate out of a site
of n particles in the ZRP is taken to be j(n), the mean flux through a cluster of size n in the driven system.
The mapping is not exact, as the internal structure of the clusters may induce temporal correlations in the
current leaving a cluster, and these correlations are lost in the ZRP description.

found (numerically) to drift from one site to the next in a “slinky-like” fashion. Here, the initial
findings of [43] are studied in more depth.
(i) Within mean-field theory, we calculate the effective b for a much wider class of models
than the one considered in [43].
(ii) The motion of the condensate is investigated numerically to a much greater extent. The
main finding of this study is that two different regimes of condensate motion exist. In the
first “strong drift” regime, the condensate moves continuously in a slinky like fashion,
while in the second “weak drift” regime its motion is more erratic — the condensate
remains on each site for a long period of time, and moves to the next site by “escaping
over a barrier”. The numerical simulations could not identify the fate of the weak drift
regime in the thermodynamic limit, but suggest that this might be a finite-size crossover
regime. We also show numerically that the condensate drift persists for partially (rather
than totally) asymmetric dynamics and in higher-dimensional lattices.
(iii) A variant of the non-Markovian ZRP is proposed which is exactly soluble and does have a
factorized stationary state. This variant, however, does not exhibit any condensate drift.
Although a heuristic explanation for the motion of the condensate was proposed in Ref.
[43], this explanation could not account for the two drift regimes. Thus, the exact mechanism
underlying the condensate drift remains at this point somewhat unclear. It explanation is presented
in the next section.
Details of the study may be found in Ref. [1], reproduced below.
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1. Introduction
In recent years, much progress has been made in the theoretical understanding of
nonequilibrium condensation [1]–[3]. Condensation phenomena of this type are known
to occur in a large variety of systems, where a macroscopic fraction of a conserved
‘mass’ is accumulated in a microscopic portion of an extended system. Some examples
of such systems are provided by compartmentalized shaken granular gases [4], gelation,
i.e., the formation of a macroscopic hub in complex network [5], condensation of wealth
in economics [6], and the formation of traffic jams on highways [7].
doi:10.1088/1742-5468/2012/08/P08014
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An elucidation of the mechanism which lies behind the condensation transition in such
systems was achieved by studying simplified but prototypical toy models, most notably the
zero-range process (ZRP). In this process, particles hop stochastically between boxes with
hopping rates which depend only on the occupation of the box from which each particle
departs. This models diffusing particles which ‘interact’ only with particles at the same
location (i.e., the same box), and hence the name of the process. For any choice of hopping
rates, the steady-state distribution of particles is known to factorize into single-box terms
and thus it may be computed exactly. Using the exact solution, it was shown in [8] that
a condensation transition may occur when the rate of hopping out of a box decreases
with its occupation (modeling an attractive ‘interaction’). In this condensation transition,
the system is homogeneous at small particle densities, while when the density exceeds a
critical value, a single (randomly chosen) site is occupied by a macroscopic fraction of all
particles.
When studying systems which exhibit a condensation transition, such as those listed
above, the ZRP may be used to gain qualitative, and sometimes also quantitative, insight.
This is done by mapping the dynamics of the system under consideration, usually in an
approximate way, to that of the ZRP, and then utilizing known results for the ZRP [9]–[13].
Such a mapping is achieved by disregarding some of the structure of the original system,
so that it can be reduced to the simplified balls and boxes picture of the ZRP. Underlying
this procedure is an assumption that the condensation transition in the ZRP is universal
in some sense, i.e., that the details which are lost when mapping a system to the ZRP are
irrelevant to condensation.
This universality assumption was recently examined by studying how disregarding
dynamical degrees of freedom may affect the condensation transition [14]. There, a
small variation of the ZRP was considered, which introduces temporal correlations in
its dynamics and thus results in a non-Markovian zero-range dynamics. Non-Markovian
dynamics of a similar nature was found to induce jamming in a model for traffic
flow [15]. In [14], the non-Markovian dynamics was found to have two main effects on
the condensation transition of the ZRP: (i) a calculation in a mean-field setting showed
that the non-Markovian nature of the dynamics ‘renormalizes’ the parameters and critical
exponents of the ZRP, and (ii) a numerical study of the model on a one-dimensional
ring revealed that the temporally correlated dynamics induces a ‘slinky’ motion of the
condensate throughout the system, whereby the condensate spills over from one site to
the next. Thus, the nature of the condensed phase is modified in a qualitative manner.
In this paper we present a detailed analysis of the model introduced in [14]. First,
we elaborate on the mean-field solution which was presented in [14] and generalize the
results to a much broader class of hopping rates. We then turn to dynamics on a ring with
hopping to the nearest-neighbor site and present a detailed study of the mechanism for
the condensate drift. In studying the behavior of finite rings (of size L ≤ 2000 sites), we
identify two different modes of condensate motion: motion through a barrier, in which the
condensate is carried by a single site and spilling to the next site is initiated only once it
overcomes a barrier, and motion with no barrier, in which the condensate is in continual
motion.
In addition, we consider a somewhat modified non-Markovian dynamics which allows
an exact computation of the steady state on lattices of any dimension, even in the case
of nearest-neighbor hopping. For this variant of the model we show that the steady-state
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2. A description of the model
We consider a system of N particles hopping between L boxes (labeled by i = 1, . . . , L)
with a mean density ρ = N/L. We are mainly interested in the thermodynamic limit in
which L, N → ∞ with the density ρ kept constant. The state of each box is given by two
variables: the number of particles in the box ni , and a ‘clock’ variable τi . Both variables
take non-negative integer values: ni , τi = 0, 1, 2, . . .. A configuration of the system is thus
given by the set of pairs (n, τ) = {(ni , τi )}Li=1 .
The dynamics proceeds by particles jumping one at a time between the boxes, and,
in parallel, by advances of the clocks. Conforming with the ‘zero-range’ character of the
ZRP, the rate with which a particle leaves a box is taken to depend only on the state of
the box, i.e., on its occupation and clock state. We denote these hopping rates by u(n, τ ).
The clock dynamics is correlated with particle jumps: every time a particle jumps into
a box, its clock is reset to zero. Independently, the clocks are advanced with a constant
probability per unit time c. The two kinds of dynamical moves (a jump of a particle
between two boxes i and j, and advance of the clock at site i) can be written as
pij u(ni ,τi )

(ni , τi ), (nj , τj ) −−−−−−→ (ni − 1, τi ), (nj + 1, τj = 0)

(ni , τi )

c

−−−−−→ (ni , τi + 1).

(1)

Here, pij is a connectivity matrix which states the probability that a particle departing
from site i will choose site j as its target. Particular choices of pij are further discussed
below. The jump rates must satisfy u(0, τ ) = 0 for all τ , as a particle cannot jump out of
an empty box.
To be precise about the meaning of ‘rate’ this dynamics can be rephrased as follows:
each box i of the lattice carries two alarm clocks which ring after some random time. All
2L alarm clocks ring independently. Given that the state at box i is (ni , τi ), alarm clock
number 1 of this site rings after an exponentially distributed random time with parameter
u(n, τ ), while alarm clock number 2 rings after an exponentially distributed random time
with parameter c. If clock 1 rings first, a particle selects a target box j with probability
pij and jumps to it. If clock 2 rings first, the internal clock at box i is incremented by one
doi:10.1088/1742-5468/2012/08/P08014
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distribution is given by a product measure, like in the Markovian ZRP, even though the
currents of particles are temporally correlated. The exact solution of the model is shown
to be qualitatively similar to the mean-field calculation, and in particular there is no
condensate drift.
The paper is organized as follows. After describing the non-Markovian ZRP in
section 2, we present in section 3 the full mean-field solution of the model and study
how condensation is affected by the non-Markovian dynamics. The numerical study of
the condensation transition on a lattice with nearest-neighbor hopping is presented in
section 4. There we examine a particular choice of rates, which we term the on–off model,
on a ring with symmetric, totally asymmetric and partially asymmetric dynamics, and
we analyze the mechanism for the motion of the condensate. In section 5, we present the
exactly solvable variant of the non-Markovian ZRP, calculate its steady-state distribution
and discuss condensation in this model.
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unit. After any change of the state at box i, the clocks ring again after an exponentially
distributed random time determined by the updated state at box i.
The dynamical rules (1) are written for a general connectivity matrix pij . In this
paper we concentrate mainly on two schemes for the choice of target box: mean-field
(MF) dynamics, and a one-dimensional homogeneous ring geometry with nearest-neighbor
hopping. In mean-field (MF) dynamics, the target box j 6= i is chosen randomly and
uniformly from all boxes, i.e.,
pij =

for all j 6= i.

(2)

In the case of ring dynamics, on the other hand, particles hop only between nearestneighbor sites, possibly in an asymmetric fashion. Accordingly, the target box is chosen to
be i + 1 with probability 1 − p and i − 1 with probability p (where box L + 1 is identified
with box 1), i.e.,


1 − p
pij = p

0

if j = i + 1
if j = i − 1
otherwise.

(3)

Here, 0 ≤ p ≤ 1 is the asymmetry parameter: when it is equal to 0 the hopping is totally
asymmetric and no hopping backwards can occur, while when p = 1/2 the dynamics is
completely symmetric. Below, MF dynamics is studied in section 3, while ring dynamics
is studied in sections 4 and 5. We also briefly examine (in sections 4.2.3 and 5.2) dynamics
on higher-dimensional lattices. The generalization of (3) to the higher-dimensional case is
rather straightforward and will be presented below when it is discussed.
The dependence of the jump rates on τ renders the particle jump process, when it is
taken by itself, non-Markovian, as the rate of a jump depends on how much time has passed
since a particle hopped into the jump site. When considered in the higher-dimensional
space of occupations together with clocks, the full jump/increment process defined above
is Markovian. Nevertheless, we will refer to this process as the non-Markovian ZRP, to
stress the history dependence of the jump process.
The process may be implemented by a Monte Carlo version of this dynamics with
random sequential update which is defined as follows: define pmax = maxn,τ [u(n, τ ) + c].
For the Monte Carlo update, pick a random box uniformly and attempt to make one
of the following changes: (i) move a particle to a target box (selected according to the
appropriate scheme) with probability u(n, τ )/pmax , (ii) increment the internal clock with
probability c/pmax . A total of Lpmax consecutive update attempts constitute one Monte
Carlo time unit.
A final remark on the nature of the clock variables. As is clear from the dynamical
rules, the clock variables proceed in an irregular, stochastic fashion. Therefore, they do not
measure the exact time that has passed since a particle last entered each site. Choosing
clock variables which really measure time, i.e., which are continuous and proceed regularly,
might seem more natural for some physical applications. Such regular clocks are not
considered below, but we remark that they may be achieved starting from the dynamics
(1) by taking an appropriate limit. This procedure is described in appendix A.
doi:10.1088/1742-5468/2012/08/P08014
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3. The non-Markovian ZRP with mean-field dynamics
In this section we analyze the non-Markovian ZRP with mean-field dynamics. In
particular, we investigate how condensation is affected by the non-Markovian nature of
the jump process.
3.1. General observations

i=1

i=1

Here P (ni , τi ) are the thermodynamic single-box occupation and clock probabilities, and
the δ function is a consequence of the conservation of particles. The normalization is given
by
!
L
L
XY
X
P (ni , τi ) δ
ni − N .
(5)
ZL,N =
n,τ i=1

i=1

Equation (4) becomes an exact equality in the thermodynamic limit L → ∞.
As with the Markovian ZRP, the factorized stationary distribution provides the means
for an analytic treatment of the model. In the thermodynamic limit, the single-box
probabilities in the steady state P (n, τ ) are equal to those of a single box with a ‘meanfield’ incoming current J which is generated by all other sites. Like in Markovian urn
models [16, 17], the master equation for the single-box probability in the non-Markovian
case is
dP (n, τ )
= JP (n − 1)δτ,0 + cP (n, τ − 1) + u(n + 1, τ )P (n + 1, τ )
dt
− P (n, τ )[J + c + u(n, τ )],
(6)
P
where the marginal occupation distribution is defined by P (n) ≡ τ P (n, τ ). The first term
on the RHS corresponds to the box reaching the state (n, τ = 0) by a particle entering
a box with n − 1 particles, the second to an advance of the clock into state τ , the third
to a particle leaving a box with n + 1 particles, and the last to these three processes
occurring when the box is in state (n, τ ). This equation is also valid for n = 0 or τ = 0 if
one defines P (−1, τ ) = P (n, −1) = 0 (and, as stated above, u(0, τ ) = 0 must also hold).
Once equation (6) is solved for a given MF current J, the current is determined by
X
J=
u(n, τ )P (n, τ ),
(7)
n,τ

yielding the probability distribution function.
In the steady state, dP (n, τ )/dt = 0 and the master equation (6) yields

P (n, τ )[J + c + u(n, τ )] = JP (n − 1)δτ,0 + cP (n, τ − 1) + u(n + 1, τ )P (n + 1, τ ).
doi:10.1088/1742-5468/2012/08/P08014
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Since each jump of a particle is to an arbitrarily chosen box, the MF dynamics does
not generate correlations between different boxes beyond the correlations which arise
from the conservation of particles. Therefore, in the thermodynamic limit, the stationary
distribution is expected to approach a product of single-box terms, and so for a large but
finite system
!
L
L
Y
X
−1
P(n, τ) ' ZL,N
P (ni , τi ) δ
ni − N .
(4)
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Summing over all values of τ , the terms containing c drop out telescopically, and one is
left with the recursion relation
ū(n)P (n) = JP (n − 1).
Here ū(n) is the mean hopping rate out of a site with n particles
P
P (n, τ ) u(n, τ )
ū(n) ≡ τ P
.
τ P (n, τ )

(9)

(10)

P (n) = P (0)J n f¯(n),

(11)

where the single-site weights are given by
f¯(n) =

n
Y

ū(k)−1 ,

(12)

k=1

P∞

and P (0)−1 = 1 + n=1 J n f¯(n) ensures the proper normalization of P (n). The marginal
distribution (11)–(12) is the same distribution as one obtains for a Markovian ZRP but
with the jump rates u(n) replaced by the effective rate ū(n) [1, 18].
Since the stationary distribution of our model has a similar form to that of a
Markovian ZRP, the analysis of condensation in the model may also proceed in a similar
fashion. We therefore briefly review how condensation takes place in the Markovian
ZRP [1]. The occurrence of condensation in the Markovian ZRP is determined by the
asymptotic behavior of the jump rates u(n) for large n. Two types of condensation may
be distinguished: strong condensation, which occurs when the hopping rates tend to zero
for large n, and weak condensation, which may occur when the hopping rates decrease
to a constant value. In condensation of the strong type all particles accumulate in one
box and the current vanishes in the thermodynamic limit. This condensation occurs at all
densities (i.e., the critical density for condensation is ρc = 0). Weak condensation takes
place only when the rates decrease to a constant more slowly than 1 + 2/n. In particular,
when the rates have the form
u(n) = γ(1 + b/nσ + o(1/nσ ))

(13)

for large n, condensation occurs above some critical density provided that σ < 1 or σ = 1
and b > 2. The critical density ρc is non-universal, i.e., it depends on the exact form of
the rates u(n). Importantly, the parameter γ only sets the time scale for the process and
has no effect on the stationary distribution and the condensation transition.
In the weak condensation scenario, a single site (the condensate), chosen spontaneously
at random, accommodates L(ρ − ρc ) particles, while the density at all other sites remains
ρc . The condensation transition is thus manifest in the occupation probability of a single
site, P (n). For the marginal case of σ = 1, the probability of finding n particles at a given
site decays exponentially as P (n) ∼ n−b e−n/ξ for densities below the critical density, where
ξ(ρ) diverges as ρc is approached. At the critical density, the occupation probability has
a power law tail P (n) ∼ n−b . Above the critical density, the occupation of all background
doi:10.1088/1742-5468/2012/08/P08014

7

J. Stat. Mech. (2012) P08014

Equation (9) expresses the balance between the probabilities for jumping into and out
of a box with n particles. Iterating relations (9) yields, as in the Markovian ZRP, the
steady-state occupation probability
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sites remains power law distributed, while the occupation of the condensate is narrowly
distributed around L(ρ − ρc ) [19].
3.2. Condensation in a mean-field ‘on–off’ model

In this case, every time a particle hops into a box, that box is turned ‘off’. When the box
is in this off state no particle can leave it. After an exponentially distributed random time
(with parameter c) the box is turned back ‘on’, and particles can once more jump out of
it with a rate u(n). The model with these special rates will be called the on–off model.
In the on–off model, the dynamics depends only on whether τ = 0 or τ ≥ 1, and
thus the clock has effectively only two states. Correspondingly,
the state of a box can be
P
characterized by Poff (n) ≡ P (n, τ = 0) and Pon (n) = τ ≥1 P (n, τ ). The stationary master
equation (8) is then given by
Poff (n)[J + c]
= JP (n − 1)
Pon (n)[J + u(n)] = cPoff (n) + Pon (n + 1)u(n + 1).

(15)
(16)

The solution of these equations is made simple, compared with a general non-Markovian
ZRP, because the term p(n + 1)u(n + 1, 0) which should appear in the RHS of (15) (see
equation (8)) vanishes.
To solve these equations we first note that by summing equation (15) over all values
of n we find that the probability of finding a site in the off state is
X
J
Poff ≡
Poff (n) =
.
(17)
c+J
n

Next, an expression for Poff (n) is found from equation (15) together with (9) and (17):

Poff
ū(n)P (n)
=
ū(n)P (n).
(18)
J +c
J
A similar expression for Pon (n) is found by substituting the rates u(n, τ ) (which are of the
form (14)) into equation (10), yielding
Poff (n) =

Pon (n) =

ū(n)
P (n).
u(n)

(19)

The effective jump rates ū(n) can now be obtained from (18) and (19) using
Poff (n) + Pon (n) = P (n), and are given by
1
Poff
1
=
+
.
ū(n)
J
u(n)
doi:10.1088/1742-5468/2012/08/P08014
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As the effective jump rates ū(n) play the role of u(n) in the MF non-Markovian ZRP, it is
their asymptotic behavior for n → ∞ which determines condensation in the model. The
remainder of this section concentrates on the determination of this asymptotic behavior.
We begin by discussing a simple choice of jump rates—an ‘on–off’ model which will now
be introduced—before turning to an analysis of more general jump rates.
We start the discussion by considering jump rates of the form
(
0
τ = 0 (‘off’ state)
u(n, τ ) =
(14)
u(n)
τ ≥ 1 (‘on’ state).
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which is again of the form (13) but with an effective hopping parameter
beff =

c+J
b < b.
c+J +1

(22)

If σ < 1, condensation occurs in the on–off model as it does in the Markovian ZRP. In the
commonly encountered case of σ = 1, however, condensation only occurs when beff > 2.
The critical current at the condensation transition is given in this case by Jc = limn→∞ ū(n)
[1], which yields, according to (21), Jc = (c + Jc )/(c + Jc + 1), or
!
r
c
4
(23)
1+ −1 .
Jc =
2
c
This allows us to write
beff = Jc b.

(24)

Therefore,
condensation takes place when the hopping parameter satisfies b >
p
4
( 1 + 4/c − 1)−1 . The critical value of b is larger than 2, in contrast with the Markovian
c
case for which the critical value for condensation is b = 2.
Although the analytical results derived above are exact only in the thermodynamic
limit, they provide a very good approximation for finite systems that are large enough. For
example, in figure 1 we compare the theoretical predictions for the single-box occupation
probability P (n) to results of Monte Carlo simulations of the MF on–off model obtained
for a system of size L = 200. The theoretical curves are calculated from the exact P (n) of
a finite-lattice Markovian ZRP with effective hopping rates (20) and (23). These curves
are in excellent agreement with the simulation results.
doi:10.1088/1742-5468/2012/08/P08014
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This equation states that the mean time between hops from a site with n particles is equal
to the mean time for which this site is in an ‘off’ state plus the time it takes for a particle
to hop out once the system is already ‘on’.
Using equations (11), (12), (17) and (20), it is now possible to obtain P (n) for any
J, and subsequently the entire probability distribution is found via (18) and (19). Note
that P (n) which is found in this way depends on J both directly, as seen in equation (11),
and indirectly through the effective rates (20). To finish the calculation, one must find the
dependence of the current
J on the density ρ. This can in principle be achieved by inverting
P
the relation ρ(J) = n nP (n). The effective hopping rates (20) are thus a function of the
density.
To determine whether or not condensation may occur in the model, only the
asymptotic form of ū(n) is needed. By examining equation (20) it is seen that ū(n)
decreases to zero when n → ∞ if and only if u(n) decreases to zero, and similarly
ū(n) decreases to a constant if and only if u(n) decreases to a constant. Therefore,
strong condensation is not affected by the clock-dependent dynamics. To study weak
condensation, assume jump rates of the asymptotic form (13) with γ = 1 (as explained
above, γ sets the time scale of the process, and can be set to 1 without loss of generality).
From equations (17) and (20) we find, to leading order in 1/n,

 
c+J
beff
1
ū(n) =
1+ σ +o
,
(21)
c+J +1
n
nσ
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3.3. Condensation in MF models with more general rates

In section 3.2 we have seen that in the case of jump rates with an asymptotic form
u(n) = 1 + b/n + · · · ,

(25)

the on–off dynamics leads to an effective value of b, and thus it may affect the occurrence
of the condensation transition. We now demonstrate that this holds also when the clock
dependence is more general than the on–off case, and we show how beff may be calculated.
To this end we consider rates of the form


b
u(n, τ ) = u(n)v(τ ) = 1 + + · · · v(τ )
(26)
n
where u(n) has been taken to be of the form (25).
As mentioned above, the stationary master equation (8) is harder to analyze when the
rates are not of the on–off type, because P (n, τ ) depends in (8) on P (n, τ + 1). However,
since only the large n asymptotics of ū(n) and P (n, τ ) at criticality affect condensation, it
is possible to make progress by restricting the discussion to these quantities. We therefore
assume that J = Jc and make the following ansatz:

 
beff
1
ū(n) = Jc 1 +
+o
n
 n
 
d(τ )
1
−beff
(27)
P (n, τ ) = An
α(τ ) 1 +
+o
n

 n
d
1
.
P (n) = An−beff 1 + + o
n
n
This ansatz is motivated by the solution of the on–off model (compare with equations
(18) andP(21)). The constant A P
is a normalization
P constant, and from the definition
P (n) = τ P (n, τ ) it is seen that τ α(τ ) = 1 and τ α(τ )d(τ ) = d must hold.
doi:10.1088/1742-5468/2012/08/P08014

10

J. Stat. Mech. (2012) P08014

Figure 1. The single-site occupation probability P (n) in the on–off model with
mean-field dynamics for several values of b. The symbols represent Monte Carlo
simulation results and the lines are the theoretical predictions. An excellent
agreement between the two is found. The parameters of the simulation are
L = 200, ρ = 10 and c = 1.
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Substituting the ansatz (27) in the stationary master equation (8) and equating terms
order by order in 1/n yields to order O(1)

τ
Jc
c
α(τ ) =
(28)
Jc + c Jc + c
and to order O(1/n)
"

#
τ
1 X
d(τ ) = d −
v(τ 0 ) − 1 beff .
Jc + c τ 0 =0

(29)

where (28) was used in the last equality. To order O(1/n), using (28) and (29), beff is found
to satisfy
"∞ τ
#−1
XX
beff = Jc (Jc + c)
α(τ )v(τ )v(τ 0 )
b
2

= (Jc + c)

"

τ =0 τ 0 =0

∞ X
τ 
X
τ =0 τ 0 =0

c
Jc + c

τ

0

#−1

v(τ )v(τ )

b.

(31)

The calculation outlined above is valid as long as the series in (30) and (31) converge.
The exponential form of α(τ ) in equation (28) implies that convergence is guaranteed if
v(τ ) decays or grows more slowly than exponentially. In particular, this implies that the
results are correct if v(τ ) tends to a finite (non-zero) constant for large τ . Note that if
v(τ ) decays to zero fast enough, although the series converge, any system of a finite size
will eventually be frozen in an absorbing state in which all the τ tend to infinity and no
particles jump.
Equation (31) implies that, as found in the particular case of the on–off model,
the condensation behavior depends on the memory effects induced by the clocks. Note,
however, that unlike in the on–off case, beff is not necessarily smaller than b. For instance,
consider rates of the form (26) with
(
v0
τ =0
v(τ ) =
.
(32)
1
τ ≥1
For v0 = 0 these rates reduce to the on–off model,pwhile v0 = 1 is the Markovian ZRP.
For arbitrary v0 , equation (30) yields Jc = (v0 − c + (v0 − c)2 + 4c)/2, and equation (31)
yields beff = b (c + v0 Jc )/(c + v0 Jc + Jc − v0 ). This result, which is plotted in figure 2,
demonstrates that for different values of v0 and c, the effective hopping parameter beff
might be larger or smaller than the ‘bare’ value b.
doi:10.1088/1742-5468/2012/08/P08014
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The current and beff can now be found by substituting (27) in the definition of ū(n)
equation (10) and equating once again order by order in 1/n. To order O(1), an equation
for the critical current is obtained:
τ
∞
∞ 
X
Jc X
c
Jc =
α(τ )v(τ ) =
v(τ ),
(30)
Jc + c τ =0 Jc + c
τ =0
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4. The non-Markovian ZRP with nearest-neighbor dynamics
The results of the previous section demonstrate that temporal correlations in the dynamics
of a mean-field ZRP affect the condensation transition. In this section we examine whether
this mean-field picture persists also when the dynamics allows only nearest-neighbor
hopping, and whether new effects appear in the latter case.
In the on–off model with nearest-neighbor hopping dynamics, the stationary
distribution does not factorize and the stationary solution of the master equation is not
known. We therefore study the model using numerical Monte Carlo simulations. From
these simulations we find that condensation does indeed seem to be controlled by an
effective hopping parameter beff , albeit with a value which differs from the MF prediction.
We also find that asymmetric jump rates may cause the condensate to drift with a finite
velocity.
In this section we concentrate solely on the on–off model with jump rates of the form
(14) and (25), unless explicitly stated otherwise.
4.1. The on–off model with symmetric nearest-neighbor hopping

We begin the discussion of a ring with nearest-neighbor hopping dynamics by considering
an on–off model with symmetric hopping, i.e., with p = 1/2. Note that, unlike the
Markovian ZRP with symmetric hopping, which satisfies detailed balance and hence is an
equilibrium model, the non-Markovian ZRP does not satisfy detailed balance even when
it is symmetric. To understand why, note that there are allowed dynamical moves whose
reverse cannot occur (such as an advance of a clock, or a jump of a particle occurring
simultaneously with resetting the clock of the target site to zero). As these moves have a
non-zero probability of occurring in the steady state, stationary probability currents must
exist.
Monte Carlo simulations of the on–off model with nearest-neighbor hopping were
carried out on a ring of size L = 500 boxes with different particle densities and b = 4.5.
The system was initialized to a state in which all particles were located at the first site
doi:10.1088/1742-5468/2012/08/P08014
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Figure 2. The mean-field value of beff /b as a function of v0 for the rates (32).
The line corresponds to the prediction (31), while the symbols were obtained by
numerically integrating the mean-field master equation (6) with J = Jc of (30).
Note that beff may be either smaller or larger than b, depending on v0 .
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and all sites were ‘on’, and the dynamics was run for a time of tequil = 2.5 × 107 time
units to allow the system to reach a steady state. After this equilibration time, the state
of the system was recorded every tsampling = 5000 time units. The measured single-site
occupation probability P (n) and typical snapshots of the lattice for different values of ρ,
presented in figure 3, show a qualitative resemblance to those of a Markovian ZRP. At
small densities when the system is in the fluid phase, the single-site occupation probability
has an exponential tail, while at high densities this probability develops a peak which
corresponds to the condensate. The transition takes place at a critical density (which
is found to be ρc ≈ 2.75) at which the occupation probability decays as a power law of
the form P (n) ∼ n−beff . In finite systems this power law has an exponential cutoff due to
finite-size effects.
Measuring the effective hopping parameter beff numerically is a difficult task because
it depends on the tail of the probability distribution which is strongly distorted by the
finite-size effect. However, simulation results indicate that beff for symmetric hopping is
larger than the MF value (24) and smaller than the ‘bare’ value b (see figure 3).
The simulation results indicate that the conclusions which were found for mean-field
dynamics are qualitatively correct for symmetric nearest-neighbor dynamics.
4.2. The on–off model with asymmetric nearest-neighbor hopping

Simulations of asymmetric nearest-neighbor dynamics (i.e., with p < 1/2) indicate that,
as for the symmetric case, condensation is controlled by an effective hopping parameter.
doi:10.1088/1742-5468/2012/08/P08014
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Figure 3. (a) The occupation probability P (n) of a single site in a ring with
symmetric nearest-neighbor on–off dynamics for several densities. (b) Typical
snapshots of the lattice for several densities. Results were obtained by Monte
Carlo simulations with b = 4.5, c = 1 and L = 500 sites, for a subcritical density
(ρ = 2), a supercritical density (ρ = 5) and in the critical region (ρ = 2.75).
The two thin straight lines in (a) correspond to the power laws P (n) ∼ n−b
and P (n) ∼ n−beff of the bare value b = 4.5 and the mean-field effective value
beff ≈ 2.78 of equation (24). The power law exponent for symmetric dynamics is
seen to lie between these two values. Note that in the supercritical case, the y-axis
of part (b) is broken in order to show both the condensate and the disordered
background.
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However, a new effect is found in simulations of asymmetric hopping: the condensate
drifts with a finite velocity. Two different drift regimes are observed in simulations of
finite systems: a ‘strong drift’ regime in which the condensate is in a continual motion,
and a ‘weak drift’ regime in which the condensate stays for some (random) time in each
site before jumping to the next. In what follows we begin by discussing the case of totally
asymmetric hopping dynamics, (i.e., with asymmetry parameter p = 0), where we examine
the strong drift and the weak drift regimes separately. We then discuss more general
asymmetric dynamics, including partially asymmetric hopping and asymmetric dynamics
on higher-dimensional lattices.
4.2.1. Totally asymmetric hopping: the strong drift regime. Monte Carlo simulations of a
ring with totally asymmetric nearest-neighbor on–off hopping dynamics were carried out
for different values of c. The results of these simulations show that for small values of c the
condensate drifts continuously in what we term a strong drift regime. In this regime, the
condensate typically occupies two adjacent boxes i and i + 1, in contrast to the case for
previously known condensation phenomena. In addition, the location of these two boxes
advances with time. This is demonstrated in figure 4, where we present snapshots of the
lattice taken at different times as obtained from a simulation with L = 1000 boxes.
An inspection of the microscopic dynamics shows that the drift of the condensate
takes place via a ‘slinky’ motion in which the second condensate site, i + 1, accumulates
particles at the expense of the first condensate site, i. This slinky motion results from the
fact that site i + 1 is turned off more often than other sites. In other words, the effective
rates of hopping out of a site are no longer homogeneous in space, but rather they depend
on the distance of the site from the condensate, and in particular, the mean current out of
the condensate is larger than the mean current out of the next site: hūi (ni )i > hūi+1 (ni+1 )i.
Thus particles accumulate on site i + 1 until site i is no longer macroscopically occupied,
giving the clock at i+1 the chance of reaching the on state for durations of time sufficiently
long to allow particles to escape. Then particles start to hop from site i + 1 to site i + 2 in
doi:10.1088/1742-5468/2012/08/P08014
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Figure 4. Snapshots of the on–off model with totally asymmetric nearestneighbor hopping on a ring, showing the occupation numbers ni at and in the
vicinity of the condensate at four points in time. Here, L = 1000 sites, ρ = 10,
b = 5.5, and c = 1. The condensate occupies two sites and drifts with a constant
mean velocity.
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the same fashion and the slinky motion continues. This mechanism for condensate motion
was recently found in other models, and will be analyzed in more detail elsewhere [20].
This slinky motion mechanism suggests that the drift velocity vdrift is inversely
proportional to the number of particles in the condensate Ncond , i.e.,
−1
vdrift
∼ Ncond = N − Nbg = L(ρ − ρbg ),

(33)

where Nbg ≡ N − Ncond and ρbg ≡ Nbg /(L − 2) are respectively the mean number and the
density of particles in the background fluid, i.e., at all sites but the condensate sites. In
the thermodynamic limit, the velocity of the condensate vanishes. It should be noted that
this drift motion of the condensate is different from the relocation of the condensate which
occurs in Markovian ZRPs. In the Markovian case, a condensate on any finite system can
melt while a new condensate reappears at some other randomly chosen site of the lattice.
This relocation of the condensate happens in a characteristic time which scales with the
system size to a power larger than 2 [21]–[23]. A similar relocation of the condensate to a
random distant site is seen to occur also in the asymmetric on–off ZRP, superimposed on
the ‘slinky’ drift motion.
The snapshots presented in figure 4 clearly demonstrate that the condensate occupies
two adjacent sites with varying relative occupation, consistent with the slinky motion
described above. In addition, the drift of the condensate is evident in the figure. In order
to demonstrate the slinky motion in more detail, we present in figure 5(a) a plot showing
the position of the most occupied site imax and its occupation number, nmax , as a function
of time. The occupation number nmax oscillates in time with approximately constant
frequency. Typically it decreases linearly until it reaches its minimal value, when imax
increases by 1 and nmax starts increasing. Figure 5(b) displays the scaling of the condensate
velocity with the system size L, which agrees with the estimate of equation (33).
doi:10.1088/1742-5468/2012/08/P08014
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Figure 5. (a) The ‘slinky’ motion of the condensate is seen in the position of
the most occupied site imax and its occupation number nmax as a function of
time, on a ring of size L = 1000 with c = 1. (b) This slinky motion suggests
that the velocity of the condensate scales as L−1 , as is demonstrated for different
values of c. Graphs were obtained from the simulation of totally asymmetric
nearest-neighbor on–off dynamics with ρ = 10 and b = 5.5.
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In figure 6 we present the single-site occupation probability distribution P (n) for
various densities and for various system sizes. At high densities the distribution exhibits
a plateau which reflects the particle distribution among the two sites which constitute
the condensate. This is in contrast with a Markovian ZRP and the symmetric on–off
model where the condensate is supported by a single site, which results in a sharp peak
in P (n) (compare with the inset and with figure 3(a)). The value of P (n) at the plateau
in the non-Markovian case may be estimated for ρ above the critical density and large L
using the slinky motion of the condensate. The probability that a given site carries the
condensate is 2/L, and at such a site there is an approximately uniform probability of
finding any occupation 0 < n < Ncond = L(ρ − ρbg ). Thus,
Pplateau ∼

1
2
.
L L(ρ − ρbg )

(34)

This estimate is in good agreement with the plateau value in figure 6. For small densities,
P (n) decays exponentially, indicating the absence of a condensate. For the system size
studied in this figure, the distribution at small values of n does not allow us to extract a
power law decay as expected for the condensation transition. At density ρ = 4.1 there is
a range of n for which P (n) seems to follow a power law with beff ≈ 4. This value differs
significantly from the bare parameter b = 5.5, the expected value for the Markovian ZRP.
4.2.2. Totally asymmetric hopping: the weak drift regime. For larger values of the clock
rate c, the motion of the condensate looks qualitatively different from that in the strong
doi:10.1088/1742-5468/2012/08/P08014
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Figure 6. The occupation probability P (n) of a single site in a ring with
totally asymmetric nearest-neighbor hopping and different densities, as obtained
from Monte Carlo simulations. (a) P (n) at a subcritical density (ρ = 3), at a
supercritical density (ρ = 10) and in the critical region (ρ = 4.1). The horizontal
line indicates Pplateau of (34), where ρbg was obtained from the simulation. Here,
L = 1000, b = 5.5 and c = 1. The inset shows for comparison a similar plot of P (n)
for a Markovian ZRP of L = 1000 sites with b = 3, in the subcritical (ρ = 0.5),
critical (ρ = 1) and supercritical (ρ = 4) phases. (b) P (n) for several system sizes
(L increases in the direction of the arrow). The dashed horizontal line indicates
Pplateau of (34). Here ρ = 10, b = 5.5 and c = 1.
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drift regime: the continuous slinky motion is replaced by an erratic slinky motion, in which
the condensate spends a long period of time in each site before jumping to the next. We
refer to this regime as the weak drift regime. This difference is observed on finite systems.
Whether this type of motion persists for large L remains an open question at this point,
as there are some indications that the thermodynamic behavior might be similar to the
strong drift motion in this limit. In what follows we present the numerical evidence for
the weak drift regime, and provide details on the question of the thermodynamic limit.
All three main features which characterize the strong drift regime—a condensate
that occupies two sites, its continual drift, and a plateau in the single-site occupation
probability—are modified in the weak drift regime. In this regime, the condensate occupies
a single site for a long duration of time, and it occupies two sites only during the (relatively
short) time of transition from one site to the next. This is clearly seen in figure 7(a), where
the occupation and location of the most occupied site are shown as a function time for
a system of size L = 2000 with c = 2 and b = 5.5 (compare with figure 5(a), and note
the difference in scale of the time axes). As a result, a sharp peak is seen in the singlesite occupation probability at large values of n (figure 7(b)). A plateau is still found at
intermediate values of n, but it no longer follows the scaling relation (34).
The characteristics of the weak drift described above suggest that the condensate is
stabilized at one site by a ‘barrier’. The slinky motion is initiated only once fluctuations
overcome this barrier and the number of particles in the condensate decreases beyond
some threshold, or, alternatively, when the number of particles in the next site increases
beyond a threshold.
A possible microscopic mechanism which would give rise to such a threshold is as
follows. Suppose the condensate is located at site 1. As discussed above, the drift motion
doi:10.1088/1742-5468/2012/08/P08014
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Figure 7. (a) The position of the most occupied site imax and its occupation
number nmax as a function of time, in the weak drift regime, as measured on
a ring of size L = 2000 with totally asymmetric hopping, b = 5.5, ρ = 10 and
c = 2. The times τdrift , τspill and τbarrier are illustrated in the bottom panel. (b)
The occupation probability P (n) of a single site measured in the same system.
A plateau is still observed, reflecting the slinky motion during transitions for one
site to the next. However, unlike for the strong drift regime, there is a peak at
high densities reflecting the periods of time when the condensate is motionless.
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of the condensate indicates that the mean current out of site 1 is greater than that
leaving site 2, i.e., hū1 (n1 )i > hū2 (n2 )i. However, if n2 is small enough, it might be that at
some moment hū1 (n1 )i < ū2 (n2 ). In this case, because ūi (n) is a decreasing function of n,
particles begin to accumulate at site 2 only after its occupation exceeds a value n∗ which
is defined by ū2 (n∗ ) = hū1 (n1 )i. Thus, the condensate begins to spill from site 1 to 2 only
after a random fluctuation brings the occupation of site 2 to n∗ . If n∗ is large enough, the
time until such a fluctuation occurs can be long. However, this time is expected to remain
finite in the thermodynamic limit L → ∞. If this picture is correct, the erratic motion
of the condensate which characterizes the weak drift regime is expected to be negligible
in the thermodynamic limit, since the time of the spilling of the condensate scales as the
system size L. A more detailed study of such a mechanism for a weak condensate drift
will be presented elsewhere [20].
It is not yet known whether this picture provides an accurate description of the
microscopic mechanism which leads to the weak drift motion. However, numerical evidence
indicates that the weak drift regime may indeed exist only as a finite-size effect. To address
this question, we compare the typical time for which the condensate resides on a single
site, which we term τbarrier , with the time that it takes the condensate to ‘spill’ from
one site to the next, which we denote as τspill . Together, these two times add up to give
−1
the typical time for the drift motion: τdrift ≡ vdrift
= τspill + τbarrier ; see figure 7(a). In
figure 8(a), we present the dependence of τbarrier and τspill on the system size. For the
system sizes which we were able to study numerically, τspill was seen to grow linearly with
L as expected (it should take twice as long to move twice as many particles from one
site to the next). However, τbarrier is seen to grow more slowly than linearly. This trend,
which is emphasized when looking at the ratio τspill /τbarrier (see figure 8(b)) indicates that
although τspill  τbarrier for the system sizes which were studied, the situation might be
doi:10.1088/1742-5468/2012/08/P08014
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Figure 8. (a) τbarrier and τspill (see figure 7(a)) as a function of the system size.
(b) The ratio τspill /τbarrier as a function of the system size. For the system sizes
which we could simulate, the condensate motion has not yet converged to its
thermodynamic limit behavior. If the trend shown here continues at larger L,
eventual condensate motion will be similar to that seen in the strong drift regime.
The parameters used in the simulation are the same as those of figure 7.
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reversed for large enough systems, in which case the motion of the condensate will be
similar to that in the strong drift regime. Whether this trend continues at larger values
of L remains an open question.
Numerical limitations also hindered the study of the behavior of the system at the
transition between the strong and weak drift regimes, as well as at higher values of c.
At values of 1 < c < 2, there is a sharp decrease of the mean time τmelt between events
at which the condensate melts and reappears at a distant site (see figure 9(a)). For the
values of L which we were able to study, these events were still quite frequent, indicating
that the system was still far from showing thermodynamic behavior. As τdrift is seen to
grow roughly exponentially with c (see figure 9(b)), when c is larger than about 2, τdrift
becomes comparable with the total length of the simulation.
4.2.3. Other types of asymmetric dynamics. The main features of the on–off model, and
specifically the drift of the condensate which was discussed above for the case of totally
asymmetric hopping, are quite robust to small changes in the dynamics of the model. We
shall now mention a few such modified models which exhibit a similar behavior in the
condensed phase.
We begin with the on–off model with partially asymmetric dynamics, where each time
a particle hops it can jump to the right with probability 1−p or to the left with probability
p. Totally asymmetric dynamics corresponds to p = 0. If an asymmetric system is in the
strong drift regime and p is increased slightly, no significant changes in its behavior are
seen, and in particular it remains in the strong drift regime. When p is further increased,
a transition to the weak drift regime occurs in the numerical simulations. This transition
is similar to the one discussed above in the totally asymmetric case when c is increased
beyond 1, and it too is accompanied by a sharp dip in τmelt . For a system of size L = 1000
with c = 1 and b = 5.5 the transition was found to occur at around p = 0.1. Beyond this
doi:10.1088/1742-5468/2012/08/P08014
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Figure 9. The mean time between (a) drift movements of the condensate (τdrift )
and (b) melting movements (τmelt ) as a function of c for several values of L. The
entire duration of the simulation was ∼109 time units, and thus the plots are cut
off at τ ≈ 108 , beyond which the melting time can no longer be estimated reliably
with the data available. The parameters of the simulation are the same as those
of figure 7. Lines are guides to the eye.
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transition, the drift velocity rapidly decreases as the dynamics approaches the symmetric
dynamics at p = 1/2 at which point no drift of the condensate is seen. It should be noted
that in the symmetric case, when the condensate relocates to a different site there seems
to be no preference as to its neighboring sites. Rather, the condensate melts and reappears
at a distant site, as in the Markovian case.
A drift of the condensate is also observed when the site is not turned completely off
at τ = 0. Simulations with hopping rates of the form u(n, τ ) = u(n)v(τ ) with v(τ ) as in
equation (32), v0 = 0.5 and b = 5.5, exhibit strong drift behavior when c = 0.4 and weak
drift behavior when c = 1.
Condensate drift, both weak and strong, also occurs in two-dimensional nearestneighbor asymmetric on–off models. A particularly interesting case is that where the
hopping bias is not parallel to any of the lattice directions. Figure 10 displays the motion
of the condensate in a 20 × 20 square lattice with periodic boundary conditions where
each time a particle hops it either moves one site up or one site to the right, with equal
probabilities. The figure shows the x- and y-coordinates of the most occupied site and its
occupation. It is intriguing that the condensate moves alternatively up and to the right
in quite an orderly fashion. Snapshots of the lattice (not presented here) reveal that the
condensate typically consists of an L-shaped group of three highly occupied sites. At higher
values of c the orderly motion is destroyed and a condensate drift of the weak-regime type
is observed.
5. An exactly solvable non-Markovian ZRP
In this section we present a non-Markovian ZRP whose steady-state probability
distribution factorizes into single-site terms, similarly to the usual Markovian ZRP. Thus,
the steady-state distribution, the effective hopping rates and beff can be calculated exactly.
doi:10.1088/1742-5468/2012/08/P08014
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Figure 10. Drift of the condensate in a two-dimensional square lattice with bias
to the up and right directions. The top two panels show the x- and y-components
xmax and ymax of the location of the most occupied site as a function of time and
the bottom panel its occupation number nmax . The lattice is of size 20 × 20, and
the parameters of the simulation are ρ = 30, b = 5.5 and c = 0.4. The asymmetry
of the hopping is as described in the text.
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A version of the model with totally asymmetric hopping is analyzed first in section 5.1,
and then the model and results are generalized to symmetric and partially asymmetric
hopping in section 5.2.
It should be noted that the exactly solvable version of the model does not exhibit
a condensate drift. This is a general property of models with a factorized stationary
distribution: a product measure is not consistent with a condensate drift of the
type discussed in this paper, in which the condensate is typically supported by two
nearest-neighbor sites and therefore correlations must exist between their occupation
numbers.

5.1.1. A description of the model. The exactly solvable non-Markovian ZRP is a variant
of the on–off model in which the advance of a clock of a site depends on the clock states of
neighboring sites. Before presenting general results for partially asymmetric hopping and
for lattices in any dimensions, we begin for simplicity by considering a one-dimensional
lattice with totally asymmetric hopping.
The model is similar to the one described above in section 2: at each site i of a onedimensional lattice of L sites there are ni particles, and a clock variable τi = 0, 1, signifying
‘on’ and ‘off’. Note that our notation here differs from that of section 3.2, where τ was
allowed to take any integer value. This is not a significant difference, since, as discussed
there, identifying all τ ≥ 1 clock states with τ = 1 does not affect the dynamics. A particle
can hop from site i to site i + 1 with rates (14), and once a particle jumps the clock at
the target site is reset to zero. The only difference in the dynamics of the exactly solvable
model is in the way in which the clocks are updated: the clock at site i can change from
0 to 1 only if τi+1 = 1. This update rule is reminiscent of kinetically constrained spin
models, which have been studied extensively in the context of glassy dynamics [24]. The
allowed dynamical moves can be summarized as
u(ni )

. . . , (ni , 1), (ni+1 , τi+1 ), . . . −−−→ . . . , (ni − 1, 1), (ni+1 + 1, 0), . . .

. . . , (ni , 0), (ni+1 , 1), . . .

c

→
− . . . , (ni , 1), (ni+1 , 1), . . .

(35)

(here (ni , τi ) signifies the occupation and clock state of site i).
5.1.2. The steady-state distribution. The goal of this section is to construct the steadystate distribution of this model and show that it has a factorized form. Before doing so,
we note that the factorized form is somewhat different from that presented in (4). The
reason for the difference is that states in which all sites are off cannot be reached by the
dynamics of the model (all other states are possible). This introduces some correlations
between the sites beyond those generated by the conservation of particles. The product
measure which we discuss below is therefore of the form
−1
P(n, τ) = ZL,N

L
Y

f (ni , τi ) δ

i=1

doi:10.1088/1742-5468/2012/08/P08014

L
X
i=1

ni − N

!

[1 − δ(τ)],

(36)
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5.1. Totally asymmetric dynamics in 1D
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where δ(τ) = 1 if τ = 0, i.e., if all τi = 0, and is zero otherwise. Here f (n, τ ) are the
single-site weights. The normalization is accordingly given by
!
L
L
XY
X
ZL,N =
f (ni , τi ) δ
ni − N [1 − δ(τ)].
(37)
n,τ i=1

i=1

P(n, τ)W1,1 (ni , ni+1 ) ≡ P(n, {. . . , τi−1 , 0, 1, . . .})c − P(n, τ)u(ni ),
P(n, τ)W0,0 (ni , ni+1 ) ≡ 0,
P(n, τ)W0,1 (ni , ni+1 ) ≡ −P(n, τ)c,
X
P(n, τ)W1,0 (ni , ni+1 ) ≡ −P(n, τ)u(ni ) +
u(ni + 1)

(38)

τ 0 =0,1

× P({. . . , ni + 1, ni+1 − 1, . . .}, {. . . , τi−1 , 1, τ 0 , τi+2 , . . .}).

Note that Wτi ,τi+1 (ni , ni+1 ) in fact depends on the full configuration (n, τ). We suppress
this dependence in the notation because if P(n, τ) has a factorized form, W does indeed
depend only on the occupation and clock states of two adjacent sites (see equation (44)
below).
Using the function W , the master equation can be written as
Ṗ(n, τ) = P(n, τ)

L
X

Wτi ,τi+1 (ni , ni+1 ).

(39)

i=1

We elucidate equations (38) and (39) through an example. Consider a configuration of
a lattice of four sites with clocks τ = {1, 1, 0, 0} and some occupations n. The different
transitions into this configuration and out of this configuration can be enumerated one
bond at a time:
• Sites 1 and 2: Since both clocks are on, the only possible transition involving both
sites which would lead to this configuration is an advance of the clock at site 1, which
occurs with rate c. The only possible transition out of this configuration which involves
the two sites is a particle hopping from 1 to 2. Therefore, this bond contributes two
terms to the master equation:
P(n, {0, τ2 , . . .})c − P(n, τ)u(n1 ) = P(n, τ)W1,1 (n1 , n2 ).

(40)

• Sites 2 and 3: The first clock of the two is on while the second is off. The only possible
transition involving these two sites leading to this configuration is a particle hopping
doi:10.1088/1742-5468/2012/08/P08014
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In the thermodynamic limit, the weight of configurations with τ = 0 becomes negligible,
and therefore adding the square-brackets term in (36) and (37) does not affect this limit.
We describe some properties of this factorized form in appendix B. Note that the same
product form also describes the finite-size product measure of the mean-field on–off model
which was considered in section 3.2.
The dynamics (35) defines an ergodic process (on the set of all configurations with
a given number of particles and at least one ‘on’ site), and therefore it has a unique
steady-state distribution. We now show that this distribution has a factorized form (36).
This is done by assuming such a factorized form, and showing that it is indeed the unique
stationary solution of the master equation. We begin by writing down the master equation.
To this end we define a function Wτi ,τi+1 (ni , ni+1 ) by
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from 2 to 3, and this is also the only possible transition out of this configuration.
Therefore, this bond contributes to the master equation
X
P({. . . , n2 + 1, n3 − 1, . . .}, {. . . , 1, τ3 , . . .})u(n2 + 1) − P(n, τ)u(n2 )
τ3 =0,1

= P(n, τ)W1,0 (n2 , n3 ).

(41)

• Sites 3 and 4: Both clocks are off, and therefore no transitions which involve only this
bond are possible. One can define the contribution to the master equation as
(42)

• Sites 4 and 1: The first clock is off and the second is on. There are no transitions
involving only this bond which can lead to this configuration. However, there is a
possible transition out of this configuration, by an advance of the clock of site 4. The
contribution from this bond is therefore
− P(n, τ)c = P(n, τ)W0,1 (n4 , n1 ).

(43)

Summing equations (40)–(43) leads to the master equation (39). A similar analysis
shows that the master equation has exactly the same form for any configuration and for
any lattice size.
Now assume that P(n, τ) has the factorized form (36). In this case, the definition (38)
has the simpler form
foff (ni )
c − u(ni ),
fon (ni )
W0,0 (ni , ni+1 ) = 0,
(44)
W0,1 (ni , ni+1 ) = −c,
fon (ni + 1)f (ni+1 − 1)
W1,0 (ni , ni+1 ) =
u(ni + 1) − u(ni ),
fon (ni )foff (ni+1 )
P
where foff (n) ≡ f (n, 0), fon (n) ≡ f (n, 1), and f (n) ≡ τ 0 f (n, τ 0 ). In the steady state, the
P
left-hand side of equation (39) vanishes and the equation becomes Li=1 Wτi ,τi+1 (ni , ni+1 ) =
0. This equation is solved by explicitly constructing its unique solution. This is done in
two steps. First, we show that if one finds f (n, τ ) which satisfies
W1,1 (ni , ni+1 ) =

0 = W1,1 (ni , ni+1 )

(45)

0 = W1,0 (ni , ni+1 ) + W0,1 (nj , nj+1 )

(46)

for any ni , ni+1 , nj , nj+1 , this f is a solution to the equation. Then, we construct such an
f.
The first step is achieved by noting that the number of W1,0 (ni , ni+1 ) terms in the sum
(39) exactly equals the number of W0,1 (nj , nj+1 ) terms in the sum, since any configuration
of τi ’s must have the same number of 01 and 10 nearest-neighbor pairs. Therefore, all terms
in the sum (39) vanish either individually or in pairs, and the sum equals zero. We now
construct a solution f which satisfies (45) and (46). Condition (45) is equivalent to
cfoff (n) = u(n)fon (n).
doi:10.1088/1742-5468/2012/08/P08014
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0 = P(n, τ)W0,0 (n3 , n4 ).
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For condition (46), note that W0,1 (nj , nj+1 ) is in fact independent of nj , nj+1 (see
equation (44)). Therefore, this condition together with (47) yields
f (ni + 1) u(ni + 1)
f (ni+1 )
u(ni+1 )
=
,
f (ni ) c + u(ni + 1)
f (ni+1 − 1) c + u(ni+1 )

(48)

f (n)ū(n) = f (n − 1)

(49)

1
1
1
= +
;
ū(n)
c u(n)

(50)

As the occupations ni and ni+1 may vary independently, this equation holds only if both
sides are equal to a constant, which might be set to 1/c without loss of generality (as it
only affects the normalization constant ZL,N ). We therefore find that

compare with equations (9) and (20). Choosing the constant to be 1/c guarantees that,
as we show below, the ū(n) as defined in equation (50) are the effective hopping rates.
The conclusion from equations (47)–(50) is that the factorized probability distribution
of the form (36) with
c
f (n),
(51)
f (n, 1) ≡ fon (n) =
c + u(n)
u(n)
f (n),
c + u(n)

n
n 
Y
Y
1
1
1
=
=
+
.
ū(k)
c
u(n)
k=1
k=1

f (n, 0) ≡ foff (n) =

(52)

f (n)

(53)

is the stationary solution of model. It is easy to verify using (50) and (51) that ū(n) =
fon (n)u(n)/f (n), and therefore the ū(n) are the effective hopping rates as defined in
equation (10).
Using the results (51)–(53), one can calculate numerically the stationary probability
for any configuration in a finite system of size L with N particles (recursion relations
that facilitate this calculation are presented in appendix B). Condensation in the
model is determined by the probability measure in the thermodynamic limit. The
factorized product measures (36) and equation (49) imply that this model has the same
thermodynamic behavior as a Markovian ZRP with effective hopping rates (50) (see
appendix B). One can thus study condensation in the model using known properties of the
ZRP, as was done in section 3. In particular, for rates of the form u(n) = 1+ b/n + O(n−2 ),
one finds


1 + b/n + O(n−2 )
beff
c
−2
= Jc 1 +
+ O(n )
(54)
ū(n) =
1 + c 1 + b/(1 + c)n + O(n−2 )
n
with
c
<1
and beff = Jc b < b.
(55)
1+c
Here, Jc is the current at the critical density, and beff is the parameter controlling
condensation. In other words, condensation may occur only when beff > 2, or b > 2/Jc
Jc =
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where
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(compare with the MF values in equations (21)–(24), and note also that at criticality, the
probability of finding a site in the off state is given by Poff = Jc /c, rather than (17) of the
MF model).
5.2. Partially asymmetric dynamics and higher-dimensional lattices

(1−p)u(ni )

. . . , (ni , 1), (ni+1 , τi+1 ), . . . −−−−−−→ . . . , (ni − 1, 1), (ni+1 + 1, 0), . . .
pu(ni )

. . . , (ni−1 , τi−1 ), (ni , 1), . . . −−−−−−→ . . . , (ni−1 + 1, 0), (ni − 1, 1), . . .
(1−p)c

(56)

. . . , (ni , 0), (ni+1 , 1), . . . −−−−−−→ . . . , (ni , 1), (ni+1 , 1), . . .
pc
. . . , (ni−1 , 1), (ni , 0), . . . −−−−−−→ . . . , (ni−1 , 1), (ni , 1), . . . ,

where the first line describes a particle jump from i to the right, the second line describes
a jump to the left, and the third and fourth lines describe the two update processes of the
clock at site i.
In a similar fashion, the model can be generalized to symmetric or biased dynamics
on higher-dimensional lattices. Here we consider for concreteness cubic lattices in d
dimensions, although the argument which we present below for the factorization of the
stationary distribution is valid for other lattices, e.g., a triangular lattice in 2d dimensions.3
As in the partially asymmetric case, a particle leaves any site i, if it is on, with rate
u(n). It then selects its target from among the 2d nearest neighbors of i according to an
asymmetry probability vector pa , where a = 1, . . . , 2d denotes the direction (for example,
in two dimensions a = 1, 2, 3, 4 could correspond to north, east, south and west) and
P2d
a=1 pa = 1. A choice of pa = 1/2d for all a corresponds to symmetric dynamics, and any
other choice would result in biased hopping. The clock update rule in the d-dimensional
case is similarly generalized: if site i is off, an attempt to update its clock is made with
3

Note, however, that the argument does not hold for all higher-dimensional lattices. For example, the argument
fails for a 2-dimensional honeycomb lattice.
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5.2.1. A description of the model. The exactly solvable model described above can still
be fully analyzed when the dynamics is generalized to partially asymmetric or symmetric
dynamics and to certain higher-dimensional lattices. Moreover, the stationary distribution
turns out to be independent of the asymmetry and the dimension. We describe the
generalized dynamics and its solution in this section.
First, consider a dynamics on a 1D lattice that allows for partially asymmetric
hopping. This is implemented as discussed above in equation (3): when a particle jumps
from an ‘on’ site i (an event which occurs with a rate u(n)), it randomly chooses its target
site: with probability 1 − p it moves to site i + 1 and otherwise (i.e., with probability p)
it moves to i − 1. Here 0 ≤ p ≤ 1 is the asymmetry parameter: p = 1/2 corresponds to
symmetric dynamics, while p = 0 corresponds to a totally asymmetric bias to the right.
For the stationary distribution to factorize, one must also modify the update rule for
the clock variable, in the following manner. At each ‘off’ site, an attempt to update the
clock is made with rate c. Once an attempt is made at, say, site i, a neighboring site
is chosen at random with the same asymmetry parameter p: site i + 1 is chosen with
probability 1 − p and site i − 1 with probability p. Finally, if the chosen site is in an ‘on’
state, the clock of site i is turned on. The generalized dynamics can be summarized as
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rate c. At each attempt, the neighbor of i in the direction a is chosen with probability pa ,
and if the chosen neighbor is on, the clock of i is updated.
Since one-dimensional partially asymmetric hopping is a particular case of ddimensional dynamics, both cases are treated below together.

a=1

i=1

where site i + a denotes the neighbor of site i in the direction a, and W is defined in (44).
The key observation which facilitates finding a solution to this master equation is that
for each i and a such that τi = 1 and τi+a = 0, there exists exactly one site j whose clock is
τj = 0 while τj+a = 1. This can be seen for example by examining the clocks of all sites on
the ray which starts at site i and is in direction a (i.e., by examining sites i+2a, i+3a, . . .),
which leads to a situation similar to the one-dimensional case. Therefore, a solution to
equation (57) can be found if W1,1 (n, n0 ) = 0 and W1,0 (n, n0 ) + W0,1 = 0 for all n and
n0 (note again that W0,1 ≡ W0,1 (n, n0 ) is independent of n, n0 ). These are precisely the
conditions which appeared in the totally asymmetric case, and therefore they are fulfilled
by the same solution—equations (51)–(53).
We have thus shown that the stationary distribution of the generalized model
factorizes, and moreover it is independent of the asymmetry and lattice dimension. In
particular, the condensation is independent of the asymmetry parameter, and the results
of section 5.1.2 apply.
6. Conclusions
The analysis presented above reveals that non-Markovian dynamics may have two major
effects on the condensation transition of the ZRP. First, the parameter b which controls
condensation is ‘renormalized’ by the existence of memory in the dynamics, and thus a
memory may suppress or induce condensation. For models with mean-field dynamics and
for an exactly solvable variant of the model, the effective rates could be computed exactly,
and thus the modified criterion for condensation was found. Numerically, the condensation
in models with nearest-neighbor hopping were also found to be controlled by an effective
b, although one which differs from the mean-field value. Calculating the effective hopping
rates in nearest-neighbor models remains an open problem which may be of practical
importance when one wishes to use a non-Markovian ZRP to study condensation in other
systems.
A second effect of the memory is perhaps more dramatic: the condensate is found
to move from one site to the next when the dynamics is of asymmetric nearest-neighbor
hopping. Numerical studies of finite systems identify two modes of condensate drift: a
strong drift regime with continuous ‘slinky’ motion and a weak drift regime in which
the motion is more erratic. Both modes of motion are rather robust to changes in the
doi:10.1088/1742-5468/2012/08/P08014
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5.2.2. The steady-state distribution. The factorization in the generalized case is
demonstrated as was done above, by explicitly constructing the stationary measure. To
this end it is once again assumed that the stationary measure has the factorized form (36)
and (37). The master equation for this factorized distribution reads, at the steady state,
" L
#
2d
X
X
0 = Ṗ(n, τ) = P(n, τ)
pa
Wτi ,τi+a (ni , ni+a ) ,
(57)
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Appendix A. Regular and irregular clocks
As stressed above, the internal clock variables τi do not measure an exact time, but rather
proceed in an irregular stochastic fashion. In this appendix, it is shown that regular clocks,
that proceed in a deterministic continuous fashion, may be obtained from the dynamical
rules (1) by taking an appropriate limit.
We denote the clock variables in this appendix as mi instead of τi , to emphasize
that they may attain only integer values. In order to obtain regular clocks, define new
clock variables τi = mi dτ , where dτ is an infinitesimal time unit which will eventually
be taken to zero. The new clock variables are no longer integer: they can attain any
value τ = 0, dτ, 2 dτ, 3 dτ, . . ., and in the limit of infinitesimal dτ they become continuous
variables. In addition, the rate with which mi advances to mi + 1 is taken as c = 1/dτ .
Finally, the rates of hopping out of each site i are taken to depend on τi rather than mi ,
and thus they can be written as u(ni , τi ). The limit of regular clocks is then obtained by
taking the limit dτ → 0, while keeping τi fixed.
For example, consider an on–off model with regular clocks, whose hopping rates
are u(n, τ ) = u(n)Θ(τ /τ0 − 1), where τ0 is a constant and Θ(x) is the Heaviside theta
function. Such a model may be achieved by considering irregular-clock models (1) with
rates u(n, m) = u(n)Θ(m dτ /τ0 − 1) and c = 1/dτ , and taking the limit dτ → 0 while
keeping the constant τ0 fixed. In this regular-clock on–off model, whenever a particle
doi:10.1088/1742-5468/2012/08/P08014
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dynamics. The behavior of the model in the thermodynamic limit is not yet known, and
it would be interesting to ascertain whether there is a sharp transition between them, or,
if such a transition does not exist, to understand the crossover from one regime to the
other.
The mechanism which leads to the condensate drift is understood on a heuristic level
and is expected to be a generic feature of many systems which undergo a condensation
transition and which are asymmetric and have some spatial correlations [20]. However,
a more quantitative understanding of this drift, for example the calculation of the drift
velocity, remains an important open problem. It is also interesting to explore similar effects
in other mass-transport systems, such as driven diffusive systems and shaken granular
gases. In this respect, it should be noted that a mass-transport model with a moving
condensate was recently identified in [25]. There, a variant of the ZRP is studied which has
a factorized steady state and in which unbound hopping rates lead to a condensate which
reaches an infinite velocity. A product measure steady state with a moving condensate
seems impossible in systems with finite hopping rates like ours.
We have also studied an exactly soluble variant of the non-Markovian model with
nearest-neighbor hopping whose steady state factorizes. In this variant, as in the meanfield model, condensation is controlled by an effective b and no condensate motion appears.
It should be noted that although the model has a product measure, particle currents are
temporally correlated.
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hops into a site this site is turned off for a duration of exactly τ0 time units. The
solution of such a model with mean-field dynamics may be found from an analysis similar
to that presented in section 3 [26]. Similarly, more general regular-clock models with
rates u(n, τ ) = u(n)v(τ ) can be obtained by taking the limit of irregular-clock models
with rates u(n, m) = u(n)v(m dτ /τ0 ) (the function v remains unchanged when taking the
limit).
Appendix B. Properties of factorized distributions of the form (36)

Z̄L,N =

L
XY

f (ni , τi ) δ

n,τ i=1

off
ZL,N

=

L
XY
n

L
X
i=1

f0 (ni ) δ

L
X
i=1

i=1

ni − N

ni − N

!

!

,

(B.1)

,

(B.2)

and two auxiliary distributions:

P̄(n, τ) =
P off (n) =

1
Z̄L,N
1
off
ZL,N

L
Y

f (ni , τi ) δ

i=1

L
Y

L
X
i=1

f0 (ni ) δ

i=1

L
X
i=1

ni − N

ni − N

!

!

.

,

(B.3)
(B.4)

Here and in the rest of this section we use the notation f0 (n) ≡ f (n, 0) and f1 (n) ≡
f (n, 1). This is done to avoid confusion with the superscript ‘off’, which will be used
below to denote quantities calculated using the distribution (B.4). As before, we define
f (n) ≡ f0 (n) + f1 (n), and we adopt the convention of section 5 whereby the clocks may
have only two values, τ = 0, 1.
Using this notation and the definition (37) one immediately finds that
off
ZL,N = Z̄L,N − ZL,N
.

(B.5)

We first analyze the auxiliary distributions before treating the original problem. By
summing over the occupations and clock states of all sites but one, the probability of
doi:10.1088/1742-5468/2012/08/P08014
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In this appendix we present some of the properties of the stationary distribution of the
exactly solvable on–off model, which has the factorized form (36) with partition function
(37). The goal of this appendix is to present recursion relations which allow the calculation
of this product measure for any finite system size, and to demonstrate that such product
measures lead to the same thermodynamic behavior as (4) and (5).
We begin by defining two auxiliary partition sums:
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finding a single site in any given state is found to be
P̄ (n, τ ) ≡

X

n2 ,...,nL
τ2 ,...,τL

P̄(n, n2 , . . . , nL ; τ, τ2 , . . . , τL )δ

= f (n, τ )

n2 ,...,nL

i=2

!

ni − (N − n)

(B.6)

P off (n, n2 , . . . , nL )δ

L
X
i=2

!

ni − (N − n)

= f0 (n)

off
ZL−1,N
−n
.
off
ZL,N

(B.7)

Summing both equations over n leads to the recursion relations
Z̄L,N =

N
X
n=0

off
ZL,N

=

N
X
n=0

Z̄L−1,N −n f (n),

(B.8)

off
ZL−1,N
−n f0 (n).

(B.9)

When f (n, τ ) are known, these recursion formulas can be used for a numerical calculation
of the auxiliary partition sums, and thus, using (B.5), also of ZL,N .
Knowing the partition function ZL,N , other quantities of interest can be computed.
For example, repeating the calculation of (B.6) for the original product measure yields
P (n, τ ) = f (n, τ )

off
ZL−1,N −n + δτ,1 ZL−1,N
−n
,
ZL,N

(B.10)

where δτ,1 is the Kronecker delta. The current can be found in a similar fashion by
calculating
hu(n)i ≡

N
X

P (n, 1)u(n) =

n=1

N
X

f (n, 1)u(n)

n=1

=

Z̄L,N −1
,
ZL,N

N
−1
X
Z̄L−1,N −n
Z̄L−1,N −1−n
=
f (n)
ZL,N
ZL,N
n=0

(B.11)

where (51)–(53) were used to deduce that f (n, 1)u(n) = f (n − 1), and we have used (B.5)
and (B.10).
In the thermodynamic limit, the partition function can be analyzed by transforming
to the grand-canonical ensemble. Mathematically this is done by introducing the grandcanonical partition function which is the generating function
ZL (z) ≡

∞
X

z N ZL,N .

(B.12)

N =0

Using the definition (37), one can split the sum into two contributions, ZL (z) = Z¯L − ZLoff ,
where
∞
∞
X
X
off
Z̄L ≡
z N Z̄L,N = F̄ (z)L ,
ZLoff ≡
z N ZL,N
= F off (z)L ,
(B.13)
N =0
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P off (n) ≡

X

Z̄L−1,N −n
,
Z̄L,N

L
X
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and
F̄ (z) ≡

∞
X

n

f (n)z ,

n=0

off

F (z) ≡

∞
X

f0 (n)z n .

(B.14)

n=0

Using (51)–(53), one has F off (z) = z F̄ (z)/c, from which the grand-canonical partition
function is found to be

 z L 
ZL (z) = Z̄L (z) 1 −
.
(B.15)
c

ρ=

1
z ∂ log Z(z)
F̄ 0 (z)
+
=z
,
L
∂z
1 − (z/c)−L
F̄ (z)

(B.16)

which is an implicit equation for z(ρ). This is the same expression as that for a Markovian
ZRP with rates ū(n), up to a correction which is exponentially small in L.
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2.3

The mechanism of condensate motion in
mass-transport models

The goal of this section is to elucidate the mechanism for the condensate drift in the nonMarkovian ZRP. While doing so, we shall find that this mechanism can be traced to the combination of translational symmetry breaking due to the condensate, and inversion symmetry breaking
due to the nonequilibrium currents. Thus, this mechanism has a more general applicability, and
the condensate motion is expected to be a rather generic phenomenon.
To study the mechanism for condensate motion, we propose and analyze a simplified toy
model which exhibits such a drift [2]. In this model, the hopping rates out of a site depend not
only on the occupation of that site but also on whether the previous site is empty or not, see
Fig. 2.2. The stationary measure of this model does not factorize and is not known exactly. We
deal with this problem by employing a mean-field (MF) scheme tailored for the analysis of the
condensed phase. According to this MF procedure, the occupations of different sites are assumed
to be independent but not necessarily identically distributed. Like all MF approximations, this
approach does not fully account for the correlations between sites, but it manages to take into
account some of the effects of these spatial correlations. Within this mean-field approximation,
we find that the condensate motion is a result of bottlenecks which, due to the correlations,
form at a fixed distance from the condensate. These bottleneck sites accumulate particles and
eventually take over the condensate, and then the process repeats itself further ahead.
Our mean-field analysis yields more than a heuristic understanding of this mechanism. We
can predict, for example, which site will take over the condensate, and the drift velocity of
the condensate. For example, we find that in our toy model (Fig. 2.2), the condensate moves
from one site to the next when α > 1, and skips every other site when α < 1 (the case of
α = 1 is the usual ZRP). The analysis also explains the two regimes of condensate drift (weak
and strong) observed in the non-Markovian ZRP, and confirms that the weak drift regime is
indeed a finite-size crossover regime. The latter exists when α is close to 1 and the system
size is small enough, but disappears for any fixed α in the thermodynamic limit. Numerical
simulations agree with the qualitative predictions of the mean-field analysis. We neither expect
nor find a quantitative agreement, as the effects of correlations are not fully accounted for in our
approximation.
The drift mechanism described above can be rephrased to highlight the role of symmetry in
the argument. The condensation transition is a symmetry-breaking transition: the condensate
spontaneously breaks the translational symmetry of the model. It is known that condensation
may also occur as a result of extrenally breaking this symmetry, for example by introducing a
bottleneck, i.e., a site with a slower hopping rate [46–48]. The drifting condensate results from a
combination of these two types of transitions: (i) a condensate forms, spontaneously breaking
the translational symmetry of an otherwise homogeneous system; (ii) due to spatial correlations,
another site becomes an effective bottleneck, and a new condensate forms on this site; (iii)
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Figure 2.2: A schematic representation of the dynamics of the toy model for a ZRP with a moving
condensate. The rate of jumping out of a site i is u(ni ) if the previous site (i − 1) is occupied, and αu(ni )
if the previous site is empty, where α is a parameter of the model.

the new condensate always forms at a fixed distance, both in magnitude and in sign, from the
condensate. By saying that the distance has a fixed sign, we mean that the condensate always
forms either downstream or upstream from the condensate, where the “stream” direction is that
of the particle current. Note that a sign for the distance can be defined only in a nonequilibrium
setting where the inversion symmetry of the lattice is broken by the existence of a bias in
the dynamics. The combination of these three factors leads to a continuous relocation of the
condensate to a fixed distance from its current location, i.e., to a condensate drift.
The rather general symmetry-related origins of the condensate motion suggest that it is
generic, in the sense that it is robust against small perturbations of the dynamics. Not every
condensing system with spatial correlations exhibits a condensate drift, however. It could happen
that the condensate does not induce bottlenecks, i.e., that correlations are such that factor (ii) of
the previous paragraph does not hold. Although we do not have a general criterion to predict
which systems will exhibit a condensate drift, our mean-field analysis can in principle be used to
study the dynamics of the condensate in any specific system.
Details of the study may be found in Ref. [2] which is reproduced below.
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I. INTRODUCTION

Nonequilibrium condensation, whereby a macroscopic
fraction of microscopic constituents of a system accumulates
in a local region, is a common feature of many masstransport systems. Examples include shaken granular gasses
[1], vehicular traffic [2–4], the macroeconomics of wealth
distribution [5,6], and others [7,8]. Mechanisms that can lead
to the formation of condensates have been studied extensively
in recent years, mainly by analyzing prototypical toy models.
A primary role in these studies was played by the zero-range
process (ZRP), an exactly solvable model in which particles
hop between sites with rates that depend only on the number of
particles in the departure site [9–11]. Extensions and variations
of the ZRP have been used to study the emergence of multiple
condensates [12], first-order condensation transitions [13,14],
and the effect of interactions [15] and disorder [16] on
condensation. Moreover, one-dimensional phase separation
transitions in exclusion processes and other driven diffusive
systems can quite generally be understood by a mapping on
ZRPs [17].
The dynamics of condensates is less well explored. In the
ZRP, where condensation takes place when a macroscopic
fraction of particles occupies a single site, the resulting condensate does not drift in the thermodynamic limit [14,18–20].
It is shown below that this is related to the fact that the
steady state of the ZRP is a product measure. In some
real-world systems, however, condensates are in continual
motion. For example, traffic jams, which can be viewed
as condensates, are known to propagate along congested
roads [11,21,22]. Recently, two variants of the ZRP were
also found to relax to a time-dependent state in which the
condensate performs a drift motion: one is a ZRP with
non-Markovian hopping rates [23,24], and the other is a
model with “explosive condensation” [25]. To date, there is
no systematic understanding of the mechanism by which a
macroscopic condensate motion emerges from the underlying
nonequilibrium microscopic dynamics.
In this paper, we study how spatial correlations in the steady
states may lead the condensate to drift with a nonvanishing
velocity. We do so by introducing a generalization of the ZRP
whose steady state does not factorize. Within its framework,
we identify the mechanism that generates the drift. The
analysis is based on numeric simulations and on a mean-field
(MF) approximation which captures the essential effect of
1539-3755/2013/87(5)/052116(5)

correlations in the condensed phase, and thus elucidates the
different observed modes of condensate motion. The drift
mechanism that we identify is robust and therefore it is
expected to be valid in a broad class of spatially correlated
mass-transport systems.
II. MODEL

We focus on a class of stochastic one-dimensional models
defined on a ring with L sites. 
At any given time, each site i is
occupied by ni particles with i ni = N , ni  0. The model
evolves by a totally asymmetric hopping process whereby
particles hop from site i to i + 1 with a rate that depends on
the occupation numbers ni and ni−1 . This is a generalization
of the usual ZRP in which the rate depends only on ni . More
specifically, we choose the hopping rates to be of the form
w(ni−1 )u(ni )

ni−1 ,ni ,ni+1 −−−−−−→ ni−1 ,ni − 1,ni+1 + 1,

(1)

with rates
b
u(ni ) = 1 + ,
ni


w(ni−1 ) =

1
α

 0
ni−1 =
.
ni−1 = 0

(2)

The particular form of u(n) is motivated by the fact that in
the usual ZRP, which corresponds to α = 1, this choice with
b > 2 leads to a condensation transition [26]. The rate w
with α = 1 represents an interaction between nearest-neighbor
sites. According the dynamical rules (1) and (2), at every short
time interval dt, each site i whose occupation ni  1 may
eject a particle with a probability u(ni )dt, as long as the
preceding site (i − 1) is occupied. If the preceding site is
empty, this probability changes to αu(ni )dt. The model has
three parameters: b, α, and the density ρ ≡ N/L, which is
conserved by the dynamics.
In the usual ZRP (the case of α = 1), the stationary
distribution is known to factorize into a product of single
site terms, and so can be exactly calculated [9,27,28]. This
factorization property renders the ZRP quite special, as slight
variations of the ZRP dynamics result in nonfactorizable
models. To probe the effect of spatial correlations on the
condensate, we choose for simplicity w to be of the form
(2), which leads to a spatially correlated steady state when
α = 1. The same drift motion which is described below is also
found for other forms of w(n), such as cases where w(n) = 1
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FIG. 1. (Color online) The location (top) and occupation (bottom) of the most occupied (•) and second most occupied (◦) sites for several
values of α. (a) α = 1, i.e., the usual ZRP. The condensate is stable for long times, and relocates to random distant sites. (b) α = 1.5. The
condensate advances through a slinky motion from one site to the next. (c) α = 1.05. The condensate remains on each site for a long time
before “spilling” to the next. The definitions of Tbarrier and Tspill are indicated. (d) α = 0.5. The condensate skips every other site. In all cases
b = 3, ρ = 10, and L = 1000, except (a) where L = 400. Note the different time scales.

for finitely many values of n, and for other choices of u(n)
which give rise to condensation [29].
The model (1) and (2) exhibits, as is evident in numerical
simulations, a condensation transition with a drifting condensate. We have carried out Monte Carlo simulations of the model
for several values of α in a system of size L = 1000 and density
ρ = 10. After the system has relaxed to its steady state, the
dynamics of the condensate was examined by tracking the
position of the most occupied sites over time. The results
are presented in Fig. 1 and in videos in the Supplemental
Material [30]. In the usual asymmetric ZRP [Fig. 1(a)], it is
known that the condensate is static up to time scales of order
Lb and then it relocates to a random site due to fluctuations
[14,18–20]. There is a striking qualitative difference in the
dynamics of model (1) and (2) when α = 1 [Figs. 1(b)–1(d)],
where the condensate is clearly seen to drift along the lattice.
The condensate is seen to move from one site to the next
when α > 1 [Fig. 1(b)], or to skip every other site when α < 1
[Fig. 1(d)]. In both cases, when α is not too close to 1 the
motion is slinkylike, with the condensate “spilling” from an
old site to a new one immediately after the previous spilling
has completed. The drift becomes somewhat less regular when
α is close to 1. In this regime, the slinky motion is interrupted
by periods of time when the condensate occupies a single
site, before the spilling process is initiated [Fig. 1(c)]. This,
however, is argued below to be a crossover mode, and the
interval in α in which it is observed shrinks in the large L
limit.

III. MODEL ANALYSIS
A. Mean-field approximation

To understand these results we propose a mean-field
analysis of the model in which the occupations of all sites
are considered independent, but might not be identically
distributed. Within this approximation, the current that arrives
into site i from site i − 1 is a Poisson process whose rate we
denote by Ji . The probability Pi (ni ) to find ni particles in site
i thus evolves according to
dPi (ni )
= Pi (ni − 1)Ji + Pi (ni + 1)wi u(ni + 1)
dt
− Pi (ni )(Ji + wi u(ni )),
(3)

where
wi  ≡

∞


Pi−1 (n)w(n) = 1 + (α − 1)Pi−1 (0)

(4)

n=0

encodes the mean effect of site i − 1 on the hopping rate out of
site i. Equation (3) is valid also when ni = 0 with the definition
Pi (−1) ≡ 0. Equations (3) and (4)are to be solved with the
self consistency condition Ji+1 = n Pi (n)wi u(n).
At low density, the system is in a subcritical, disordered
phase (this will be shown below). In this homogeneous phase,
Pi (n) = P (n) and Ji = J for all sites i. At higher densities,
however, condensation takes place, where the translational
symmetry is spontaneously broken and both Pi (n) and Ji
depend on the distance of site i from the condensate. This
dependence of P and J on i is a result of the correlations
that exist in the steady state of the model, and it provides
the mechanism for the condensate drift: a nonhomogeneous
Ji implies that in some sites the outflowing current is smaller
than the incoming current, leading these sites to accumulate
particles while other sites are similarly being depleted of
particles. We shall now demonstrate that this occurs in our
model.
In the homogeneous (subcritical and critical) phases, the
model eventually reaches a steady state. In the nonhomogeneous supercritical phase, however, the condensate location
keeps moving with time. The analysis of this time-dependent
phase is based on one key observation: the time scale of the
microscopic dynamics, which for the rates (2) is of order 1,
is much faster than that of the condensate motion. As shown
below, the time scale of the spilling process is of order L,
validating this observation in the thermodynamic limit. Due to
this time-scale separation, while the condensate (i.e., the most
occupied site) is static all other sites reach a quasistationary
distribution.
In both phases, by equating the LHS of Eq. (3) to zero the
(quasi)stationary distribution is found to be
Pi (n) = Pi (0) zin

 1
,
u(k)
kn

with zi ≡ Ji /wi .

(5)

Here, zi plays the role of a “fugacity” of site i. For rates of the
form (2), the normalization of Pi (n) yields
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where 2 F1 is a hypergeometric function [note that Pi (0)
depends on the exact form of u(n) and not just on its large
n asymptotics]. The occupation probability is asymptotically
given by Pi (n) ∼ n−b zin .
We first examine the solution (5) in the subcritical and critical phases, and show that the model undergos a condensation
transition. Since the system is homogenous in these phases, the
subscript i may be dropped from Eqs. (4)–(6). The fugacity
can now be determined in terms of the density by inverting the
relation
ρ(z) =


n

nP (n) =

2 F1 (2,2; b + 2; z)
z,
(1 + b) 2 F1 (1,1; b + 1; z)

(7)

where the RHS is obtained by substituting Eq. (5) in the sum.
Similarly, Eq. (4) for w reads in the homogeneous phases
w = 1 + (α − 1)[2 F1 (1,1; b + 1; z)]−1 .
The density (7) is an increasing function of z that attains its
maximum at z = 1, which is its radius of convergence about
the origin. A finite density at z = 1 indicates a condensation
phase transition, which is mathematically similar to BoseEinstein condensation [9]. By substituting z = 1 in (7) it is
seen that condensation takes place when b > 2, in which
case the critical density is ρc = 1/(b − 2), the same value
as that of the usual ZRP. The critical current is similarly
found to be Jc = wz→1 = 1 + (α − 1)b/(b − 1). As long
as ρ < ρc , the system remains in a homogeneous subcritical
phase. When ρ is increased, the current J increases until ρ
and J reach their critical values and all sites of the system are
in a homogenous critical phase. When the density is further
increased, condensation sets in, breaking the translational
invariance of the system.
Let us now discuss the nonhomogeneous supercritical phase
and the mechanism of the condensate motion. We focus on the
case of α > 1. In this case, the condensed phase is composed
of a condensate, which at any given time consists of two
macroscopically occupied consecutive sites (say 1 and 2),
while the rest of the sites are microscopically occupied. This
differs from the usual ZRP where the condensate is typically
supported by a single site. We show that J2 > 1 and Ji = 1
for i = 2. This results in an increase of the occupation of
site 2 at the expense of site 1 over a macroscopic O(L)
time scale, while the rest of the sites are in a quasistationary
state. Therefore, the condensate drifts with a velocity of
order L−1 .
The analysis begins at site 1, whose occupation we assume
is n1 = O(L)
1, and thus it emits a mean current J2 =
w1 (1 + b/n1 ) w1 . At the moment, w1  is unknown.
It is determined self-consistently at the end of the calculation.
Since PL (0) = 0, as is established below, it is seen that J2 > 1
(since α > 1). We now proceed to examine the second site.
As long as site 1 accommodates the condensate it is never
empty, i.e., P1 (0) = 0. It follows from (4) that w2  = 1. The
fugacity of the second site is then z2 ≡ J2 /w2  J2 > 1, and
therefore its occupation distribution (5) cannot be normalized.
This means that as long as site 1 is highly occupied, site 2
tends to accumulate particles, implying that its occupation
too becomes macroscopic (of order L) for a long period
of time [31,32]. We call such a site with fugacity zi > 1
supercritical.

The analysis now continues site by site in a similar fashion.
For each site i, wi  is calculated using (4) from the known
value of Pi−1 (0). The fugacity of site i (5) is then calculated
from wi  and the incoming current into the site Ji . Once
the fugacity is known,Pi (0) and Ji+1 are determined from
(6) and from Ji+1 = n Pi (n)wi u(n), and the process is
repeated in the next site. Performing this analysis reveals
that site 3 is critical (i.e., z3 = 1) and sites i = 4, . . . ,L
are subcritical (zi < 1), with Ji = 1 and wi+1  = 1 + (α −
1)/2 F1 (1,1; b + 1; 1/wi ) for all i  3. This recursion relation defines a sequence wi , which converges (exponentially
rapidly) to a unique fixed point w ∗ (α,b), which is the solution
of the equation
w∗ = 1 +

α−1
,
F
(1,1;
b + 1; 1/w ∗ )
2 1

(8)

and thus satisfies w ∗ (α,b) > 1 for all α > 1. When L
1,
the periodic boundary conditions imply that w1  w ∗ > 1,
and thus Eq. (5) confirms that PL (0) > 0. This closes the
loop self-consistently and completes the calculation of the
quasistationary distribution for the nonhomogenous phase.
A natural order parameter for the condensation transition
is the bulk density of the “background fluid” ρBG , which
can be defined as the mean density of all but the two most
occupied sites (since the condensate is typically carried by
two sites). Below the transition, ρBG = ρ, which approaches
ρc = 1/(b − 2) as the transition is approached from below.
Above the transition, all sites outside of a finite boundary layer
around the condensate are subcritical with a mean occupation
of ρBG ρ(z = 1/w∗ ) < ρ(1) = ρc since the function ρ(z),
Eq. (7), increases monotonically with z. Therefore, the
condensation transition is found to be a discontinuous (first
order) one. This is in contrast to the usual ZRP with rates
(2) and α = 1 where the transition is continuous. A similar
discontinuity exists in the current, which jumps from Jc > 1
just below ρc to J = 1 just above it.
We now discuss the emergent dynamics of the condensate
and identify two distinct modes of motion: a regular slinky
motion, and an irregular motion through a barrier. The motion
of the condensate from one site to the next consists of two
stages: a “spilling” stage during which it is supported on
two sites, and a period before this spilling is initiated, when
the condensate is carried by a single site. We first consider
the spilling process. According to the calculation above, the
number of particles that accumulate in the second condensate
site per unit time is on average J2 − J3 = w ∗ − 1. As there
are Ncond (ρ − ρBG )L particles in the condensate, the total
spilling time Tspill scales, to leading order, linearly with
the system size: Tspill = (ρ − ρBG )L/(w ∗ − 1). This justifies
the assumption of time-scale separation which underlies the
existence of a quasistationary state. The condensate velocity
−1
equals Tspill
, and therefore scales as L−1 . In the limit of α → 1,
the spilling time diverges.
Once a spilling is complete, there is a moment that the condensate is located solely on a single site. We now relabel this
site as site 1. At this moment, the occupation of the following
site is n2 ≈ ρBG = O(1). The rate at which particles leave the
second site is, at this stage, approximately J3 ≈ 1 + b/ρBG ,
which should be compared with the rate of incoming particles,
J2 w ∗ . According to Eq. (8) and the definition of ρBG , the
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two rates are equal when α = α ∗ which is the solution of the
equation α ∗ = 1 + b 2 F1 (1,1; b + 1; 1/w ∗ (b,α ∗ ))/ρBG (b,α ∗ ).
The mode of condensate motion now depends on whether α is
larger or smaller than α ∗ .
(i) When α > α ∗ , the initial current into site 2 is larger
than the mean current out of this site, and a spilling of
the condensate is initiated immediately. In this case, the
condensate drifts continuously in a slinky motion as in
Fig. 1(b).
(ii) On the other hand, J2 < J3 when 1 < α < α ∗ , and
thus particles do not immediately accumulate on site 2. The
incoming current into the site surpasses the outgoing current
and spilling sets in only after fluctuations bring the occupation
of the second site to a value n∗ (α,b) which is defined by
w ∗ = 1 + b/n∗ . The ensuing motion of the condensate is more
irregular, with a stable condensate, which occasionally spills
to the next site as in Fig. 1(c). Note that the mean time Tbarrier
it takes before a fluctuation brings n2 over the barrier n∗ does
not scale with the system size. Thus, in a large enough system
the condensate regularly drifts and is typically supported by
two neighboring sites for any value of α > 1.
B. Numerical results

The numerical simulations support the qualitative picture
that emerges from the MF analysis presented above. The
existence of two modes of motion, slinkylike and irregular,
and the crossover between them as α is increased conform
with numerical findings (Fig. 1). In particular, the spilling
mechanism between the two condensate sites in which the
accumulation of particles is linear in time is verified [Fig. 1(b)],
thus also implying that the drift velocity scales as L−1 as
predicted. Furthermore, the first-order nature of the transition,
as manifested by the ρbg (ρ) curve, and the subcritical nature
of the background fluid are presented in Fig. 2.
As expected, there are quantitative differences between
the the MF predictions and numerical results. For example,
for b = 3 and α = 1.5, the simulation values of the critical
L = 250
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FIG. 2. (Color online) A first-order phase transition is seen in
the background density ρBG as a function of the density ρ. Numerical
results for several system sizes are plotted, along with an extrapolation
to L = ∞ (thick black line). Here α = 1.5 and b = 3. The inset
shows that the occupation of a site far away from the condensate has
a subcritical distribution (i.e., with an exponential tail) when α > 1.
This differs from the usual ZRP where the background fluid is known
to be critical. Results are for L = 1000, ρ = 10, and b = 3.
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density and the background density in the condensed phase
are ρc ≈ 0.5 and ρBG ≈ 0.436 (see Fig. 2). These deviate
from the corresponding MF values ρc(MF) = 1/(b − 2) = 1
(MF)
and ρBG
= ρ(1/w ∗ ) ≈ 0.451 [see Eqs. (7) and (8)]. Such
quantitative discrepancies result from correlations between
sites which are neglected in the MF approximation.

IV. CONCLUSION

The mechanism for the condensate drift found in this model
can be summarized as follows: the spontaneous breaking of
translation invariance by the formation of the condensate may
induce an accumulation of particles in a nearby site. This
accumulation results in a continually drifting condensate, since
whenever a condensate is established on a new site, another
one begins to form further ahead. This mechanism holds in
a much more general setting, including when other forms
w(n), partially asymmetric hopping and higher dimensional
lattices are considered, and more widely in other nonfactorized
mass-transport models [29]. Note that the drift discussed here,
in which the two most occupied sites are typically nearest
neighbors, cannot occur in models with a factorized steady
state, the latter being symmetric under site permutations. In
this respect, our mechanism differs from that studied recently
in Ref. [25], where unbounded hopping rates generate a
drift (with infinite velocity) in a model whose steady state
factorizes.
An important point to note is that in general the new
condensate site does not have to be a neighbor of the old one.
For instance, in our model (1) and (2) with α < 1, a similar
analysis shows that the condensate skips every other site, as
observed in Fig. 1(d) [29]. In this case, the supercritical site
is site 3, rather than 2 (when the condensate is located on
site 1). In principle, it may happen that there is more than
one supercritical site, possibly leading to more complicated
condensate drifts. It may also happen that no other site is
supercritical, in which case the condensate would not drift.
A precise and general classification of the conditions under
which a condensate drift occurs remains an interesting open
problem. However, in many specific models, a study of
condensation and the condensate motion can be carried out
following the mean-field procedure outlined in this paper. For
instance, a recently proposed accelerated exclusion process
(AEP) [33] can be analyzed in a similar fashion, yielding
the phase diagram of the model and revealing that the
AEP condensate drifts in the steady state [34]. It would
be very interesting to explore whether the mechanism for
condensate motion presented in this paper is found in other
mass-transport contexts such as condensation in granular
gases [1], jamming in systems of vehicular and biological
traffic [11], and in models of Brownian and molecular
motors [35–37].
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Dynamics of condensates in mass-transport models

2.4

Dynamics of traffic jams in the accelerated
exclusion process (AEP)

In this section we demonstrate the applicability of the lessons gleaned in the last two sections, by
studying the accelerated exclusion process (AEP). The AEP is a variant, introduced recently in
Refs. [49, 50], of the well-known totally asymmetric exclusion process (TASEP)1 . The novelty of
the AEP is that each particle that hops may facilitate a second, simultaneous hopping of another
particle (the dynamics is defined precisely in Sec. 2.4.1 below). Its dynamics is motivated by
the motion of ribosomes, which may “push” each other forward as they progress along an RNA
molecule.
Numerical and analytical studies of finite AEP systems and of some specific infinite-system
limits have suggested that a condensation phase transition occurs in the model [49]. However,
lacking an analytical description of the steady state, the conditions for the occurrence of this
apparent phase transition in the thermodynamic limit were not known. A subsequent mean-field
study of the model was useful in clarifying its behavior in the homogeneous disordered phase,
but did not resolve the questions regarding the phase transition [50]. Here, using the MF scheme
of Sec. 2, we calculate the MF phase diagram of the model and explain some of the numerical
findings of Refs. [49, 50]. Furthermore, Our analysis suggests that the model has a drifting
condensate, which is a result of the same mechanism studied in Sec. 2.

2.4.1

Description of the model and mapping to a ZRP

The AEP can be defined in two seemingly different ways which are in fact equivalent. One
definition is as a variant of the TASEP and the other as a variant of the ZRP. The equivalence of
these two definitions corresponds to the well known mapping of exclusion processes to ZRPs
[15]. In this section we present the definition of the model in these two different pictures, and
then discuss how the mapping from one picture into the other is achieved. Below we refer to
the model in the exclusion process picture simply as the AEP, while we call the other “the ZRP
picture”. Note that we use below the term “ZRP picture” for convenience, even though the model
is not strictly “zero range” in nature.
The original definition of the AEP in Ref. [49] is as an exclusion process similar to the
TASEP. In this model, N particles are distributed among LAEP sites of a one-dimensional lattice
(we add the subscript AEP for later convenience). The particles have an exclusion interaction
which does not allow two or more particles to reside on the same site, and therefore each site
is either empty or occupied by a single particle. The dynamics of the model, illustrated in Fig.
2.3a, proceeds as follows. A particle at site i may hop to i + 1 with rate (i.e., probability per unit
time) 1, provided site i + 1 is empty (here i = 1, . . . , LAEP is an arbitrary site). If an advancing
1

The TASEP will not play an important role in what follows. The definition of the the TASEP will be mentioned
in passing when the AEP is defined in Sec. 2.4.1. For background on the TASEP see Refs. [51, 52].

2.4. Dynamics of traffic jams in the accelerated exclusion process (AEP)

(a)

(i)

(ii)

(iii)

𝑙 ≤ 𝑙max
(b)
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𝑙 > 𝑙max
(iii)

(ii)
(i)
𝑙 ≤ 𝑙max

𝑙 > 𝑙max

Figure 2.3: (a) A schematic representation of the dynamics of the AEP for `max = 3. (i) Particles hop in

a totally asymmetric fashion subject to exclusion interactions. (ii) When a particle joins a cluster of length
l ≤ `max , it triggers an additional hop at the front of the cluster (note that only one hop is triggered, i.e.,
no “avalanches” develop). (iii) An additional hopping is not triggered, however, when the cluster is of
size l > `max . (b) The same model, mapped to a ZRP-like picture: each vacancy in the exclusion process
is mapped to a ZRP site, and the size of the cluster to the right of the vacancy is mapped to the occupation
of the site.

particle joins an existing cluster of k particles, i.e. if sites i + 2, . . . , i + k + 1 are occupied but
i + k + 2 is empty, it may facilitate a (simultaneous) hop of the particle at the other end of the
cluster from site i + k + 1 to i + k + 2. The second, facilitated, hop occurs if and only if the
cluster is of length 1 ≤ k ≤ `max , where `max ≤ L is a parameter of the model. The model thus
has three parameters (LAEP , N, `max ). Note that when `max = 0, the model is precisely the TASEP.
In the current work we focus on the thermodynamic limit in which LAEP , N → ∞ while their
ratio, the particle density ρAEP ≡ N/LAEP , remains fixed. The particle current of this model is
always larger than the current of the corresponding TASEP (which is the same model with no
facilitated hops), and for this reason it was called an accelerated exclusion process in Ref. [49].
We now describe the model in the ZRP picture. In this picture, there are LZRP sites, each
occupied by a fluctuating number of particles ni where the index i = 1, . . . , LZRP is again used to
denote sites in the lattice. Unlike the TASEP picture, in the ZRP picture there is no restriction on
the number of particles per site, and therefore ni ≥ 0 can attain any positive integer value. The
dynamics proceeds with particles hopping stochastically among sites as follows. An occupied
site i ejects a particle with rate 1. The particle then hops in a totally asymmetric fashion: if site
i + 1 is empty, or if it has more than `max particles, the particle moves to i + 1. Otherwise, i.e. if
1 ≤ ni+1 ≤ `max , the particle advances another site and lands at site i + 2. The dynamics can be
summarized as
1(ni ≥1)

. . . , ni , ni+1 , ni+2 , . . . −−−−→ . . . , ni − 1, ni+1 + 1, ni+2 , . . .

if ni+1 = 0 or ni+1 > `max

. . . , ni , ni+1 , ni+2 , . . . −−−−→ . . . , ni − 1, ni+1 , ni+2 + 1, . . .

if 1 ≤ ni+1 ≤ `max ,

1(ni ≥1)

(2.1)

(see also Fig. 2.3b) where 1(condition) equals one if the condition is met and zero otherwise.
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P
This dynamics conserves the total number of particles, N ≡ i ni . Once again, the model has
three parameters, which in the thermodynamic limit of LZRP , N → ∞ with a constant ratio are
reduced to the density ρZRP ≡ N/LZRP and `max . When `max = 0, the model reduces to a ZRP
with rates u(n) = 1.
The ZRP picture is obtained from the AEP by focusing on the dynamics of clusters rather
than the occupation of sites. Each configuration of an AEP with LAEP site, N particles, and
H ≡ LAEP − N holes (i.e., unoccupied sites) can be mapped to a ZRP configuration with
LZRP = H sites and N particles as follows: each hole in the AEP is mapped to a site in the
ZRP, and the size of the cluster to the right of the hole (i.e., the number of particles between this
hole and the next hole) is mapped to the occupation of the corresponding site. This mapping is
illustrated in Fig. 2.3. It is straightforward to verify that under this mapping, the dynamics of the
AEP is exactly mapped to the ZRP dynamics defined above.
Since the number of sites in the AEP and the corresponding ZRP are not the same, the density
of particles in the two also differ. The density in one picture can be translated to that of the other
according to the relations
ρZRP =

ρAEP
(1 − ρAEP )

and

ρAEP =

ρZRP
.
(1 + ρZRP )

(2.2)

Similar equations relates the particle currents JZRP and JAEP in the two systems. In both systems,
the current is defined as the total number of sites traversed by hopping particles per unit time
divided by the respective system size. Therefore,
JZRP = (1 + ρZRP )JAEP

and JAEP = (1 − ρAEP )JZRP .

(2.3)

Working in the ZRP picture is more convenient for the purpose of studying condensation in
the model. Therefore, in what follows we concentrate on the ZRP picture and only occasionally
translate the results to the exclusion process picture. For simplicity of notation, in what follows
we drop the subscript ZRP and denote L ≡ LZRP , ρ ≡ ρZRP and J ≡ JZRP .

2.4.2

Summary of main results

The AEP was studied numerically in Ref. [49], where several interesting phenomena were found.
The most striking result is that for a finite system of LAEP = 1000 and several values of `max that
range from 10 to 500, there is an apparent transition from a disordered phase at low densities to a
condensed phase at high densities. The disordered phase is homogeneous, while in the condensed
phase there is a cluster of particles of macroscopic size, consisting of a significant fraction of all
particles. The transition is also visible in the current-density relation: in the disordered phase,
the current changes nonlinearly with the density, while the condensed phase is characterized by
a current JAEP = 1 − ρAEP , which corresponds to JZRP = 1.
Recently, a combination of a MF analysis, exact results, and numerics, was used in Ref. [50]
to clarify some of the earlier numerical findings. In particular, the model was analyzed in the
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homogeneous phase, and also in the special limit of N → ∞ with LZRP fixed (in the TASEP
picture this corresponds to a fixed number of holes). However, several questions that arise
naturally from the numerical results remain unanswered. Is there a true phase transition in the
thermodynamic limit of the model? What is the order of the phase transition? Can one calculate
the phase diagram and explain the simple form of the current in the condensed phase? Here, we
seek solutions to these questions within a MF approximation. The results of our analysis are as
follows.
(i) The mean-field approximation suggests that a true condensation phase transition occurs in
the thermodynamic limit when `max diverges with L at least logarithmically, i.e., `max >
C log L, for large enough constant C. If `max is kept constant in the limit of L, N → ∞,
no phase transition occurs.
(ii) The transition is continuous when C log L < `max  L. The critical density (in the ZRP
picture) is ρc = 1, in agreement with the numerics of [49]. The current in the critical phase
(in the ZRP picture) is Jc = 1. As in the ZRP, this current is independent of the density.
This explains why holes have a unit velocity in the condensed phase, as found in [49].
(iii) The transition becomes discontinuous when `max scales linearly with L, i.e, when `max =
aL where a is a constant. The density at the transition point can be obtained within the
mean-field approximation by calculating the large deviation function for the size of the
condensate. The transition density satisfies ρtrans (a) > ρc . The mean-field picture suggests
that close to the transition there are metastability and hysteresis effects, which might
explain the large fluctuations measured numerically in Ref. [49].
(iv) In both cases, the condensate drifts by skipping every other site (i.e., it drifts from site 1
to 3 to 5, etc.). This drift is similar to that described in Sec. 2. The drift velocity decays
algebraically or faster with the system size (depending on the scaling of `max with L), and
the condensate is typically supported by a single site.
(v) The quantitative values predicted by the mean-field for the critical density and the current
in the critical phase seems to agree with the numerical results of Ref. [49].
Although the MF description is usually expected to be only qualitatively correct, some of
our MF predictions, including the phase diagram, quantitatively match numerical results to a
high accuracy. It is not yet known whether the mean-field approximation indeed yields the exact
phase diagram of the model, and if so, why.

2.4.3

Condensation transition in the AEP: general considerations

In this section we use the non-homogeneous MF approximation of Sec. 2 to analyze the AEP
condensation transition. In MF analyses of models such as the AEP, one usually assumes that the
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occupations of different sites are independent and identically distributed. In the MF picture we
employ here, the occupations of different sites are assumed to be independent in the steady-state,
but not necessarily identically distributed. Mathematically stated, the MF assumption postulates
that the stationary distribution has a product form
gc
PL,N
(n1 , . . . , nL ) =

L
Y

(2.4)

Pi (ni ),

i=1

where Pi (n) deontes the probability that, within this mean-field approach, site i has exactly n
particles in the steady state. The ansatz (2.4) is “grand canonical” in nature, in the sense that
the total number of particles in the system is not constrained under this distribution to be N . In
order to take into account the conservation of particles in the model, one may also consider a
“canonical”, i.e., constrained, MF ansatz
c
PL,N
(n1 , . . . , nL )

=

−1
ZL,N

L
Y
i=1

fi (ni ) δ

L
X
i=1


ni − N ,

(2.5)

where ZL,N is a normalization constant, and the δ function allows only configurations with the
correct number of particles N . Here, fi (ni ) are single site weights, whose sum does not have to
be normalized to 1 (the normalization is taken care of by ZL,N ).
Our MF calculation can in principle be carried out in both of these ensembles. If the two
ensembles are equivalent in the thermodynamic limit, either one may be used for the calculation
of the phase diagram of the model. As discussed below, ensembles are equivalent in the AEP
when `max  L, but become inequivalent when `max is taken to diverge linearly with L, i.e.,
`max = aL where a is a constant independent of L. In the first case the condensation transition is
continuous, while it becomes discontinuous in the second case. This is similar to the behavior of
equilibrium systems with long-range interactions, where first order phase transitions may lead to
inequivalence of ensembles [53, 54]. The phenomenology and mathematical description of the
condensation transition in the AEP turns out to be very similar to those of ZRPs with rates of the
form (1.8). Such ZRPs were studied in Refs. [27, 28], and the methods of analysis presented in
these two works will prove useful in what follows.
We begin the calculation by considering `max  L and employ the grand-canonical ansatz
(2.4), where the description of the MF procedure is more transparent. This is because according
to the assumption (2.4) there are no correlations between sites, and therefore the grand-canonical
analysis is simpler than the canonical one. We then present a canonical calculation for the case
of `max = aL, where ensembles are inequivalent.

2.4.4

Condensation in the AEP with `max  L: Grand-canonical

calculation

Assume that the steady-state distribution has the form (2.4). Our goal is to find the single-site
marginals Pi (n). Before writing down the master equation that these marginals satisfy, we define
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two auxiliary quantities that simplify subsequent notation: by qi we denote the conditional mean
number of particles that is added to site i per unit time given that 1 ≤ ni ≤ `max . Similarly, we
write Qi to denote the conditional mean number of particles that is added to site i per unit time
given that ni = 0 or ni > `max . Within the MF approximation, these are equal to
qi =

`max
X
k=1



Pi−1 (k) 1 − Pi−2 (0)


Qi = qi + 1 − Pi−1 (0) .

(2.6)

The first line state that when 1 ≤ ni ≤ `max , the only particles that are added to site i are those
that leave site i − 2 (these hop with rate 1 whenever site i − 2 is not empty), and do not stay
at site i − 1 (i.e., 1 ≤ ni−1 ≤ `max ). The second line states that when ni = 0 or ni > `max , the
incoming current into site i is higher because it also includes all particles which depart from of
site i − 1.
Using this notation, the master equation reads
Ṗi (0) = Pi (1) − Pi (0)Qi
Ṗi (1) = Pi (2) + Pi (0)Qi − Pi (1)[1 + qi ]
Ṗi (n) = Pi (n + 1) + Pi (n − 1)Qi (n − 1) − Pi (n)[1 + Qi (n)],
where


q
i
Qi (n) ≡
Q

if 1 ≤ n ≤ `max
i

if n = 0 or n ≥ `max + 1

.

(2.7)

(2.8)

In the steady state the left hand sides of Eqs. (2.7) vanish and they can be recursively solved,
yielding

Q q n−1
if 1 ≤ n ≤ `max + 1
i i
Pi (n) = Pi (0)
.
(2.9)
Qn−`max q `max if n ≥ ` + 1
max
i
i

Assuming that qi , Qi < 1 (an assumption that will be examined below), the normalization
P
condition n P (n) = 1 yields
Pi (0) =

(1 − qi )(1 − Qi )
1 − qi
'
,
`max
1 + Qi − qi
1 − qi − Qi (Qi − qi )(1 − qi )

(2.10)

where the last approximate equality becomes exact in the limit `max → ∞. Similarly, the mean
occupation of site i is, when `max → ∞,
ρi ≡

X
n

nPi (n) '

Qi
.
(1 − qi )(1 + Qi − qi )

(2.11)

The distribution (2.9) is normalizable only as long as qi and Qi are both less than 1. If either
is found to be 1 or more, the above analysis is inconsistent. Physically, such an inconsistency
means that site i tends to accumulate an ever-increasing number of particles, signalling that
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a condensate forms on site i. If qi , Qi < 1 for all densities ρ, then there is no condensation
transition the model. Below we show that this is not the case, and that a condensation transition
occurs at a critical density ρc at which Q(ρc ) = 1. We proceed by analyzing separately the
subcritical phase, in which the system is homogeneous, and the supercritical phase in which the
condensate breaks translational invariance.
The homogeneous phase
In the homogeneous phase, Pi , qi and Qi are not site dependent, and therefore the subscript i
may be dropped. From equations (2.6) and (2.10) it is found that when `max → ∞
Q=q+

√

q

or equivalently q =

Substituting this relation in Eq. (2.11) yields

p

1
1 + 2Q − 1 + 4Q .
2

p
1 − ρ + 2ρ2 − (1 − ρ) 1 + 4ρ2
.
Q=
2ρ2

(2.12)

(2.13)

It is seen that Q(ρ → 1) = 1, implying that the calculation breaks down at a critical density
ρc ≡ 1.

(2.14)

This breakdown signals the occurrence of a condensation transition at ρc (remember that this
is true only when the grand-canonical ensemble is equivalent to the canonical ensemble, i.e.,
when 1  `max  L. As discussed below, when `max scales linearly with L the condensation
transition occurs at a density ρtrans > ρc ). In the exclusion process picture, the corresponding
critical density is ρAEP,c = 1/2 [see Eq. (2.2)], which is in agreement with the findings of Ref.
[49].
The supercritical phase
The mean-field analysis of the supercritical phase begins by assuming that there is a “supercritical
site” whose occupation is macroscopic. The following analysis is thus valid as long as this site
remains macroscopically occupied. On very large timescales (which will be determined below),
the condensate migrates to other sites. Our analysis relies on the wide separation between the
timescale of the microscopic dynamics and the macroscopic timescale of condensate motion.
Assume that a condensate is located on site 1, i.e., n1 ≈ ∞. This information can be used in
Eq. (2.6) to find that q2 = 0 and Q2 = 1, and thus from (2.9) we obtain P2 (0) = P2 (1) = 1/2,
and P2 (n ≥ 2) = 0. We may now repeat the procedure to calculate P3 (n) [and iteratively
Pi (n) for any i]. We thus find q3 = 1/2 and Q3 = 1. This value of Q implies that P3 (n) is not
normalizable, i.e., site 3 is “supercritical’: once n3 exceeds the value `max , the incoming current
into this site exactly equals the outgoing current, and n3 might increase and eventually take over
the condensate. However, in the condensed phase the time it takes n3 to reach the value `max is

2.4. Dynamics of traffic jams in the accelerated exclusion process (AEP)

59

very long — this is in fact a requirement for the condensed phase to exist, as we discuss below.
Therefore, for long periods of time the system is in a metastable state in which n3 fluctuates
around 0. We analyze the two cases n3 = O(1) and n3 > `max separately.
We begin by examining the long-lived metastable state in which n3 remains finite. In this
metastable state, n3 performs a random walk biased towards n3 = 0 with a reflecting boundary
condition at the origin. This random walk has an absorbing wall at n3 = `max + 1. Conditioned on
the walk not reaching this absorbing wall, we find from Eqs. (2.9) and (2.10) that (for `max  1)
P3 (0) ' 1/3 and P3 (n) ' 2−(n−1) /3 for n ≥ 1. Moving to site 4 we find q4 = 1/3 and Q4 = 1,
i.e., site 4 is also supercritical. Once again, there is a long-lived metastable state in which n4 is
finite, and eventually, when n4 reaches `max , it might increase until it takes over and becomes the
new condensate. This picture continues at all sites, and as before we first examine the metastable
state in which all site have a finite occupation ni ≤ `max . Continuing the procedure iteratively, it
can be shown that Qi = 1 for all i ≥ 2. We thus arrive at qi = Pi−1 (0) where Pi (0) = Fi−1 /Fi+1
and Fi is the i’th Fibonacci number. Therefore, qi and Pi (0) converge exponentially with i to
√
q∞ ≡ (3 − 5)/2 ≈ 0.38.

We now examine what happens once a site 2 ≤ i ≤ L reaches ni = `max + 1. As long as ni
remains larger than `max + 1, it performs an unbiased random walk. If it reaches `max + 1 the
random walk becomes biased again towards ni = 0, and the occupation rapidly decreases to
its metastable nearly-empty state. On the other hand, if it reaches ni ≈ Ncond − `max (where
Ncond is the number of particles in the condensate) the old condensate becomes depleted and
site i takes over and becomes the new condensate. There is of course a possibility that while
`max < ni < Ncond − `max , another site (or sites) reaches `max + 1, leading to a situation with
three (or more) highly occupied site. If this event is quite probable, the system typically does not
have just a single condensate but many highly occupied sites (possibly a finite density of them),
and therefore the system will not be in a truly condensed state.
In order to ensure that typically there is only one highly occupied site at a time, and, on rare
occasions, no more than two such sites, one must choose `max to be large enough so that the time
T`max that it takes until some site reaches `max is much larger than the time Ttakeover that passes
before a highly occupied site takes over the condensate. Since `max  Ncond = O(L), the latter
2
scales as Ttakeover = O(Ncond
) = O(L2 ) (this is the well-known gambler’s ruin problem for an
unbiased random walk). On the other hand, T`max scales as
T`max = O

 X
i

qi`max

−1 



−`max
≈ O min q3−`max , q∞
/L .

(2.15)

The first of the two terms on the right hand site of (2.15) corresponds to the time it takes site
3 to reach `max particles (the probability of site 3 to reach `max is higher than that of any other
site because q3 > qi for all sites i), and the second corresponds to a distant site (with qi ≈ q∞ )
reaching `max (although this probability is smaller than that of site 3, there are O(L) such sites,
increasing the probability that one of them reaches `max ). The condition T`max  Ttakeover then
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implies that
`max 

3
log L ≈ 3.12 log L
− log q∞

(2.16)

must hold in order for the system to have a single condensate. This means that a true condensation
transition takes place only when `max increases logarithmically (where the logarithm has a large
enough prefactor) or faster with the system size. The same criterion for condensation was
suggested in a similar model in Ref. [27]
Dynamics of the condensate
The nature of the condensation phase transition depends on how `max is taken to scale with L.
As long as `max  L, the occupation of any site may reach `max without noticeably affecting
the occupations of other sites. In this case, one can safely ignore the correlations between sites
that arise from the conservation of particles, and the grand-canonical ansatz (2.4) provides an
adequate description of the system and is expected to yield the correct phase diagram. On the
other hand, when `max = aL (where a is a finite constant), a finite fraction of all particles in the
system must be located in a single site if its occupation is to reach `max . Therefore, a site cannot
reach `max particles without affecting all other sites in the system, and the correlations between
sites induced by the conservation of particles cannot be ignored even within the MF calculation.
In the rest of this section, we focus on log L . `max  L and continue with the grand-canonical
analysis. The case of `max = aL is analyzed below in Sec. 2.4.5 within the canonical ensemble.
We now discuss the dynamics of the condensate. We begin by noting that when log L .
`max  L, it is highly improbable for an AEP with a supercritical density to be (momentarily) in
a homogeneous disordered state, i.e., where no occupation exceeds `max . This fact can once again
be understood dynamically: the condensate must lose O(L) particles without a new condensate
forming in order for the system to reach a disordered state. The typical timescale in which this
process occurs is exponentially large: e−cL for some constant c (as is shown below in Sec. 2.4.5).
On the other hand, if the system is in a disordered state, it takes a time of order O(qi−`max )  e−cL
for a site to reach `max and a condensate to form. Therefore, the fraction of time the system
spends in a disordered state is negligible in the thermodynamic limit.
Thus, the dynamics of the condensate is dominated by events where a new condensate forms
and takes over the old one. Where and when does this new condensate form? First, consider
the case that `max = A log L with A large enough so that there is indeed a single condensate.
As discussed above, from time to time a fluctuation may cause another site to reach `max and
(with some probability) to take over the condensate. What is the most probable location of the
new condensate? To answer this question, compare the time it takes site 3 to reach `max , which
is of order O(L−A log q3 ), with the time it takes a distant site to reach `max , which is of order
O(L−A log q∞ −1 ) (remember that there are O(L) such distant sites). Comparing these, we find
that when A > [log(q3 /q∞ )]−1 ≈ 3.71 the new condensate forms most frequently on site 3, i.e.,
two sites downstream from the condensate. In this case, the condensate performs a drift motion,
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skipping every other site. The drift velocity of the condensate, however, decreases to zero as
L−A log 2 in the thermodynamic limit.
√
When log L  `max  L (e.g., `max ∼ L), the argument of the previous paragraph shows
that a condensate at site i always relocates to site i + 2, and the resulting drift velocity is of order
2−`max . This velocity decreases with the system size faster than algebraically but slower than
√
exponentially (e.g., as a stretched exponential when `max ∼ L).

2.4.5

Condensation in the AEP with `max = aL: Canonical
calculation

As discussed above, the analysis of the case when `max = aL must proceed in the canonical
ensemble. One way to see that the picture presented above, in which there is a second order phase
transition at ρc , must be incorrect when `max = aL, is to consider the dynamics of a supercritical
system which is initially set in the disordered phase. In order for such a system to reach the
condensed steady-state, a fluctuation must bring the occupation of one of its sites to `max . The
time until such a fluctuation occurs diverges exponentially with L when `max = aL. Therefore,
the disordered phase is always metastable in this case, and the transition must be of first order.
Our analysis of this case follows the ideas of Ref. [28]: to find the density at which there is
a phase transition, we shall calculate the occupation probability of the most occupied site, or
more precisely, the large-deviation function (LDF) for this occupation2 . This LDF is found by
examining the dynamics of the condensate occupation. The condensate LDF plays a role similar
to that of an equilibrium free energy, and thus once it is found a Landau theory type analysis
yields the phase diagram of the model.
Calculation of the condensate LDF
The calculation of the LDF proceeds in three steps: (i) we express the LDF in terms of the
currents entering and leaving the condensate; (ii) we express these currents as a function of the
density of the background fluid; and (iii) we discuss how the background density depends on the
occupation of the condensate.
Step (i). Assume that the condensate has nmax = mL particles (here we use the word
condensate to mean the most occupied site). Denote by Jin (m) the mean momentary current
flowing into the condensate conditioned on this occupation, and similarly by Jout (m) the mean
current flowing out of the condensate. Within the canonical MF ansatz (2.5), these currents
might depend on m through the constraint on the total number of particles, but there are no
further correlations between the condensate and the rest of the system. In other words, the
rest of the system may determine the functions Jin (m) and Jout (m), but otherwise one may
2

If P (nmax = mL) ∼ e−LI(m) then I(m) is called the large-deviation function or rate function of
nmax ; see [55] for an introduction to the theory of large deviations. In this section we use the symbol
∼ to denote exponential equivalence to leading order in L. For example, the above relation means that
I(m) = limL→∞ L−1 P (nmax = mL).
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consider the dynamics of the condensate separately from that of the rest of the system. Denoting
Pmax (n) ≡ P (nmax = n), the master equation for the condensate occupation is thus
Ṗmax (mL) = Pmax (mL − 1)Jin (m − L−1 ) + Pmax (mL + 1)Jout (m + L−1 )


− Pmax (mL) Jin (m) + Jout (m) .

(2.17)

Pmax (mL) ∼ e−LIρ (m)

(2.18)

Equating the left-hand side of (2.17) to zero, and substituting the LDF ansatz

yields to leading order in L
0

0

0 ∼ eIρ (m) Jin (m) + e−Iρ (m) Jout (m) − [Jin (m) + Jout (m)]


0
0
= 1 − eIρ (m) e−Iρ (m) Jout (m) − Jin (m)

(2.19)

(this is the same as the WKB approximation in quantum mechanics). Since the first brackets on
the right-hand side cannot be identically zero, we obtain
Z m
Jin (m0 )
Iρ (m) = −
log
dm0 + C,
(2.20)
Jout (m0 )
where C is an integration constant which can be obtained by the normalization requirement
min Iρ (m) = 0.
Step (ii). The goal now is to find the functions Jin (m) and Jout (m). The latter is simply
Jout (m) = 1, as the departure of particles from the condensate is independent of its size and of
the rest of the system. To find the former, we assume that at any value of condensate occupation
m, the background fluid can be described by Eqs. (2.9)–(2.11). This would be the case, for
instance, if the relaxation timescale of the background fluid is much shorter than the timescale in
which the condensate density m = nmax /L changes. Although we cannot justify this assumption
a priori, we will see below that predictions of the ensuing calculation are very close to results
measured in numerical simulations.
We continue by obtaining from Eqs. (2.6) and (2.10) a recursion relation for Pi (0):
Pi+1 (0) =

Pi (0) + Pi−1 (0) − Pi (0)Pi−1 (0)
.
2 − Pi (0)

(2.21)

This recursion relation is analyzed in Appendix A.1, where it is shown that all values 0 <
P∞ (0) < 1 are fixed points of this map, and furthermore the map is exponentially contracting
towards this fixed point. Thus, the bulk of the fluid background is effectively described by the
appropriate fixed point, with deviations only in a finite boundary layer near the condensate. The
fixed point is dictated by the condition ρ∞ = ρbg (m), where from Eqs. (2.6), (2.10) and (2.11)
p
1 + 2ρ∞ − 1 + 4ρ2∞
P∞ (0) =
.
(2.22)
2ρ∞
The density of particles in the background fluid, ρbg (m), will be discussed in step (iii).
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Figure 2.4: The incoming current into the condensate Jin (m) (solid line) and the outflowing current

Jout (m) (dashed line) as a function of the condensate fraction m, for ρ = 2 and a = 0.5. The two
branches of the function Jin (m) [Eq. (2.23)] are indicated by dotted lines.

The condensate is located in site 1, which equals site L + 1 (due to the periodic boundary
conditions). Therefore, the current into the condensate is qL+1 ' q∞ when nmax < `max , i.e.,
when m < a, and it is QL+1 ' Q∞ when m > a. Using Eq. (2.6), we finally arrive at

if m < a
S − 1 1
,
(2.23)
Jin (m) = 1 −
×
1 − ρ
2ρ2bg
if m > a
bg

q
where S = 1 + 4ρ2bg , and ρbg = ρbg (m) is the density of the background fluid.
The functions Jin (m) and Jout (m) are plotted in Fig. 2.4 for ρ = 2 > ρc , assuming (as we
shall, see next step) that ρbg (m) = ρ−m. We see that there is one points where Jin (m) = Jout (m):
at m = ρ − 1. At this point, the current entering the condensate equals that leaving it, and
thus the condensate occupation is fixed. Furthermore, this fixed point is locally stable: if m
decreases the incoming current increases and vice versa. Note, however, that this fixed point
exists only if ρ − 1 > a. In addition, m = 0 is always a locally stable fixed point [due to the
boundary condition Jout (0) = 0]. Thus we see that when ρ < 1 + a the only stable solution is
a disordered phase with no condensate (m = 0), while when ρ > 1 + a there are two locally
stable states: a disordered phase, and a condensed phase where a condensate of size m = ρ − 1
coexists with a background of density ρbg = 1 = ρc . To find out which of these dominates in the
thermodynamics limit one must carry out the integration of Eq. (2.20).
Step (iii). The remaining task is to find the function ρbg (m). Naively, one might assume
that all particles which are not in the condensate are in the background, i.e., ρbg (m) = ρ − m.
However, when the condensate occupation m becomes much lower than its typical value, the
excess particles (or at least some of them) might not accumulate in the background fluid, but
rather in a single site (or a few sites), thus forming new condensates. Denote by m2 ≤ m the
fraction of particles in the second most occupied site. The occupation probability of the two
most occupied sites again has a large deviations form
(2)

(2)
Pmax
(mL, m2 L) ∼ e−LIρ

(m,m2 )

,

(2.24)

and the condensate LDF is given by contraction:

Iρ (m) = min Iρ(2) (m, m2 ) = Iρ(2) m, m2 (m) ,
m2

(2.25)
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(2)

where m2 (m) is the value of m2 which achieves the minimum of Iρ for a given value of
m. Solving this minimization problem is a difficult task — instead of solving the ODE (2.19)
one must solve a PDE which is a two-dimensional version of this equation, see Appendix A.2.
Furthermore, some values of m and m2 are most probably achieved by other macroscopically
occupied sites forming, with occupations m3 L, m4 L, etc.. To study these, one must analyze even
(k)
higher dimensional LDFs of the form Iρ (m, m2 , m3 , . . . , mk ). In light of this discussion, it is
seen that the background density is ρbg (m) = ρ − m − m2 (m) − m3 (m) − . . ..
Here we shall not go through this higher dimensional analysis to compute the exact form of
Iρ (m). Rather, we assume that
ρbg (m) = ρ − m
(2.26)
for any 0 < m < ρ. Denote by I˜ρ (m) the solution of Eq. (2.19) with Jin given in (2.23) and
ρbg (m) as in our assumption (2.26). This “approximate” LDF satisfies
I˜ρ (m) = Iρ(2) (m, 0) > Iρ (m)

(2.27)

[see (2.25) and Appendix A.2]. Therefore, our calculation will in fact yield an upper bound on
the true condensate LDF rather than the LDF itself. Nonetheless, we argue below that for a large
range of m values the two are equal, i.e., I˜ρ (m) = Iρ (m). In particular, we show that I˜ρ (m)
suffices for the calculation of the phase diagram.
Combining Eqs. (2.20), (2.23) and (2.26) yields the desired (upper bound on the) LDF:
I˜ρ (m) = ρbg (m) log Jin (m) + A(m) + C(a, ρ),
where


log(S − 2ρ ) + c(a, ρ)
if m < a
bg
A(m) ≡
,
[3 log(S − 2ρ ) + 1 + 2ρ − S]/4 if m > a
bg
bg

(2.28)

(2.29)

p
S = 1 + 4ρbg (m)2 as before, ρbg ≡ ρbg (m) is given in (2.26), and c, C are two integration
constants. The value of c(a, ρ) is chosen so that I˜ρ (m) is continuous at m = a, while C(a, ρ) is
chosen to ensure the normalization minm I˜ρ (m) = 0 (the exact expressions for these integration
constants are not reproduced here). In Fig. 2.5, we plot I˜ρ (m) for a few values of ρ.
The mean-field phase diagram
We are at last in a position to analyze the MF phase diagram of the AEP. The typical value of m
is the one which attains the global minimum of the LDF (2.28), which we denote by m∗ . All
other values of m are exponentially unlikely in L. Any local minimum of I˜ρ other than m∗ is
a metastable state. Such metastable states, although being unlikely, have a lifetime that grows
exponentially with L, as the system must overcome an exponential barrier before the condensate
occupation fraction can reach m∗ . The local minima are precisely those found above: studying
the LDF (2.28), it is seen that the m < a branch of I˜ is a monotonically increasing function
and thus m = 0 is always a local minimum, while the m > a branch is a convex function with
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Figure 2.5: The large-deviation function I˜ρ (m) of the occupation fraction of the most occupied site for
a = 0.15 and different densities: (i) ρ = 1, (ii) ρ = 1.5, (iii) ρ = ρtrans ≈ 1.77, (iv) ρ = 2.5. The first
order transition is clearly seen: at densities below ρtrans the global minimum is at m = 0, while above
ρtrans it is at m = ρ − 1.
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Figure 2.6: The mean-field phase diagram for a = 0.5. Regions I and II are the fluid phase, and region
III is the condensed phase. The solid line is the first order transition line ρtrans (a), and the dashed line,
ρ = a + 1, marks the edge of stability of the condensed phase. Accordingly, in region II the condensed
phase is metastable, while in region I only the disordered phase is stable. The two dots with error bars (at
a = 0.15 and a = 0.5) were obtained from simulations of the model, see Sec. 2.4.7 below.

a minimum at m = ρ − ρc [recall that ρc = 1, see (2.14)]. The second local minimum exists,
of course, only if ρ > 1 + a, otherwise this minimum falls outside the domain m > a. The
thermodynamic transition point ρtrans occurs when these two minima are equal, i.e., it is implicitly
given by the equation
I˜ρtrans (0) = I˜ρtrans (ρtrans − 1).
(2.30)
The resulting phase diagram is presented in Fig. 2.6. Note that in the limit of a → 0, the first
order phase transition becomes a second order one at ρc , as discussed above in Sec. 2.4.4.
The condensate LDF with multiple condensates
In this section we discuss the condensate occupation LDF Iρ (m) when there are multiple
condensate sites, and argue that the upper bound I˜ρ (m) suffices for the calculation of the phase
diagram. As explained above, I˜ρ (m) is calculated under the assumption (2.26), i.e., that there is
almost surely only one condensate site for any value of m. This assumption is clearly correct
when m < a, because then all occupations are below `max and the balance of incoming and
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Figure 2.7: A schematic illustration of the LDF Iρ (m) of the condensate occupation fraction (solid line),

compared with the upper bound I˜ρ (m) (2.28) (dashed line). The plot is for a = 0.15 and densities (i)
ρ = 2.5, and (ii) ρ = 3.5. At high enough densities, more condensates may form as m is conditioned to
have increasingly atypical (i.e., lower) values. This is illustrated (schematically) by depicting a second
condensate appearing when ρ = 2.5, and up to 4 condensates when ρ = 3.5. A non-analyticity of Iρ (m)
is manifest at each value of m where a new condensate appears. As explained in the text, Iρ (m) = I˜ρ (m)
near both local minima, and thus I˜ρ (m) suffices for the calculation of the phase diagram.

outgoing particle currents drive all sites towards the background density (see Fig. 2.4). It is thus
exponentially unlikely (in L) to have m2 > 0 in this regime. Similarly, Eq. (2.26) also holds
when m > ρ−1, because in this case the background density satisfies ρbg (m) ≤ ρ−m < 1 ≡ ρc ,
and thus Q∞ (m) < 1 [see Eq. (2.13)], i.e., the background fluid is subcritical.
When a < m < ρ − ρc , Eq. (2.26) leads to ρbg (m) > ρc and thus Q∞ > 1. In this case one
might worry that new condensates could form on other sites. However, as explained throughout
this section, when `max = aL the condensation transition is first order, and the formation of
a condensate does not happen at ρc but at a higher transition density. Therefore, a second
condensate appears only when ρ − m > ρtrans,2 > ρc for some transition density ρtrans,2 . Similarly,
a third condensate site appears only when ρ − m − m2 > ρtrans,3 > ρc (where m2 is the fraction
of particles in the second condensate site), and so on. For any value of ρ and m, the number of
condensate sites that typically appears is finite [28]. A schematic illustration of Iρ (m) at high
values of ρ where multiple condensates may appear is presented in Fig. 2.7. We conclude that
I˜ρ (m) = Iρ (m) around both minima of I˜ρ (m) (i.e., around m = 0 and m = ρ − 1), and thus the
transition point calculated in (2.30) is correct (within the MF approximation).

Dynamics of the condensate
When `max = aL, there are two different regimes of condensate dynamics. At densities ρ just
above the transition density ρtrans , the system occasionally switches to the disordered metastable
state with m = 0. In this regime, the condensate dissolves, the system spends some time in a
disordered state with no condensate, and then another condensate forms on a random site. At
higher densities, the behavior is similar to that discussed in Sec. 2.4.4: a new condensate begins
to form form two sites ahead of the condensate (at site 3 if the condensate is located at site
1) while the old condensate still exists. The probabilities of both types of events (condensate
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“melting” and condensate relocation to the next-nearest neighbor) vanish exponentially with the
system size, but with different exponential rates which depend on ρ and a. In the thermodynamic
limit the less improbable of the two events dominates and dictates the typical condensate motion
regime. The two dynamical regimes are separated by a sharp dynamical phase transition, at a
(2)
density which can in principle be computed from Iρ (m, m2 ) [28].

2.4.6

Further comments about the condensed phase

Two final remarks about the condensed phase. First, note that the mean current in the condensed
phase is the sum of the rate with which a particle hops to the next site, plus twice the rate with
which it hops two sites. Therefore,
Ji = [1 − Pi (0)]Pi+1 (0) + 2[1 − Pi (0)][1 − Pi+1 (0)] = [1 − Pi (0)][2 − Pi+1 (0)],

(2.31)

For all sites but a few which are close to the condensate this current is approximately J '
[1 − q∞ ][2 − q∞ ] = 1. This implies that the current in the corresponding AEP is JAEP = 1 − ρAEP ,
as found in Ref. [27].
A second remark concerns the single site occupation probability P (n), i.e., the probability
the an arbitrary site has n particles. According to the analysis presented above, on a finite system
n
+ L−1 q3n ], while for
of size L, for n < `max this probability decays exponentially as P (n) ∼ [q∞
n > `max it has a peak around Ncond = L(ρ − ρc ) due to the condensate. In between, we expect a
plateau which reflects the times in which there are two (next-nearest neighbor) sites competing
to be the condensate. The hight of this plateau should be of order O[q3`max /(ρ − ρc − a)], where
a = limL→∞ `max /L. This reason for this scaling is that the probability to see two condensate
sites is approximately Ttakeover /T`max = O(L2 q3`max ), the probability that a given site is one of these
two condensates is 2/L, and when there are two condensate sites all L(ρ − ρc − a) occupation
values between `max and Ncond − `max are equally probable.

2.4.7

Numerical simulations

In this section, we present results of numerical simulations of the AEP, and compare them to
the MF predictions discussed above. We find that simulation results qualitatively follow the
MF predictions, even though there are quantitative discrepancies between the two. Furthermore,
the numerical measurements of the LDF Iρ (m) and of the phase diagram quantitatively agree,
to a rather high accuracy, with the MF theoretical predictions. This quantitative agreement is
somewhat surprising, as the MF approximation is expected to be inexact and hold only on a
qualitative level. We do not, however, have enough numerical data to determine whether the MF
phase diagram is indeed exact.
We focus in this section on simulations of the case with a first-order phase transition,
`max = aL. The other case, of log L . `max  L is equivalent to the limit of a → 0 of the case
we focus on.
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Figure 2.8: Numerical results and MF predictions for the mean density profile as seen from the condensate.
The condensate is located at site 1 (by definition of the site labels). Simulation results are for a = 0.15,
ρ = 4 and L = 160. A good qualitative agreement is observed. In the inset, the mean current J is seen to
approach J = 1, the MF predicted value, when the system size is increased. Results are for a = 0.15,
ρ = 4, and various system sizes between L = 80 and L = 500.

Typical behavior in the condensed phase
We begin by examining the typical behavior of the AEP in the condensed phase. First, we
measure the mean density profile as seen from the condensate: we label the position of the most
occupied site as 1, and measure ρi = hni i for i = 1, . . . , L. Here h·i denotes an average in the
steady state. In Fig. 2.8, numerical results are compared with the MF values calculated in Sec.
2.4.4. A good qualitative agreement is found. In particular, the density profile is seen to depend
on the distance from the condensate — the basic fact which underlies the condensate drift —
and furthermore the density oscillates and decays exponentially with the distance to a value
ρ∞ ≈ 1. As expected, there are quantitative discrepancies between the MF approximation and
the simulation results. Note that we have measured a small deviation ρ∞ ' 1.017 (obtained for
a = 0.15 and ρ = 4) from the MF prediction ρ∞ = ρc = 1, a deviation smaller than 2%. This
deviation does not seem to vanish when increasing the system size up to L = 500 (the largest
system examined).
P
In the inset of Fig. 2.8 we display the mean current J ≡ L−1 Ji (where Ji is the mean
current leaving site i) and show that it approaches the predicted value J = [1 − q∞ ][2 − q∞ ] = 1.
We also plot, in Fig. 2.9, the single-site occupation probability P (n), i.e., the probability
to find n particles in a given site, in the condensed phase. As discussed in Sec. 2.4.6, P (n) is
exponentially decaying for small values of n — this is the occupation probability in the fluid
background — and has a peak at high values of n due to the condensate. The hight of the
plateau in intermediate values of n, which results from condensate relocation events, decays
exponentially with the system size, albeit with a different exponent than the MF prediction
discussed above (numerical results not reproduced here).
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Figure 2.9: The single-site occupation probability P (n) in the condensed phase as measured in simulations. L increases from top to bottom. The peak due to the condensate is clearly seen. The plateau at
intermediate values of n is a consequence of events in which the condensate relocates to a different site,
as discussed in Sec. 2.4.6. Here a = 0.15, ρ = 4.
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Figure 2.10: The finite-size LDF Iρ (m; L) [Eq. (2.32); symbols, lines are presented as a guide to the

eye], measured numerically at different system sizes, and the MF prediction for I˜ρ (m) (2.28) (solid black
line) for L = ∞. All plots are normalized so that the minimum of the m > a branch lies at Iρ (m) = 0.
The system size L increases from top to bottom in the left and middle panels and from bottom to top in
the right panel. Model parameters are (left) a = 0.15, ρ = 1.6; (middle) a = 0.5, ρ = 2.4; and (right)
a = 0.15, ρ = 4. A good agreement is found between the MF predictions and simulation results. At high
densities (the right plot), deviations from I˜ρ (m) due to the formation of multiple condensates are seen
(compare with Fig. 2.7).

Phase diagram and condensate LDF
We move on to examine the phase diagram. Via a finite-size scaling analysis, we have directly
measured ρtrans (a) for a = 0.15 and a = 0.5. The numerical simulations required for this
measurement are quite lengthy, as statistics from many transitions between the m = 0 and
m = ρ − 1 metastable states are needed, and the typical time between such transitions diverges
exponentially both with L and with a. The details of the numerical analysis are presented in
Appendix A.3. The results are presented in Fig. 2.6, where a very good agreement is found
between the measurements and the MF values.
The possibility that the MF phase diagram is exact receives stronger support by examining
the condensate occupation LDF. Finite size estimates of the LDF,
1
Iρ (m; L) ≡ − Prob(nmax = mL),
L

(2.32)
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Figure 2.11: The dynamics of the condensate. Left panel: close to the transition point, the condensate
typically relocates to a random site by switching between the condensed and disordered metastable states.
Here we plot the occupation (top) and location (bottom) of the most occupied site as a function of time,
in a system with L = 100, a = 0.5, and ρ = 2.44. Note that this density is somewhat below ρtrans (a),
but it is above its finite-size counterparts ρtrans (a; L), see Appendix A.3. Right panel: at higher densities,
the condensate typically relocates to its next nearest neighbor [the occupation nmax , not plotted here,
fluctuates around (ρ − 1)L]. Here L = 160, a = 0.15, and ρ = 4. Note the scale of the time axes.

were measured for several systems sizes at various system parameters, see Fig. 2.10. A scaling
collapse is found, indicating that the condensate occupation indeed satisfies a large deviation
principle. Furthermore, there is a good agreement between the MF prediction (2.28) and this
scaling collapse. Since ρtrans (a) is defined by this LDF (it is the density where the two local
minima are equal), if the latter is correct to high accuracy so must the former be. Note also that
the minimum of the m > a branch is located close to ρ − 1, in agreement with the predicted
edge of stability line ρ = a + 1. One caveat is that, as mentioned above, the background density
ρ∞ in the condensed phase is seen to deviate slightly from the MF value 1. This deviation might
indicate that the MF prediction for Iρ (m) is not exact after all, since the m > a minimum of this
LDF must be located at m = ρ − ρ∞ .
Dynamics of the condensate
Finally, we study the dynamics of the condensate. This is done by recording how the location
imax and occupation nmax of the most occupied site evolve with time. As discussed above,
the condensate dynamics is dictated by two competing processes: switching to the disordered
metastable state, and condensate relocation to another site. At densities close to ρtrans (a) switching
is much faster and thus dominates, while at higher densities switching becomes slower and
condensate relocation dominates. Measurements of the dynamics in the two regimes are displayed
in Fig. 2.11. When the condensate relocates it is always seen to reappear in its next-nearest
neighbor site thus leading to a condensate drift, as predicted by the MF theory.

3

The buildup of condensates in the
asymmetric simple inclusion process

3.1

Introduction

The asymmetric simple inclusion process (ASIP) is a model of diffusion and coalescence of
particle clusters in an open system [39, 56, 57]. In the ASIP, clusters of particles hop on a
lattice and are subjected to “inclusion” interactions whereby when two cluster, whose sizes are
X and X 0 particles respectively1 , occupy the same site, they immediately coalesce and form a
single cluster of size X + X 0 . The model is considered on a one-dimensional lattice with totally
asymmetric hopping, and thus the allowed dynamical moves in the bulk are
1

. . . , Xi , Xi+1 , . . . →
− . . . , 0, (Xi + Xi+1 ), . . . .

(3.1)

The same rule also describes the dynamics at the rightmost site n, where site n + 1 is interpreted
as a reservoir whose occupation is disregarded in the model. At the left boundary particles are
injected at a constant rate λ:
λ
X1 , . . . →
− X1 + 1, . . . .
(3.2)
The dynamics of the ASIP is represented schematically in Fig. 3.1. The ASIP was introduced
recently in Ref. [56] as a queueing-theory motivated hybrid of the Jackson queueing network (one
of the basic models of queueing theory [58]) and driven diffusive systems like the well-known
exclusion process [59].
The ASIP belongs to a class of models of cluster aggregation and coalescence (see Sec. 3.1.1
below for more details). In such models, condensation is possible simply because clusters tend
to coalesce. In the ASIP, for example, because the aggregation reaction between clusters is
irreversible, on a closed lattice (i.e., a ring) all particles trivially condense in the steady state into
a single (diffusing) cluster. Thus the mechanism for condensation is simpler than in the ZRP,
where each particle moves separately and condensation is a result of the “interactions” between
particles.
The work of this section studies the counterparts of condensation in ASIPs with open
boundary conditions. In the open ASIP, no site accommodates a finite fraction of all particles,
1

Note that to conform with the notation of the paper [3], the number of particles at site i is denoted in this
chapter by Xi rather than ni .
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Figure 3.1: A configuration of the ASIP with a few of the possible dynamical moves indicated. Particles
are distributed between sites with no restriction on the number of particles per site. The entire particle
content of each site advances to the next site with rate 1. A single particle is added to the first site with
rate λ. When particles hop out of the last site, they leave the system and disappear.

and thus a true condensate does not form. Nonetheless, the stationary properties of the model are
affected by the formation of large clusters that are in a sense precursors of the closed-system
condensates. Indeed, in the open ASIP, it can be shown that all site have the same mean
occupation λ [56]. However, it turns out that the mean occupation of the sites gives a very
misleading picture of the steady state, as occupation fluctuations are very large due to the buildup
of large clusters, which are in a sense precursors of the closed-system condensates. These
occupation fluctuations are easily visible in typical configurations of ASIP systems, such as the
one presented in Fig. 3.2: it is seen that clusters become larger and sparser as one progresses
along the lattice.
The large occupation fluctuations have recently been quantified in a numerical study, where
some interesting scaling laws for these fluctuations were found for sites k  1 which are far
away downstream [39]:
(i) The variance of occupations satisfies
hXk2 i ∼ k 1/2 .

(3.3)

(ii) The probability that a site is occupied satisfies
Prob(Xk > 0) ∼ k −1/2

(3.4)

(iii) The interexit time Tk out of site k, i.e. the time between one hop of a cluster out of site k
and the next hop of a cluster out of this site, asymptotically follows a scaling law
√
πt
Prob(Tk = t πk) ∼
exp(−πt2 /4)
(3.5)
2
(the latter is known as the Rayleigh distribution).
The origin of these scaling laws was unknown.
The goal of this chapter is to derive these scaling laws analytically. In the process of this
derivation, we shall obtain more-general scaling results, including a scaling function for the
occupation probabilities of sites downstream. Furthermore, the observed scaling behavior will be
shown to be universal with respect to the details of the process that feeds particles into the lattice.

3.2. Main results
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Figure 3.2: A typical configuration of an ASIP of 1000 sites with λ = 1, as obtained from a numerical
simulation of the model. Although the mean occupation at all sites equals 1, large fluctuations are observed
whereby clusters become larger and sparser as they advance along the system. In a closed ASIP, the
coalescence of clusters would lead to a (trivial) condensate. In a snapshot of an open ASIP, the buildup
process of these condensates is visible.

3.1.1

Relation to aggregation models and the empty-interval
method

Aggregation models with dynamics (3.1) have been studied in the past mostly in closed lattices
with periodic boundary conditions, i.e., on a ring [60]. On a ring, the steady-state of the system is
trivially a condensed state: a single cluster with all particles in the system stochastically advances
from site to site. However, the relaxational dynamics to this steady state, i.e., the formation of
the condensate, exhibits nontrivial scaling behavior [60].
The relaxation dynamics of the aggregation model on a ring can be solved exactly using
the empty interval method. In this method, one considers the probabilities Pl (t; m) that an
interval of m consecutive sites have a total of l particles at time t (for a homogeneous ring, these
probabilities are independent of the location of the interval). It can be shown that the equations
for these probabilities for different values of l are decoupled and have the form of discrete-space
diffusion equations which can be solved exactly [60, 61].
The ASIP is an open boundary version of the aggregation model on a ring. Some of the
scaling relations for the ASIP have been examined in Refs. [62, 63], which discusses only
whether a site is occupied or not (but not its occupation), and in Ref. [64], which studies a model
equivalent to the ASIP without using the empty interval method.

3.2

Main results

The goal of this chapter is to explain analytically the scaling relations (3.3)–(3.5) which were
found numerically in Ref. [39]. This is achieved by adapting the empty interval method, usually
employed for homogeneous systems, to the non-homogeneous ASIP. Applying the empty interval
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method for the incremental load probability Pl (k, m), the probability of having l particles in
the m consecutive sites that begin at site k, leads in the steady state and in the large k limit to a
diffusion equation where k plays the role of time
∂
∂2
Pl (k, m) =
Pl (k, m).
∂k
∂m2

(3.6)

This diffusion equation is similar to the one obtained for the aggregation model on a homogeneous ring, where time replaces k. Thus, we are lead to an interesting physical picture whereby
the open system can be thought of as a “conveyor belt” along which the aggregation reaction
takes place. Accordingly, the spatial evolution of the stationary ASIP occupation probabilities is (asymptotically) the same as the temporal evolution of these probabilities on a closed
homogeneous ring.
Eq. (3.6) can be solved, taking into account the “initial condition” (in k) which is dictated by
the injection of particles into the first site. In the limit of 1  l  k and m  k one obtains the
√
√
joint scaling solution in the variables m/ k and l/ k:
Pl (k, m) ' √

1
4πλ2 k

h (m−l/λ)2
i
(m+l/λ)2
−
−
4k
4k
e
−e
.

(3.7)

This scaling solution generalized the ones found in [62–64]. Using it we have obtained an
analytical derivation of the numerical results of [39]. Our derivation further shows that the
scaling behavior of the ASIP is universal in the following sense: downstream behavior, such as
that described by Eq. (3.7) and in Sec. 3.1, is essentially independent of the details of the process
by which particles are injected into the first site (this statement might not be true, however, for
some exotic arrival processes that have power law temporal correlations). In other words, no
matter what is fed into the beginning of the “conveyor belt”, the output at the end is always the
same.
In addition to the large k asymptotic analysis, the exact expression for Pl (k, m) for finite
values of k is also obtained. This expression involves combinatorial numbers known as the
Catalan trapezoid.
Details of the study may be found in Ref. [3], which is reproduced below.
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In this paper we present an exact closed-form expression for the probability that a given number of particles
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I. INTRODUCTION

The asymmetric simple inclusion process (ASIP) is a unidirectional lattice-gas flow model which was recently introduced
[1,2] as an “inclusion” counterpart of the asymmetric simple
exclusion process (ASEP) [3–5]. In both processes, random
events cause particles to hop unidirectionally, from one site
to the next, along a one-dimensional lattice. In the ASEP,
particles are subject to exclusion interactions that keep them
singled apart, whereas in the ASIP particles are subject to
inclusion interactions that coalesce them into inseparable
particle clusters. The ASIP links together the ASEP with
the tandem Jackson network (TJN) [6,7]—a fundamental
service model in queueing theory. From a queueing perspective, the ASIP’s “gluing” of particles into inseparable
particle-clusters manifests unlimited “batch service” [8–12]
and the model thus can be understood as a TJN with this
additional property. The ASIP is briefly described as follows.
Particles enter a lattice with rate λ at its leftmost site and hop
from one site to the next in clusters. In each hopping event
the entire particle content of a site translocates as one to the
next site and immediately coalesces with the particle content
therein. The clusters continue to hop and coalesce with other
clusters until they finally exit the lattice from its rightmost site.
Even the simplest ASIPs—homogeneous ASIPs, in which
the hopping rates do not depend on the position along
the lattice—were shown to display an intriguing showcase
of complexity, including power-law occupations statistics,
diverse forms of self-similarity, and a rich limiting behavior
[13,14]. However, several of the aforementioned “complexity
results” relied only on Monte Carlo studies, as an exact
expression for the joint stationary probability distribution
of particle occupations is not known. Obtaining an exact,
closed-form, solution of the model is undoubtedly difficult,
as coalescence introduces strong correlations between the
occupations of different lattice sites. In Ref. [1], an iterative
scheme for the computation of the probability generating
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function (PGF) of this steady-state distribution was presented.
And yet the PGF turns out to be analytically tractable only
for very small ASIPs—a fact that is manifest in the rapid
growth in its complexity as a function of lattice size [1].
Homogenous ASIPs were nevertheless proven optimal with
respect to various measures of efficiency [1], thus further
indicating their special importance.
The main goal of this paper is to present an exact closedform expression for the probability that a given number of
particles occupies a given set of consecutive lattice sites on
a homogeneous ASIP lattice. These probabilities, which we
term the incremental load probabilities (to be defined precisely
below), are marginals of the joint occupation distribution.
Progress can be made with their analysis by using the emptyinterval method, a method which has proven useful in the study
of aggregation in closed systems [15,16]. The calculation of
these probabilities in our open system is based on a combinatorial analysis of the incremental load and on the solution of
a boundary value problem that governs its distribution. This
approach yields exact, closed-form, results expressed in terms
of the entries of Catalan’s trapezoids [17]—number arrays
which generalize Catalan’s numbers and Catalan’s triangle
[18–21]. It is interesting to note that Catalan’s numbers and the
entries of Catalan’s triangle (also called ballot numbers) also
show up in the exact solution for the steady-state probability
distribution of the ASEP [22,23]. The similarities between the
combinatorial analyses of the ASIP and ASEP suggest that the
two models may be linked on a fundamental level.
The incremental load probabilities provide valuable information on the ASIP steady state and furnish an analytical proof
for the numerical results obtained in Ref. [13]. In particular, we
th
prove that (i) the
√probability that the k lattice site is nonempty
variance of the occupancy of the
decays like 1/ k, (ii) the √
k th lattice site grows like k, and (iii) the ASIP’s outflow
is governed by Rayleigh-distributed interexit times. Thus, in
this paper we present a substantial advance towards the exact
solution of the ASIP model.
Before presenting the exact expression for the incremental
load probabilities, we follow a complementary approach
which is based on mapping the original problem onto its
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diffusion limit counterpart. This approach shows that the
incremental load probabilities in lattice segments that are far
away downstream have asymptotic scaling forms which we
compute. Some of these scaling forms were previously found
in Ref. [24] using an alternative discrete approach. Here we
present a “real-space” analysis performed in a continuum limit.
Our analysis yields physical insight into the behavior of the
model and allows us to derive some new asymptotic scaling
forms. More importantly, the diffusion-limit approach reveals
that the asymptotics of the incremental load probabilities are
universal, in the sense that they do not depend on the details
of the process which feeds particles into the ASIP lattice.
The paper is organized as follows. Section II reviews the
ASIP, as well as the motivation for studying this model.
The main results of this paper are summarized in Sec. III
where we also introduce the notion of incremental load. In
Sec. IV the ASIP is described as a coagulation model and the
empty-interval method is adapted to its analysis. In Sec. V a
continuum diffusion limit is carried out and asymptotic results
are obtained; various implications of these results are discussed
in Sec. VI. Section VII further deepens the probabilistic
analysis of the incremental load and the associated boundaryvalue problem. In this section we obtain expressions for the
incremental load which may be efficiently computed even for
inhomogeneous ASIPs. In Sec. VIII we return to homogeneous
systems, for which we solve the boundary value problem and
obtain a set of exact, closed-form, results. Section IX concludes
the paper with an overview and future outlook.
A note about notation: Throughout the paper ξ  and σ 2 (ξ )
will denote, respectively, the mathematical expectation and
variance of a real-valued random variable ξ .
II. THE ASIP MODEL

In this section we briefly review the ASIP. This process was
introduced and explored in Refs. [1,13,14] and is described as
follows. Consider a one-dimensional lattice of n sites indexed
k = 1, . . . ,n. Each site is followed by a gate—labeled by
the site’s index—which controls the site’s outflow. Particles
arrive at the first site (k = 1) following a Poisson process 0
with rate λ, the openings of gate k are timed according to
a Poisson process k with rate μk (k = 1, . . . ,n), and the
n + 1 Poisson processes are mutually independent. Note that
from this definition it follows that the times between particle
arrivals are independent and exponentially distributed with
mean 1/λ and that the times between the openings of gate
k are independent and exponentially distributed with mean
1/μk (k = 1, . . . ,n). A key feature of the ASIP is its “batch
service” property: at an opening of gate k all particles present
at site k transit simultaneously and in one batch (one cluster)
to site k + 1, thus joining particles that may already be present
at site k + 1 (k = 1, . . . ,n − 1). At an opening of the last
gate (k = n) all particles present at site n exit the lattice
simultaneously.
Denoting the number of particles present in site k (k =
1, . . . ,n) by Xk , the ASIP’s dynamics can be schematically
summarized as follows:
(i) first site (k = 1):
λ

X1 ,X2 , . . . −
→ X1 + 1,X2 , . . . ;

(1)

(ii) interior sites (1 < k  n − 1):
μk

→ . . . ,Xk−1 ,0,Xk+1 + Xk , . . . ;
. . . ,Xk−1 ,Xk ,Xk+1 , . . . −
(2)
(iii) last site (k = n):
μn

. . . ,Xn−1 ,Xn −
→ . . . ,Xn−1 ,0 .

(3)

Throughout most of the paper we focus on homogeneous
ASIPs. In this subclass of ASIPs, the rates {μk }—which, in
general, differ—are identical: μ1 = · · · = μn .
As was briefly mentioned above, the ASIP is related to
several prominent models both in statistical physics and in
queueing theory. For completeness, we review in the rest of
this section some of these models and their connections to the
ASIP. Readers whose interest lies mainly in the new results
regarding the ASIP may safely skip ahead to Sec. III.
1. Tandem Jackson network

The tandem Jackson network (TJN) is a fundamental
service model in queueing theory [6,7]. Queueing theory is
the scientific field focused on the modeling and analysis of
queues [25]. The “traditional” applications of queueing theory
are common and widespread in telecommunications [26–28],
traffic engineering [29], and performance evaluation [30–32].
More recently, some “nontraditional” applications of queueing
theory have attracted interest—examples including human
dynamics [33–36], gene expression [37–40], intracellular
transport [41], and nonequilibrium statistical physics [42–48].
The TJN (at least in its most basic version) is a sequential
array of Markovian “single server queues”: Each site can
accommodate an unlimited number of particles, and whenever
a gate opens between two consecutive sites only one particle
can pass through the gate. From a queueing perspective, the
ASIP’s “gluing” of particles into inseparable particle-clusters
manifests unlimited “batch service.” Thus, the ASIP can be
viewed as a TJN with this additional property [8–12].
The TJN is named after R. R. P. Jackson, who was the
first to introduce and analyze it [6,7]. Jackson worked for
the operational research branch of the London airport and was
inspired to study the TJN by a visit to a factory in which aircraft
engines were overhauled in successive stages. Computing the
steady-state distribution of the model, Jackson has shown that
it has a product form, i.e., that the joint probability distribution
is a product of the marginal probability distributions associated
with each site. This form asserts that particle occupancies in
distinct sites are statistically independent of one another and
stands in sharp contrast to the correlated occupancies that are
observed in the ASEP [5] and ASIP [1].
The TJN is perhaps the simplest queue network imaginable
and it is only natural to ask what happens when the model is
extended to take into account networks of arbitrary topology
and general particle routing schemes. The answer to this
question was provided by J. R. Jackson, who showed that
the steady-state distribution of these systems is still given by a
product form [49]. The shared surname with R. R. P. Jackson
has, however, caused confusion among many (including the
authors of this paper) and this is a good opportunity to set
things straight: The TJN and the product form associated with
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it are known as Jackson’s theorem (R. R. P.), whereas Jackson’s
networks are due to J. R. Jackson [50].
It is important to note that Jackson networks are not
limited to constant arrival and hopping rates. J. R. Jackson
recognized the fact that real production systems may, as
the amount of work-in-process grows, reduce the rate at
which new work is injected or increase the rate at which
processing takes place, and have, consequently, generalized
many of the results that appear in his original publication [51].
Most importantly, Jackson networks were extended to capture
scenarios in which the arrival rate depends almost arbitrarily
upon the total number of particles in the system and hopping
rates depend almost arbitrarily upon the number of particles
present at the site of origin. Jackson’s work was the first
significant development in queueing networks theory [52] and
has recently received wide-spread recognition when reprinted
in a special issue dedicated to the “ten most influential titles
of Management Science’s first fifty years” [53].
2. Models of coagulation-aggregation and of condensation

The ASIP can be viewed as a model of coagulation
and aggregation of particles into ever-growing clusters. Such
reaction-diffusion models have been extensively studied since
the pioneering work of Smoluchowski [54] and continue to
raise interest even today [55,56]. In recent years, these models
have received attention also as simplified versions of models of
condensation. In the latter, fragmentation processes compete
with the coagulation reactions, leading to a phase transition in
which a macroscopic fraction of particles (or other microscopic
constituents) condense into a microscopic fraction of space.
Two of the simplest models of coagulation and aggregation
are the coalescence-diffusion model,
1

1

· · · AA · · · −
→ · · · 0A · · · ,

· · · A0 · · · −
→ · · · 0A · · · , (4)

where A represents an occupied site and 0 represents an empty
site, and the aggregation-diffusion model,
1

· · · Al Al  · · · −
→ · · · 0Al+l  · · · ,
(5)
1

→ · · · 0Al · · · ,
· · · Al 0 · · · −
where Al represents a site occupied by l > 0 particles and 0
represents an empty site [15]. In both Eqs. (4) and (5) the
rates—with no loss of generality—are set to be 1.
The studies dedicated to the models described in Eqs. (4)
and (5) were, by and large, carried out in a one-dimensional
ring topology. Under these conditions many statistical properties can be calculated exactly using the empty-interval method
[15,16], a method we shall present in Sec. IV. The ASIP, with
homogeneous unit rates {μ1 = · · · = μn = 1} can be viewed
as a generalization of aggregation-diffusion models to an open
system. Indeed, the bulk ASIP dynamics of Eq. (2) is identical
to the dynamics of Eq. (5). Similarly, when one disregards
the number of particles occupying each site (Xk ) and focuses
only on whether sites are occupied (Xk > 0 or Xk = 0), the
ASIP dynamics turns into an open-boundary version of Eq. (4).
Previous studies of open-boundary aggregation models have
been carried out in Refs. [24,57]. The results presented herein
can be viewed as extensions and generalizations of these
works.
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The dynamics of Eq. (5) on a ring lead to a trivial steady
state: a single cluster consisting of all particles drifts through
the system. However, when one adds fragmentation processes
to these dynamics the steady state becomes nontrivial and
the system may exhibit a condensation phase transition: a
disordered phase exists at low densities, while above some
critical density the disordered “fluid” background coexists with
a condensate, i.e., a single cluster which carries a finite fraction
of all particles [58]. This behavior is observed, for instance,
in the “chipping model,” where (5) is complemented by a
process in which a single particle may chip off the cluster at
site l and hop to l + 1 [59–61]. Although the phase diagram
of the chipping model has been calculated exactly [60,61], its
stationary distribution is not known, thus limiting the analysis
of the model. Most insight into such condensation transitions
comes from another prototypical toy model: the zero-range
process.
In the zero-range process (ZRP), particles hop along the
lattice one at a time and do not coalesce into clusters. However,
the hopping rate of a particle out of a site is a function
of the number of particles in that site, thus modeling an
interaction between particles of the same site (the lack of
interaction between particles of different sites is the origin
for the name of the model) [58,62,63]. The ZRP has received
much attention in recent years and has been used to study,
for example, vehicular traffic jams [63–65]; clustering in
shaken compartmentalized granular gases [66,67]; gelation
(the formation of a macroscopically linked hub) in complex
networks [15,68,69]; and, quite generally, phase separation in
one-dimensional driven systems [70].
Mathematically, the ZRP (at least in its most well-studied
form) is equivalent to a Jackson queueing network, and thus
its stationary distribution has a known factorized form as
discussed above. Using this product measure, it can be shown
that for certain choices of the hopping rates which model
attractive interactions, the system undergoes a condensation
phase transition. Similar analysis has also been employed
in the study of condensation in generalized mass transport
models that have a factorized steady state [58,71–74]. Such
models allow hopping of clusters of particles and transport of
continuous mass (rather than discrete particles) [71,72], and
also interactions between neighboring sites [73,74].
3. Asymmetric simple exclusion process

The ASIP is an exactly solvable “inclusion” counterpart
of the asymmetric simple exclusion process (ASEP)—a
fundamental model in nonequilibrium statistical physics [3–5].
While both models share the aforementioned sites-gates lattice
structure, the dynamics of the ASEP is governed by exclusion
interactions which do not allow sites to be occupied by more
than a single particle at a time. To pinpoint the difference
between the models consider the two following characteristic
capacities: (i) site capacity csite , the number of particles that can
simultaneously occupy a given site; and (ii) gate capacity cgate ,
the number of particles that can be simultaneously transferred
through a given gate when it opens. In the ASIP csite = ∞
and cgate = ∞ while in the ASEP csite = 1 and cgate = 1.
This description shows that the ASIP links together the ASEP
with the TJN, as the latter is characterized by csite = ∞ and
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cgate = 1. Despite its simple one-dimensional structure and
dynamics, the ASEP displays complex and intricate behavior
[3–5,22].
The ASEP has a long history, having first appeared in
the literature as a model of bio-polymerization [75] and of
stochastic transport phenomena in general [76]. Over the
years, the ASEP and its variants were used to study a wide
range of physical phenomena: transport across membranes
[77], transport of macromolecules through thin vessels [78],
hopping conductivity in solid electrolytes [79], reptation of
polymer in a gel [80], traffic flow [81], gene translation [82,83],
surface growth [84,85], sequence alignment [86], molecular
motors [87], and the directed motion of tracer particles in the
presence of dynamical backgrounds [88–91].
III. A SUMMARY OF KEY RESULTS

In this section we present a short summary of the key results
established in this paper. Some of the results proven herein
were previously observed in numerical simulations [13]. In
the present work we derive them analytically and considerably
generalize them. In what follows we consider a homogeneous
ASIP with μ1 = · · · = μn = μ and set Xk to be a random
variable which represents the fluctuating number of particles
present in site k in the steady state. We open this section with
a series of asymptotic (large k) results for the distribution and
moments of Xk . The asymptotic results presented herein all
stem from the main result of this paper—an exact derivation of
the steady-state distribution of the ASIP’s incremental load—
with which we conclude this section.
A. Occupation probabilities

In Ref. [13] Monte Carlo simulations concluded that the
probability
that site k is occupied, Pr(Xk > 0), decays like
√
1/ k (as k → ∞). Here we analytically prove that
1
Pr(Xk > 0) = 1 − Pr(Xk = 0)  √ ,
πk

(6)

where “” denotes asymptotic equivalence to leading order in
k. We further obtain a scaling form for the probability that site
k is occupied by 1
l
k particles,


μl
μ
(7)
φ √ ,
Pr(Xk = l) 
λk
λ k

B. Conditional mean occupancy

In Ref. [1] it was shown that in homogeneous ASIPs the
mean occupancy of site k at steady state is given by
Xk  = λ/μ

(k = 1, . . . ,n). Thus, combining the general result of Eq. (9)
with the result of Eq. (6), we obtain that the conditional mean
occupancy of site k, conditioned on the information that the
site is not empty, is given by
λ√
Xk |Xk > 0 
π k.
(10)
μ
The power-law asymptotics of Eqs. (6) and (10) imply that the
stationary occupation of “downstream” sites (large k) exhibits
large fluctuations. On the one√hand, a downstream site is rarely
occupied: Pr(Xk > 0)  1/ π k. On the other hand, when
a downstream site is occupied, then its conditional mean is
dramatically
larger than its mean—the former being of order
√
O( k), while the latter being of order O(1).
C. Fluctuations

A square-root law of fluctuation,
√ in which the variance in the
occupancy of site k grows like k, was numerically observed
in Ref. [13]. Here we prove that

4λ2 k
2
.
(11)
σ (Xk )  2
μ
π
Equation (11) is obtainedby substituting Eq. (7) into the
2
second moment Xk2  = ∞
l=1 l Pr(Xk = l), approximating
the second moment by a corresponding integral and noting
that σ 2 (Xk )  Xk2  (as the mean Xk  is constant in k).
D. Interexit times

Consider the times at which particle clusters exit site k, and
let Tk denote the time elapsing between two such consecutive
exit events at steady state. Here we prove
√ that the probability
density of the scaled interexit time Tk / π k is asymptotically
governed by the Rayleigh distribution
πt
(12)
exp(−π t 2 /4)
2
(t > 0), as previously anticipated by Monte Carlo simulations
[13].
PTk /√πk (t) 

where
1
2
φ(u) = √ ue−u /4 .
4π

(9)

E. Incremental load

(8)

The results of Eqs. (6)–(8) are shown below to exhibit
universality with respect to the precise statistics of the arrival
process that feeds particles into the lattice, i.e., the arrival
process need not be Poissonian for these results to hold.
Furthermore, Eq. (6) is also universal in a stronger sense,
as it is independent even of the arrival rate λ, and thus
completely insensitive to the arrival process, at least for most
arrival processes. The extent to which this claim is correct
is discussed, along with other universality related issues,
in Sec. V.

The ASIP’s overall load is the total number of particles
present in the lattice at steady state. The steady-state distribution of the overall load was comprehensively analyzed
in Ref. [1]. Generalizing the concept of the overall load we
consider a “lattice interval,” contained within the ASIP lattice,
which starts at site k and consists of m consecutive sites,
{k,k + 1, . . . ,k + m − 1} (k,m = 1,2,3, . . . ). The ASIP’s incremental load corresponding to this lattice interval at steady
state is given by
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Clearly, the number of particles occupying site k, L(k,1),
and the overall load, L(1,n), are both special cases of the
incremental load L(k,m). The main result of this paper is
an exact closed-form expression for the distribution of the
incremental load
Pl (k,m) ≡ Pr(L(k,m) = l)

(14)

(l = 0,1,2, . . . ). This expression, presented in Eq. (70), is
given in terms of the entries of Catalan’s trapezoids [17].
IV. THE ASIP AS A COAGULATION MODEL

As discussed in Sec. II, coagulation models similar to
the ASIP have been analyzed successfully using the emptyinterval method and its generalization to nonempty intervals.
In this method, one studies the steady-state distribution of the
incremental load defined in Eq. (13), and the time evolution of
its associated time-dependent counterpart
L(t; k,m) =

k+m−1


Xi (t),

(15)

i=k

where Xi (t) denotes the number of particles present in site i at
time t (t  0). In this section we review the method and show
how it is applied to the analysis of the ASIP.
We begin with the probability that the lattice interval {k,k +
1, . . . ,k + m − 1} is empty at time t,
P0 (t; k,m) ≡ Pr(L(t; k,m) = 0).

(16)

The empty-interval method is based on the fact that it is
possible to write a closed-form evolution equation for the
probabilities P0 (t; k,m) as follows.
Consider a homogeneous ASIP. By rescaling time, the
homogeneous gate opening rate and the particle arrival rate
can be normalized to μ → 1 and λ → λ/μ correspondingly.
Accordingly, from this point onward we will assume, without
loss of generality, that μ = 1 and that λ is measured in units
of the gate opening rate. For k > 1 and m > 1, the probability
P0 (t; k,m) evolves according to the equation

FIG. 1. (Color online) The nonempty interval {k, . . . ,k + m − 1}
becomes empty if, and only if, all interval sites other than site k +
m − 1 are empty and the particles that occupy site k + m − 1 hop to
site k + m.

i.e., degenerate intervals (which contain no sites) are by
convention always empty. For k = 1 and m  1 the evolution
is given by
∂
P0 (t; 1,m) = [P0 (t; 1,m − 1) − P0 (t; 1,m)] − λP0 (t; 1,m).
∂t
(19)
The term P0 (t; 1,m − 1) − P0 (t; 1,m) appearing on the righthand side of Eq. (19) manifests the probability that sites
{1,2, . . . ,m − 1} are empty and site m is occupied, in which
case the particle cluster at site m might hop (with rate 1)
to site m + 1 and thus leave the interval {1, . . . ,m} empty.
Also, P0 (t; 1,m) is the probability that the interval {1, . . . ,m}
is empty, in which case a particle might arrive to site 1 (with
rate λ), thus rendering the interval {1, . . . ,m} nonempty.
The empty-interval method can be generalized to capture
the evolution of the probability Pl (t; k,m) that there are exactly
l particles at sites {k,k + 1, . . . ,k + m − 1} at time t [15,16],
Pl (t; k,m) ≡ Pr(L(t; k,m) = l).

The empty-interval probabilities P0 (t; k,m) are, hence, a
special case of Pl (t; k,m) with l = 0. The counterparts of
Eqs. (17)–(19) are as follows (see Appendices A and B for the
derivations). For k > 1 and m > 1 the evolution is given by

∂
P0 (t; k,m) = [P0 (t; k,m − 1) − P0 (t; k,m)]
∂t
− [P0 (t; k,m) − P0 (t; k − 1,m + 1)]. (17)
The term P0 (t; k,m − 1) − P0 (t; k,m) appearing on the righthand side of Eq. (17) manifests the probability that sites
{k,k + 1, . . . ,k + m − 2} are empty and site k + m − 1 is
occupied, in which case the particle cluster at site k + m − 1
might hop (with rate 1) to site k + m and thus leave the
interval {k, . . . ,k + m − 1} empty, as illustrated in Fig. 1.
Similarly, the term P0 (t; k,m) − P0 (t; k − 1,m + 1) appearing
on the right-hand side of Eq. (17) manifests the probability
that sites {k,k + 1, . . . ,k + m − 1} are empty and site k − 1
is occupied, in which case the particle cluster at site k − 1
might hop to site k (with rate 1), thus rendering the interval
{k,k + 1, . . . ,k + m − 1} nonempty, as illustrated in Fig. 2.
Equation (17) remains valid for m = 1 and k > 1 provided
that we impose the boundary condition
P0 (t; k,0) ≡ 1,

(18)

(20)

∂
Pl (t; k,m)
∂t
= +[Pl (t; k,m − 1) − 2Pl (t; k,m) + Pl (t; k,m + 1)]
− [Pl (t; k,m + 1) − Pl (t; k − 1,m + 1)].

(21)

FIG. 2. (Color online) The empty interval {k, . . . ,k + m − 1}
becomes nonempty if, and only if, site k − 1 is occupied and the
particles that occupy it hop to site k.
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Equation (21) remains valid for m = 1 and k > 1 provided
that we impose the boundary condition
Pl (t; k,0) = δl,0 ,

(22)

where δl,0 is the Kronecker δ symbol. Note that, remarkably,
Eqs. (21) for Pl (t; k,m) do not couple different values of
l. A coupling enters only through the boundary condition
Pl (t; 1,m) (m  1) whose time evolution is given by
∂
Pl (t; 1,m) = +[Pl (t; 1,m − 1) − Pl (t; 1,m)]
∂t
− λ[Pl (t; 1,m) − Pl−1 (t; 1,m)] .

(23)

Note that setting l = 0 in Eqs. (21)–(23), while taking into
account that the probability to observe a negative number of
particles is zero by definition, indeed yields Eqs. (17)–(19).
V. CONTINUUM LIMITS OF THE
STEADY-STATE EQUATIONS

The main result of this paper is an exact expression for
the steady-state solution of Eqs. (17)–(23). Before presenting
and deriving this exact solution (see Secs. VII and VIII) we
provide in the current section a derivation of the asymptotic
scaling forms that this solution attains for large values of k,
i.e., for lattice intervals located far away downstream. As
discussed above, some of the asymptotic results presented
in this section have been obtained before in Ref. [24] using
Laplace transform methods. Here we present an alternative
“real-space” derivation, which yields new physical insight into
the solutions and highlights their universal nature.
The asymptotic analysis of Eqs. (17)–(23) is based on
the following continuum-limit assumption: if the steadystate probability Pl (k,m) changes slowly as a function of
the variables k and m, then this discrete function may be
approximated by one which is continuous both in k and
m. Thus, one can expand to leading order all terms in the
equation around Pl (k,m). In this continuum limit, the discrete
Laplacian in the first square brackets of Eq. (21) approximately
equals a continuous Laplacian and, similarly, the second square
∂
brackets is approximately ∂k
Pl (k,m). Therefore, in the steady
state, where the left-hand side of Eq. (21) vanishes, one
finds that Pl (k,m) satisfies a diffusion equation where the site
number k plays the role of time as follows:
∂
∂2
Pl (k,m) .
(24)
Pl (k,m) =
∂k
∂m2
This continuum approximation will be shown a posteriori to
be valid when k
m.
Equation (24) should be solved with the appropriate
boundary conditions in “space” (i.e., in m) and “time” (i.e.,
in k). The spatial (m = 0) boundary condition of Eq. (24) is
given in Eq. (22), Pl (k,0) = δl,0 . The temporal (k = 1) initial
condition is the steady-state solution of Eq. (23), which was
found to be [1]
m 
l


λ
l+m−1
1
. (25)
Pl (1,m) =
1+λ
1+λ
l
Before proceeding with the study of Eq. (24), let us discuss
its relation with the behavior of an ASIP on a ring. Unlike
the open boundary ASIP on which we focus, on a ring the

steady-state behavior of the model is trivial: A single occupied
site circulates throughout the system unidirectionally. The
relaxation to this steady state, however, has an interesting
scaling form which has been studied extensively in the context
of coagulation models (4) and (5). In particular, it is known
that in a spatially homogeneous ring, the probability to find l
particles in an interval of m sites evolves (in a continuum limit)
according to the diffusion equation (24) with k replaced by
time. In other words, as one progresses from left to right along
a stationary open-boundary ASIP, the probability to see empty
or occupied intervals changes (in space) just like the temporal
evolution of the corresponding probability on a ring. This
mapping between the two problems provides an interesting
physical picture: It suggests that the open-boundary ASIP can
be thought of as a sort of a “conveyor belt,” along which the
coagulation reaction proceeds. A single steady-state snapshot
of the open-boundary ASIP is, in this sense, similar to the
entire temporal evolution of the coagulation model on a ring.
It is well known that the diffusion equation on an infinite
line has, at times which are large compared with (the square
of) the spatial extent of the initial condition, a scaling form
of a spreading Gaussian. Having arrived at the diffusion
equation (24), it is not too surprising that a similar scaling
solution is found for it at large k. This solution, however,
is not Gaussian, due to the boundary condition (22), which
is either a source at the origin when l = 0 or a sink when
l  1. In Secs. V A and V B below, we separately describe
and derive the scaling solutions for these two cases. A
third, somewhat more subtle, scaling
√ solution is found when
1. In this case, k is
considering the joint limit of l ∼ k
not large enough in comparison with the spatial extent of the
“initial condition” (25) in order for the usual scaling of the
diffusion equation to apply. Nonetheless, Pl (k,m)
√ is found to
have a universal scaling form in the variable l/ k. This scaling
form is discussed in Sec. V C. The universality of the obtained
scaling forms and the conditions under which the continuum
approximation is valid are discussed in Sec. V D.
A. The case of l = 0

As with the usual (probability conserving) diffusion in its
late stages, the large k solution of Eq. (24) is given by a scaling
form. This form can be found by substituting the ansatz


m
(26)
Pl (k,m) = k −β f √
k
in Eq. (24), yielding the ordinary differential equation
u
f  (u) + f  (u) + βf (u) = 0
(27)
2
√
for the scaling function f (u), where u = m/ k is the
corresponding scaling variable.
In the case of l = 0 (i.e., the probability to see empty
intervals), the boundary condition P0 (k,0) = 1 implies that
β = 0 and f (0) = 1. The solution of Eq. (27) with this boundary condition is given by f (u) = 1 + C√
erf(u/2),
where C
x
is an integration constant and erf(x) ≡ 2/ π 0 exp(−y 2 )dy
is the error function. For large u this solution approaches
1 + C. Since limm→∞ P0 (k,m) → 0 (i.e., there is a vanishing
probability that all sites from k onwards are empty), the
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constant C must equal −1, yielding the scaling solution
f (u) = erfc(u/2), i.e.,


m
k),
(28)
P0 (k,m)  erfc √ , (m
2 k
where erfc is the complementary error function defined as
erfc(x) ≡ 1 − erf(x). Here and in the next two Secs. we
indicate in brackets the limiting regime in which the obtained
scaling solutions are valid. These are explained below in
Sec. V D.
B. The case of 1  l 

√

k

When l  1, Eq. (24) should be solved under the absorbing
boundary condition Pl (k,0) = 0, which by use of Eq. (26)
implies that f (0) = 0. The corresponding solution of Eq. (27)
is
f (u) = C u 1 F1 (β + 1/2; 3/2; −u2 /4),

l

∞


(m − 1)Pl (k,m)

(30)

m=1

is independent of k in the steady state. For the scaling
solution given
of Eqs. (26) and (29),
√
 by the combination
1−β
1−β
uf
(u)du
=
k

k
4π
C,
and we therefore find
l
that √
β = 1, for which f (u) = Cu exp(−u2 /4) [93], and C =
l / 4π , i.e.,
√
m2
lm
k; m
k). (31)
e− 4k
(1  l
Pl (k,m)  √
3/2
4π k
The value of
l

l

=

is found from the initial condition (25) to be
∞


(m − 1)Pl (1,m) = (l + 1)/λ2 .

(32)

m=1

To see this, note that up to a multiplication by λ−1 , Eq. (25)
is the probability mass function of a sum of l + 1 independent
geometric random variables with mean λ−1 .
Note that the scaling form (31) is valid
√ only in the
asymptotic regime when the diffusive length k is much larger
than the spatial spread of the initial condition, which in our case
is of the same order of l . In other words, for any fixed
√ l  1,
Eq. (31) is a good approximation at “times” where k
l.
In
the
next
subsection
we
examine
what
happens
at
“times”
√
k ∼ l, which are not large enough for the initial condition to
be washed out by the diffusion.
C. The case of l ∼

√

k

universal. We now derive this scaling solution; its universality
is discussed in the next subsection.
The key observation now is that the dependence on the
number of particles l enters only through the initial condition
of Eq. (25), which in the limit we study, and as a function
of m, is narrowly centered around m  l/λ. This once again
follows from the fact that the initial condition of Eq. (25)
is proportional to the probability mass function of a sum
of l + 1 independent geometric random variables with mean
λ−1 . Therefore, according to the central limit theorem, the
distribution of this sum can be approximated, when l → ∞,
by a Gaussian distribution whose mean is given by m =
(l +√1)/λ  l/λ. Recalling that the standard deviation scales
as l, and is therefore negligible with respect to the mean,
we can further approximate the Gaussian probability density
function by a Dirac δ function, i.e.,
Pl (1,m)  λ−1 δ(m − l/λ).

(29)

where C is once again an integration constant and 1 F1 (a; b; z)
is the Kummer hypergeometric function. The values of β and
C∞can be determined by using the fact that the quantity =
0 mPl (k,m)dm is conserved by the diffusion equation (24)
with an absorbing boundary condition, i.e., it can be shown that
d /dk = 0 [92]. The discrete counterpart of this conservation
law, which results from Eq. (21), states that
≡
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√
When l ∼ k and k is not large enough for the diffusion
to reach its asymptotic scaling regime, there seems to be no a
priori reason to expect a scaling solution to Eq. (24). However,
a closer inspection of the initial condition (25) reveals that
such a scaling solution does exist and, surprisingly, is also

(33)

The solution of the diffusion equation (24) with an
absorbing boundary at the origin and the initial condition (33)
is found (e.g., by the method of images [94]) to be
Pl (k,m)  √

1
4π λ2 k
(1

l

 − (m−l/λ)2
(m+l/λ)2
e 4k − e− 4k
k; m

(34)

k).

Equation
(34) √
is a joint scaling solution in the scaling variables
√
m/ k and l/ k. If one is further interested in the limit of
m
l, one may expand and obtain to leading order a “thermal
dipole,”
Pl (k,m)  √

ml
4π λ2 k 3/2

l2

e− 4λ2 k

(m

l

k).

(35)

Note that, as explained below,
Eqs. (34) and (35) are valid not
√
only at the scale of l ∼ k but in fact for all 1
l
k.
D. Remarks on the scaling solutions

In this subsection we remark on the limits of validity of the
scaling solutions obtained above and discuss their universality.
The validity of the scaling solutions obtained in the previous
sections relies on the continuum approximation of the exact
(discrete) Eq. (21) by the continuous Eq. (24). A straightforward calculation shows that the solutions (28), (31), (34),
and (35) satisfy
Pl (k,m + 1) − Pl (k − 1,m + 1)


∂
m l
Pl (k,m) 1 + O
,
=
∂k
k k

(36)

and similarly for the discrete m-Laplacian. Therefore, the
continuum approximation is valid as long as m,l
k. Note
in particular that the continuum limit does not require m to be
large, and thus the results are valid even for m = 1.
An important feature of the scaling solutions (28), (31),
(34), and (35) is their universality with respect to the details
of the how particles arrive at the first site: While the arrival
process dictates the distribution of L(1,m), i.e., the initial
condition Pl (1,m), the scaling solutions are rather insensitive
to it. In other words, one may say that the arrival process which
feeds particles into the ASIP “conveyor belt” does not affect
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the load statistics far away downstream. As discussed shortly,
universality breaks down for some exotic initial conditions
with fat tails but is otherwise expected to hold for a rather
large class of arrival processes.
For the scaling solutions (28) and (31), the origin of
universality is easily understood from the diffusion picture
of Eq. (24): It is well known that solutions of the diffusion
equation converge at late times to scaling functions that are
independent of the initial condition (as long as the tail of the
initial condition decays rapidly enough) [92]. We now note that
P0 (1,m)  P0 (2,m − 1)  1/2m−1 for any arrival process, as
can be clearly seen by considering a limiting scenario in
which the arrival process is such that the first site is always
occupied. Hence, the initial condition P0 (1,m) decays (at least)
exponentially fast in m and the pathological case of heavy tails
is excluded. As a result, Eq. (28) is not only independent of λ in
the case of Poissonian arrivals but also completely insensitive
to nature of the arrival process altogether.
Equation (31) is also universal, except for the prefactor
l given by Eq. (32). This prefactor (and only it) depends
on the details of the arrival process and is thus nonuniversal.
However, when l
1 and for initial conditions which can
be approximated by Eq. (33) (see discussion shortly), the
prefactor attains the universal form l  l/λ2 . This form
still “remembers” the mean arrival rate λ but is otherwise
independent of the arrival process. Its dependence on λ is both
mathematically unavoidable, due to the conservation of l ,
and physically reasonable, as the mean number of particles
per site in Eq. (9) depends on λ. The universality of Eq. (31)
breaks down for fat-tailed Pl (1,m) for which l diverges.
The universality of Eqs. (34) and (35) has a somewhat
more subtle origin. As explained above, these scaling forms
are valid even though k is not large enough to “wash out” the
initial condition P√l (1,m). Rather, they emerge exactly when the
diffusive
length k is of the order of the initial length scale

mP
(1,m)
∼ l. The validity of these scaling functions
l
m
rests on the approximation in Eq. (33), which itself is a result
of the central limit theorem. Therefore, the scaling forms (34)
and (35) hold whenever the arrival process is such that L(1,m)
lends itself to one of the many extensions and generalizations
of the central limit theorem. This universality is demonstrated
by a specific exactly solvable example in Appendix C.
The scaling forms (34) and (35) will hold even when the
central limit theorem breaks down, as long as the standard
deviation in L(1,m) is negligible with respect to its mean in
the limit of m → ∞. When this is the case, the distribution of
L(1,m) is sharply peaked around its mean thus asserting the
existence of an approximation of the type appearing in Eq. (33).
The basin of attraction for this type of behavior is very large.
Indeed, for a general arrival process, Little’s law [95] asserts
that L(1,m) = λ̄m, where λ̄ is the effective arrival rate (long
term average of the number of particles arriving per unit time)
and m is the average time a particle spends in the system.
On the other hand, fluctuations in L(1,m) are only caused by
arrivals to the first site and departures from the last site. And
so, given the universality of Eq. (28), if the typical fluctuation
due to an arrival event is finite and when m is large, fluctuations
in L(1,m) will be dominated by departure events.
√ Hence, the
standard deviation in L(1,m) will be of order m and, most
importantly, negligible with respect to the mean.

VI. IMPLICATIONS OF THE INTERPARTICLE
DISTRIBUTION FUNCTION

In this section we use the results of Sec. V to derive the
scaling properties of the ASIP which were presented in Sec. III.
A. Occupation probabilities

We begin by examining the probability that a site is
occupied. Substituting m = 1 in Eq. (28) and expanding to
first order in k, we recover Eq. (6). The occupation-number
distribution of a single site, Pl (k,1), is found by substituting
m = 1 in Eq. (35). Recalling that we have rescaled time such
the μ = 1, we recover the scaling form reported in Eqs. (7)
and (8). In fact, combining (31) with (35) we may write a
uniform approximation which is asymptotically exact for all
l  1 in the limit of k
1 as follows:
Pl (k,1)  √

l

4π k 3/2

l2

e− 4λ2 k ,

(37)

where l is given in (32). An interesting picture emerges from
the above-mentioned results. Downstream sites with k
1 are
mostly empty. However, conditioned on√being occupied, their
occupation is typically of the order of k [see Eq. (10)], and
in fact its distribution has the scaling form of Eq. (37). Below,
in Sec. VIII, we derive an exact expression for this occupation
probability which is correct even for small k.
B. Interparticle distance probability

Another quantity of interest is the interparticle distance
probability Q(k,m), which is defined as the conditional
probability that the next occupied site after site k is site k + m
given that site k itself is occupied. The scaling solutions found
in Sec. V allow us to calculate Q(k,m). To do so, we first
examine the unconditional probability (1 − P0 (k,1))Q(k,m)
that sites k and k + m are both occupied and the m − 1 sites
in between the two are empty. This probability is given by
(1 − P0 (k,1))Q(k,m)
= P0 (k + 1,m − 1) − [P0 (k + 1,m) − P0 (k,m + 1)]
− [P0 (k,m) − P0 (k,m + 1)] − P0 (k,m + 1).

(38)

The first term in Eq. (38) is the probability that sites {k +
1, . . . ,k + m − 1} are empty. From this probability one must
subtract (i) the probability that these sites are empty, site k is
occupied, and site k + m is empty (the second term, in square
brackets); (ii) the probability that these sites are empty, site k
is empty, and site k + m is occupied (the third term, in square
brackets); and (iii) the probability that all m + 1 sites from k
to k + m are empty (the last term). Rearranging and passing,
as before, to a continuum limit yields
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(1 − P0 (k,1))Q(k,m)
= +[P0 (k,m + 1) − 2P0 (k,m) + P0 (k,m − 1)]
− [P0 (k + 1,m) − P0 (k,m) − P0 (k + 1,m − 1)
+ P0 (k,m − 1)]
 2

∂
∂

P0 (k,m)|k,m .
−
∂m2
∂m∂k

(39)
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Substituting Eq. (28) we see that the ∂ 2 /∂m2 term dominates
in the large k limit, and we obtain


−u2 /4

ue
f (u)
= √ ,
k(1 − P0 (k,1))
2 k
√
where once again f (u) = erfc(u/2) and u = m/ k.
Q(k,m) 

(40)

C. Interexit times

For an ASIP in steady state let the random variable Tk denote
the time elapsing between two consecutive time epochs at
which particles exit site k. Equation (40) allows us to evaluate
1.
the typical order of magnitude of Tk in the limit of k
Indeed, given that site k is occupied, it will take (on average)
a single time unit for particles to hop out of it—resulting in a
first exit event. On the other hand, we know that Q(k − m,m)
is the probability that k − m is the nearest occupied site in
the upstream direction. The average distance to the nearest
occupied site is, hence,
k−1


mQ(k − m,m) 

√

√

k
0

m=1

k

√
2 −u2 /4(1−u/ k)

u e

√ du 
2 1 − u/ k

√

πk .
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A. The incremental load

In this subsection we revisit the notion of incremental load,
which generalizes the notion of overall load. In what follows
we consider an infinite lattice with countably many sites, and
analyze the ASIP’s incremental load in detail. We consider
the lattice interval starting at site k and consisting of m sites
[{k,k + 1, . . . ,k + m − 1} (k,m = 1,2,3, . . .)] and remind the
reader that the ASIP’s incremental loads L(k,m) and L(t; k,m)
are given by Eqs. (13) and (15), respectively.
Throughout this section we shall employ the natural boundary conditions L(t; k,0) = 0 and L(k,0) = 0. The probability
generating functions (PGFs) of the incremental loads L(k,m)
and L(t; k,m) are given, respectively, by
G (z; k,m) = zL(k,m) 

(43)

G(t,z; k,m) = zL(t;k,m) 

(44)

and
(|z|  1). Note that the boundary conditions L(t; k,0) = 0 and
L(k,0) = 0 imply, respectively, the following PGF boundary
conditions:
G(z; k,0) = 1 and

G(t,z; k,0) = 1.

(45)

(41)

√
Thus, 1 + π k sites on average are to be traversed at an
average “speed” of one site per unit time for the second exit
event to occur. When k is large, Tk is clearly dominated by
this traversal time. The error incurred by neglecting the time
awaited until the occurrence of the first√
exit event is negligible
and we may safely conclude that Tk / π k  1.
We can further go on and compute the asymptotic distribution of the interexit time. To see how, note that in the limit of
k
1, the reasoning given above asserts that the probability
density of the random variable Tk may be approximated by
P Tk (t) 

k−1 m −t

t e
Q(k − m,m),
m!
m=1

(42)

where t m e−t /m! is the probability density for the traversal time
of m + 1 sites. In Appendix D we show that the sum in (42)
can be evaluated using a saddle-point approximation to yield
Eq. (12).

B. The case of k = 1

In this subsection we analyze the special case of lattice
intervals initiating at the first lattice site k = 1. This special
case yields the overall load which was analyzed in Ref. [1]
via the ASIP’s multidimensional PGF. Here we analyze this
special case via the method of incremental loads. This serves
to illustrate the method which will later be used to derive new
results for k > 1.
Consider the lattice interval starting at site 1 and consisting
of m sites and observe its incremental load at times t and
t  = t + (where
→ 0). During the time interval (t,t  )
exactly two events, illustrated in Fig. 3, can change the
incremental load. One event is the arrival of a particle to
the lattice—in which case the arriving particle enters the
first site and, hence, L(t  ; 1,m) = L(t; 1,m) + 1; this event
occurs with probability λ + o( ). The other event is the
opening of gate m—in which case all particles present in site
m transit to site m + 1 and, hence, L(t  ; 1,m) = L(t; 1,m − 1);

VII. INCREMENTAL LOAD ANALYSIS

The analysis conducted so far was based on a continuum
limit approximation of Eq. (21) at steady state. Using this
approach we were able to analyze homogenous ASIPs and
obtain an asymptotic solution for the probabilities Pl (k,m)
in the limit k
m,l. We now set forth to obtain an exact
solution for this problem. In order to demonstrate the general applicability of the approach described hereinafter we
develop it in the context of general ASIPs (not necessarily
homogeneous). Setting off from the stochastic law of motion
of the incremental load, we go on to derive the boundary
value problem which governs its steady-state distribution. An
algorithm for the solution of this problem is presented along
with iterative schemes for the computation of occupation
probabilities and factorial moments. In the next section we
return to the case of homogeneous ASIPs.

FIG. 3. (Color online) During the time interval (t,t + ), the
incremental load L(t; 1,m) can change either due to the arrival of
a particle to the first site or due to the opening of gate m.

042109-9

REUVENI, HIRSCHBERG, ELIAZAR, AND YECHIALI

PHYSICAL REVIEW E 89, 042109 (2014)

this event occurs with probability μm + o( ). Note that the
boundary condition L(t; 1,0) = 0 indeed fits in naturally. If
neither of these two events take place, a scenario occurring
with probability 1 − (λ + μm ) + o( ), then the incremental
load is left unchanged: L(t  ; 1,m) = L(t; 1,m). Thus, the
stochastic connection between the incremental loads L(t; 1,m)
and L(t  ; 1,m) is given by
L(t  ; 1,m)
⎧
⎪
⎨L(t; 1,m) + 1
= L(t; 1,m − 1)
⎪
⎩L(t; 1,m)

w.p.
w.p.
w.p.

λ + o( ),
μm + o( ),
(46)
1 − (λ + μm ) + o( ),

and we note that “w.p.” is used here as a shorthand for the term
“with probability.”
Shifting from the incremental loads L(t; 1,m) and
L(t  ; 1,m) to their respective PGFs, Equation (46) yields the
following PGF dynamics:
∂
G(t,z; 1,m) = [λ(z − 1) − μm ]G(t,z; 1,m)
∂t
+ μm G(t,z; 1,m − 1).

(47)

The derivation of Eq. (47) is given in Appendix E. At
steady state the time dependence vanishes, and the differential
equation (47) reduces to the steady-state equation
G(z; 1,m) =

μm
G(z; 1,m − 1).
μm + λ(1 − z)

(48)

A straightforward iterative solution of Eq. (48), using the
PGF boundary condition G(z; 1,0) = 1, yields the following
explicit form for the PGF of the incremental load at steady
state:
G(z; 1,m) =

m

i=1

1
1+

λ
(1
μi

− z)

.

(49)

Note that the terms λ/μi appearing in Eq. (49) are the ratios
of the particles’ inflow rate to the gates’ opening rates, as well
as the mean occupancies at steady state (λ/μi = Xi ) [1].
Equation (49) has several important implications. First,
Eq. (49) implies that at steady state the overall load L(1,1)
of a single-site ASIP (n = 1) follows a geometric distribution.
Indeed, setting m = 1 in Eq. (49) yields the PGF of the following geometric probability distribution: Pr (L(1,1) = l) =
(1 − p1 )l p1 (l = 0,1,2 · · · ), where p1 = μ1 /(μ1 + λ). Second, the product-form structure of Eq. (49) implies that at
steady state the overall load L(1,m) admits the stochastic
representation
L(1,m) =

m


Gi ,

distribution of the overall load L(1,m) is given by
Pl (1,m) = Pr (L(1,m) = l)
⎛
⎞ ⎛
⎞
m

 
⎝ pi (1 − pi )li ⎠δ ⎝l −
li ⎠ ,
=
l1 ,...,lm

(51)

i

i=1


where the Dirac δ function guarantees that i li = l. Third,
setting z = 0 in Eq. (49) [or l = 0 in Eq. (51)] yields the
probability that the lattice interval {1, . . . ,m} is empty
P0 (1,m) = Pr (L(1,m) = 0) =

m

i=1

μi
.
μi + λ

(52)

C. The case k > 1

In this subsection we analyze the general case of lattice
intervals initiating at an arbitrary lattice site, k > 1. While the
special case k = 1 could be analyzed via the ASIP’s joint
PGF, an analogous analysis of the general case k > 1 via
this method is prohibitively hard. However, as we shall now
demonstrate, the analysis of the general case k > 1 is well
attainable following an approach parallel to the one applied in
the previous subsection.
Consider the lattice interval starting at site k (k > 1) and
consisting of m sites and observe its incremental load at times
t and t  = t + (where → 0). During the time interval
(t,t  ) exactly two events, illustrated in Fig. 4, can change the
incremental load. One event is the opening of gate k − 1,
in which case all particles present in site k − 1 transit to
site k and, hence, L(t  ; k,m) = L(t; k − 1,m + 1); this event
occurs with probability μk−1 + o( ). The other event is
the opening of gate k + m − 1, in which case all particles
present in site k + m − 1 transit to site k + m and, hence,
L(t  ; k,m) = L(t; k,m − 1); this event occurs with probability
μk+m−1 + o( ). As noted in Sec. VII B, the boundary
condition L(t; k,0) = 0 fits in naturally. If neither of these
two events take place, a scenario occurring with probability
1 − (μk−1 + μk+m−1 ) + o( ), then the incremental load is
left unchanged: L(t  ; k,m) = L(t; k,m). Thus, the stochastic
connection between the incremental loads L(t; k,m) and

(50)

i=1

where {G1 , . . . ,Gm } is a sequence of independent geometrically distributed random variables: Pr(Gi = l) = (1 − pi )l pi
(l = 0,1,2, . . . ), with pi = μi /(μi + λ) (i = 1, . . . ,m). The
overall load L(1,m) is, hence, equal, in law, to the sum
of the overall loads of m independent single-site ASIPs
with respective parameters (λ,μ1 ), . . . ,(λ,μm ). Thus, the

FIG. 4. (Color online) During the time interval (t,t + ), the
incremental load L(t; k,m) can change either due to the opening
of gate k − 1 or due to the opening of gate k + m − 1.
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L(t  ; k,m) is given by
L(t  ; k,m)
⎧
⎪
⎨L(t; k − 1,m + 1)
= L(t; k,m − 1)
⎪
⎩L(t; k,m)

w.p.
w.p.
w.p.

μk−1 ,
μk+m−1 ,
1 − (μk−1 + μk+m−1 ) .
(53)

Shifting from the incremental loads L(t; k,m) and
L(t  ; k,m) to their respective PGFs, Eq. (53) yields the
following PGF dynamics:
∂
G(t,z; k,m) = −(μk−1 + μk+m−1 )G(t,z; k,m)
∂t
+ μk−1 G(t,z; k − 1,m + 1)
+ μk+m−1 G(t,z; k,m − 1).

(54)

The derivation of Eq. (54) is given in Appendix F. At
steady state the time dependence vanishes, and the differential
equation (54) reduces to the steady-state equation
μk+m−1
G(z; k,m − 1)
G(z; k,m) =
μk−1 + μk+m−1
μk−1
+
G(z; k − 1,m + 1). (55)
μk−1 + μk+m−1
For any fixed z, Eq. (55) defines a two-dimensional boundary
value problem for G(z; k,m). The problem and an algorithm
for its solution are illustrated in Fig. 5.
Equation (55) can also be used to establish an explicit
iterative scheme for the computation of the PGF G(z; k,m)
in terms of the PGFs {G(z,k − 1,i)}i=2,...,m+1 . Specifically,
G(z; k,m) = (k,m) + (k,m)
×

m

i=1

μk−1
G(z; k − 1,i + 1)
, (56)
μk−1 + μk+i−1
(k,i)

where
(k,m) =

m


μk+j −1
μ
+ μk+j −1
j =1 k−1

(57)

and where the boundary condition G(z; 1,m) is given by
Eq. (49). The derivation of Eq. (56) is given in Appendix G.
D. Occupation probabilities and factorial moments

Based on the incremental-load results established hitherto,
in this subsection we derive recursive equations for the
occupation probabilities and the factorial moments of the
incremental loads. We begin with the occupation probabilities
and then turn to the factorial moments.
In terms of the PGF G(z; k,m) the steady-state probability
of finding exactly l particles (l = 0,1,2, . . . ) in the interval
{k,k + 1, . . . ,k + m − 1} is given by


1 dl
Pl (k,m) =
G(z; k,m) ,
(58)
l
l! dz
z=0

FIG. 5. (Color online) Top panel: Equation (55) defines a boundary value problem for G(z; k,m). The PGF G(z; k,m) is determined
by a weighted average of its southern and northwestern neighbors
in the positive quadrant of the (k,m) plane. The boundary PGFs
G(z; k,0) and G(z; 1,m) are given by Eqs. (45) and (49), respectively.
Bottom panel: A three-step algorithm can be used in order to solve
the boundary value problem for the PGF G(z; k,m): (i) start at the left
boundary and solve for the column that stands to its right; (ii) treat
the newly solved column as the new left boundary and iterate; and
(iii) stop at the k th column and obtain the desired solution.

l!, Eq. (58) yields the following recursion for the occupation
probabilities:

with P0 (k,m) = G(0; k,m). Taking the l th derivative of Eq. (56)
with respect to the variable z, setting z = 0, and dividing by
042109-11

Pl (k,m) = (k,m)δl,0 + (k,m)
×

m

i=1

μk−1
Pl (k − 1,i + 1)
.
μk−1 + μk+i−1
(k,i)

(59)
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Equation (59), together with the boundary condition in
Eq. (51), establishes an explicit iterative scheme for the
computation of the occupation probabilities Pl (k,m) in terms
of the occupation probabilities {Pl (k − 1,i)}i=2,...,m+1 .
Analogously, one can further derive recursive equations
for the factorial moments of the incremental load L(k,m). In
terms of the PGF G(z; k,m), the factorial moments Ml (k,m)
(l = 1,2,3, . . . ) are given by
 l−1






dl
Ml (k,m) ≡
(L(k,m) − i) = l G(z; k,m) .
dz
z=1
i=0

(60)

th

Hence, taking the l derivative of Eq. (56) with respect to
the variable z and setting z = 1, Eq. (60) yields the following
recursive equation for the factorial moments:
Ml (k,m)
= (k,m)

m

i=1

μk−1
Ml (k − 1,i + 1)
.
μk−1 + μk+i−1
(k,i)

Equation (61), together with the boundary condition

m

1
dl 
 ,
Ml (1,m) = l
λ
dz i=1 1 + μ (1 − z) z=1
i

TABLE I. (Color online) Some entries of Catalan’s triangle.
Entries on the left boundary are highlighted in bold. Null entries
positioned to the right of the diagonal k = n are left blank. All other
entries follow the recursive rule given in Eq. (65). A specific example,
20 + 7 = 27, is highlighted in magenta. The entries on the diagonal of
Catalan’s triangle, highlighted in blue, are the Catalan numbers. The
second and third diagonals, highlighted in green and red, respectively,
coincide with the main diagonals of Catalan’s trapezoids of order
m = 2 and m = 3.
n/k

0

1

2

3

4

5

6

7

0
1
2
3
4
5
6
7

1
1
1
1
1
1
1
1

1
2
3
4
5
6
7

2
5
9
14
20
27

5
14
28
48
75

14
42
90
165

42
132
297

132
429

429

(61)

(62)

establishes an explicit iterative scheme for the computation
of the factorial moments Ml (k,m) in terms of the factorial
moments {Ml (k − 1,i)}i=2,...,m+1 .
VIII. INCREMENTAL LOAD: EXACT RESULTS

In this section we return to the analysis of homogeneous
ASIPs and provide exact results for the occupation probabilities and the factorial moments of the incremental load L(k,m).
These results are given in terms of the Catalan trapezoid—a
generalization of the well-known Catalan numbers which
appear in many combinatorial settings [18]. We start in
Sec. VIII A with a prelude on the Catalan numbers and their
extensions, as these numbers will prove instrumental in our
analysis. Then, in Sec. VIII B, we present exact results for
incremental load probabilities and factorial moments. We
conclude in Sec. VIII C, in which we provide a derivation
of the results presented in Sec. VIII B along with exact results
for the probability generating function of the incremental load.
A. The Catalan numbers

Named after the French-Belgian mathematician Eugène
Charles Catalan, these numbers arise in various problems in
combinatorics. For concreteness we shall henceforth address
the Catalan numbers in the following context. Consider a string
of numbers composed of n (+1)’s and n(−1)’s, arranged in
a row from left to right, such that the sum over every initial
substring is non-negative. What is the total number of different
such strings? The solution to this combinatorial problem is
given by the nth Catalan number [18] as follows:

  
2n
2n
(63)
−
C(n) =
n−1
n

(n = 1,2,3, . . . ), with C(0) = 1 by definition. Specifically,
the first Catalan numbers are given by {1,1,2,5,14,42,132,
429, . . . }.
One can generalize the combinatorial problem mentioned
above by considering a string of n (+1)’s and k (−1)’s. In this
case, the number of different strings for which the sum over
every initial substring is non-negative is given by
⎧
k=0
⎪
⎨1  
n+k
n + k
C(n,k) =
(64)
− k−1
1kn
k
⎪
⎩
0
k>n
(n = 0,1,2, . . . ; k = 0,1,2, . . . ).
The numbers C(n,k) are referred to—in combinatorial
mathematics—as the entries of Catalan’s triangle [18–21].
These numbers facilitate the solution to Bertrand’s ballot
problem: “In an election where candidate A receives n votes
and candidate B receives k votes, what is the probability that A
will not trail behind B throughout the entire count of votes?”.
Indeed, the answer to Bertrand’s problem is given by the ratio
C(n,k)/(n +k k).
Catalan’s triangle, illustrated in Table I, has the following
iterative construction. By definition, all entries that are
positioned on the left boundary of the triangle (k = 0) are
given by the boundary condition C(n,0) = 1; in Table I, these
entries are highlighted in bold. Entries positioned to the right
of the main diagonal k = n are zero; in Table I, these entries are
indicated by empty squares. All the other entries of Catalan’s
triangle follow the recursion
C(n,k) = C(n − 1,k) + C(n,k − 1) ,

(65)

i.e., each entry is a sum of the entry above it and the entry to its
left; in Table I, a specific example, 20 + 7 = 27, is highlighted
in magenta. Entries on the diagonal of Catalan’s triangle (k =
n) are the Catalan numbers C(n,n) = C(n); in Table I these
entries are highlighted in blue.
The combinatorial meaning of Eq. (65) and its validity
for 1  k  n become immediately clear after conducting a
binary partition of all admissible strings according to their last
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digit +1 or −1. Indeed, since k  n the sum over a string of
n (+1)’s and k (−1)’s is non-negative. Moreover, if the string
ends with +1 there are exactly C(n − 1,k) ways to choose the
order of the first n − 1 (+1)’s and k (−1)’s such that the sum
over every initial substring is non-negative. Similarly, if the
string ends with a −1 there are exactly C(n,k − 1) ways to
choose the order of the first n (+1)’s and k − 1 (−1)’s such
that the sum over every initial substring is non-negative. Thus,
Eq. (65) readily follows.
Further generalizing the combinatorial problem discussed
so far we now consider the number of different strings of
n (+1)’s and k (−1)’s for which the sum over every initial
substring is larger than, or equal to, a threshold level 1 − m
(m = 1,2,3, . . . ). In Ref. [17] it is shown that this number is
given by
⎧n + k
0k<m
⎪
⎨ k
n + k  n + k 
(66)
Cm (n,k) =
− k−m m  k  n + m − 1
⎪
⎩ k
0
k >n+m−1
(n = 0,1,2, . . . ; k = 0,1,2, . . . ; m = 1,2,3, . . . ). Note that
C1 (n,k) = C(n,k) by definition. Indeed, setting m = 1 in
Eq. (66) yields Eq. (64). More generally, it can be said that the
numbers appearing in Eq. (66) generalize Catalan’s triangle to
form a countable family of trapezoid arrays. Fixing the value
of the index m, we henceforth refer to Cm (n,k) as the entries
of the Catalan’s trapezoid of order m. Catalan’s trapezoid of
order m = 2 and of order m = 3 are given in Table II.
TABLE II. (Color online) Some entries of Catalan’s trapezoid of
order m = 2 (top) and m = 3 (bottom). Entries on the left and upper
boundaries are highlighted in bold. Null entries positioned to the
right of the diagonal k = n + m − 1 are left blank. All other entries
follow the recursive rule given in Eq. (67). Two specific examples,
429 + 572 = 1001 and 117 + 83 = 200, are highlighted in magenta.
The main diagonals of Catalan’s trapezoids of order m = 2 and m =
3, highlighted in green and red, respectively, coincide with the second
and third diagonals of Catalan’s triangle (highlighted, in Table I, in
green and red, respectively).
n/k

0

1

2

0
1
2
3
4
5
6
7

1
1
1
1
1
1
1
1

1
2
3
4
5
6
7
8

2
5
9
14
20
27
35

3

4

0

1

2

3

0
1
2
3
4
5
6
7

1
1
1
1
1
1
1
1

1
2
3
4
5
6
7
8

1
3
6
10
15
21
28
36

3
9
19
34
55
83
119

6

7

8

The iterative construction Catalan’s trapezoids is similar to
that of Catalan’s triangle. All elements on the left boundary
(k = 0) of the trapezoid are given by the boundary condition
Cm (n,0) = 1, all elements on the upper boundary of the
trapezoid (n = 0; 0  k  m − 1) are given by the boundary
condition Cm (0,k) = 1, and all elements positioned to the right
of the diagonal k = n + m − 1 are set to be zero. The rest of
the elements in the trapezoid follow a recursive rule similar to
the one given in Eq. (65), albeit replacing the numbers C(n,k)
by the numbers Cm (n,k) as follows:
Cm (n,k) = Cm (n − 1,k) + Cm (n,k − 1),

14
42
90
165
275
4

5

42
132
297
572

132
429
1001

Cm (n,n + m − 1) = C1 (n + m − 1,n).

B. Occupation probabilities and factorial moments

We are now in a position to present exact steady-state
results for both the occupation probabilities and the factorial
moments of the incremental load in the homogenous ASIP. In
what follows we return to the convention by which μ = 1 and
λ is measured in units of the gate opening rate. The results
presented herein will be expressed in terms of the entries of
Catalan’s trapezoids Cm (n,k). Detailed proofs are given in the
following subsection.
We start with the incremental load L(1,m). Substituting
pi → 1/(1 + λ) in Eq. (51) we obtain the probabilities Pl (1,m)
given by Eq. (25). Similarly, substituting λ/μi → λ in Eq. (62)
we obtain the corresponding factorial moments
Ml (1,m) =

6

7

8

9

k

C1 (k + m − j − 1,k − j )
22k+m−2j
j =2

k+m−1


k+m−1

j =2

28
90
207
407
726

90
297
704
1430

297
1001
2431

1001
3432

3432

(69)

Cm (k − 2,m + k − 1 − j )Pl (1,j )
.
22k+m−2−j

(70)

and that the factorial moments Ml (k,m) (l = 1,2, . . . ) are
given by
Ml (k,m) =

9
28
62
117
200
319

(m + l − 1)! l
λ .
(m − 1)!

We now turn to the incremental load L(k,m), with k > 1.
In what follows we show that the occupation probabilities
Pl (k,m) (l = 0,1,2, . . . ) are given by

j =2

1430

(68)

That is, the main diagonal of Catalan’s trapezoid of order m
coincides with the mth diagonal of Catalan’s triangle. This
identity is easily verified by use of Eqs. (64) and (66).

+
429
1430

(67)

i.e., each entry is a sum of the entry above it and the entry to
its left. Finally, we note an important identity that will come
in handy later,

Pl (k,m) = δl,0

5
14
28
48
75
110

n/k

5
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Cm (k − 2,m + k − 1 − j )Ml (1,j )
.
22k+m−2−j

(71)

We note that the sums in Eqs. (70) and (71) contain a finite
number of explicitly known summands and thus can be used
for exact and efficient calculation of Pl (k,m) and Ml (k,m).
Moreover, in the case of single-site lattice intervals (m = 1)
the sums in Eqs. (70) and (71) can be computed [given Eqs. (25)
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and (69) and by use of any standard computer algebra software]
to be expressed in terms of standard functions. Specifically,
the probability distribution and the factorial moments of the
random variable Xk are given by


(k − 1/2)
(1 + l) (k − 3/2)λl
Pl (k,1) = δl,0 1 − √
+ √
π (k)
2 π (k)(1 + λ)2+l


2
(72)
× 2 F1 2 − k,2 + l,4 − 2k;
1+λ
and
Ml (k,1) =

2l λl (1 + l/2) (k + l/2 − 1/2)
,
√
π (k)

(73)

where (x) and 2 F1 (a,b,c; x) are the function and hypergeometric function, respectively. For large k, an asymptotic
analysis of the exact expressions (70) and (72), yields the
asymptotic results of Sec. V. The details of this asymptotic
analysis are sketched in Appendix H.
C. The probability generating function

In this subsection we derive an expression for the probability generating function G(z; k,m) and prove the validity of
Eqs. (70) and (71). Substituting λ/μi → λ in Eq. (49) we see
that the probability generating function of the incremental load
L(1,m) is given by
m

1
G(z; 1,m) =
.
(74)
1 + λ(1 − z)
We now turn to derive an expression for G(z; k,m) in the case
of k > 1. Our derivation is based on an insightful probabilistic
interpenetration of the boundary value problem that appears
in Eq. (55) and the main idea behind it is illustrated in Fig. 6.
An alternative derivation which is algebraic in nature is given
in Appendix I.
The first step in our derivation is to note that Eq. (55) is
linear with respect to the PGFs that compose it. It follows that
G(z; k,m) can be expressed as a weighted sum over known
boundary PGFs of the type G(z; 1,m) and G(z; k,0). Iterating
Eq. (55) in an attempt to find the contribution of a specific
boundary PGF to the unknown PGF G(z; k,m), we consider a
path in the first quadrant of the (k,m) plane that (i) is composed
of steps in the south (↓) and northwest () directions only,
(ii) connects the point (k,m) with a specific boundary point
(k  ,m ) whose position is associated with the last two arguments of the boundary PGF whose contribution we are trying
to assess, and (iii) does not pass through any other boundary
point. A path that complies with the above-mentioned conditions will henceforth be named a legitimate path.
The number of northwest steps in a legitimate path is
given by k − k  , the number of south steps is given by
k − k  + m − m , and the total number of steps is given by
2k − 2k  + m − m . Since we are dealing with a homogeneous
ASIP, Eq. (55) asserts that each step in the path contributes a
multiplicative factor of exactly 1/2. The contribution due to a
single legitimate path connecting the points (k,m) and (k  ,m )


is, hence, (1/2)2k−2k +m−m G(z; k  ,m ). Taking into account

FIG. 6. (Color online) Expressing G(z; k,m) as a weighted sum
over known boundary functions. All boundary functions must be
properly weighted and taken into account. The weight of each
boundary function is given by the number of legitimate paths leading
to it, multiplied by 1/2 raised to the power of the path length. Paths
are made out of south (↓) and northwest () steps only and must not
pass through another boundary function except the one lying at the
end of the path. Some boundary functions can be reached via several
different paths while others cannot be reached at all (the latter are
discarded in the computation of the sum).

all possible legitimate paths and summing over all boundary
points we have

[N (k,m,k  ,m )
G(z; k,m) =
(k  ,m )∈boundary




× (1/2)2k−2k +m−m G(z; k  ,m )],

(75)

where N (k,m,k  ,m ) is the number of legitimate paths that
start at (k,m) and end at (k  ,m ).
In order to proceed we consider a random walker that
chooses, with equal probability at each step, between a south
(↓) and northwest step (). Assume that the random walker
k,m 
(k ,m ) be the
starts its walk at the point (k,m) and let Phit
probability that the random walker hits the boundary point
(k  ,m ) before it hits any other boundary point. From this
definition it readily follows that




k,m 
(k ,m ) = N(k,m,k  ,m )(1/2)2k−2k +m−m .
Phit

We will now show that
 2k+m−2j
1
k,m
(j,0) =
C1 (k + m − j − 1,k − j )
Phit
2
(m = 1,2, . . . ; k = 2,3, . . . ; j = 2,3, . . . ,k) and that
 2k+m−2−j
1
k,m
Phit (1,j ) =
Cm (k − 2,m + k − 1 − j )
2

(76)

(77)

(78)

(m = 1,2, . . . ; k = 2,3, . . . ; j = 2,3, . . . ,k + m − 1).
In every legitimate path connecting the point (k,m) with
the point (j,0) (j = 2,3, . . . ,k) the last step is always directed
to the south. The remaining steps, k − j northwest and
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k − j + m − 1 south, must be ordered into a path that connects
the point (k,m) to the point (j,1) without hitting the south
boundary first. Similarly, in every legitimate path connecting
the point (k,m) with the point (1,j ) (j = 2,3, . . . ,k + m − 1)
the last step is always directed to the northwest. The remaining steps, k − 2 northwest and k − 1 + m − j south,
must be ordered into a path that connects the point (k,m)
to the point (2,j − 1) without hitting the south boundary
first. Recalling the combinatorial interpretation of Cm (n,k),
one can easily convince him- or herself that N(k,m,j,0) =
Cm (k − j,k − j + m − 1) and N (k,m,1,j ) = Cm (k − 2,k −
1 + m − j ). Equation (78) now follows immediately from
Eq. (76). Equation (77) follows from Eq. (76) by use of the
“diagonal identity” Cm (k − j,k + m − j − 1) = C1 (k + m −
j − 1,k − j ).

PHYSICAL REVIEW E 89, 042109 (2014)

The PGF of the incremental load L(k,m) can now be obtained by substituting Eq. (76) into Eq. (75), omitting terms for
which N (k,m,k  ,m ) = 0 and utilizing Eqs. (77) and (78) to get
G(z; k,m) =

k

k,m
G(z; j,0)Phit
(j,0)
j =2

+

k+m−1


k,m
G(z; 1,j )Phit
(1,j ) .

(79)

j =2

Taking the l th derivative of Eq. (79) with respect to the variable
z and setting z = 1, Eq. (71) follows by use of Eq. (60) and
the fact that G(z; j,0) = P0 (j,0) = 1. Substituting Eqs. (77)
and (78) into Eq. (79) we conclude that

 2k+m−2j
 2k+m−2−j
k+m−1

1
1
G(z; k,m) =
G(z; j,0)
C1 (k + m − j − 1,k − j ) +
G(z; 1,j )
Cm (k − 2,m + k − 1 − j ) .
2
2
j =2
j =2
k


(80)

The occupation probabilities in Eq. (70) then can be read
off from Eq.
 (80) afterl substituting G(z; j,0) = 1 and
G(z; 1,j ) = ∞
l=0 Pl (1,j )z .

IX. CONCLUSION AND OUTLOOK

In this paper we studied incremental load probabilities
in the ASIP model, analyzed their asymptotic behavior,
and discussed their implications. Introducing the notion of
incremental load, and analyzing it via two complementary
approaches—a continuum diffusion-limit approach and an
exact probabilistic-combinatorial approach—we analytically
derived expressions for the occupation probabilities of the
ASIP’s lattice intervals, their corresponding factorial moments, and for the probability distribution of the ASIP’s
interexit time. Spanning both exact results and asymptotic
behaviors, the analysis presented herein joins the recently
published Ref. [14] to provide the most comprehensive
description of the ASIP’s steady-state statistics to date.
Our work is yet another step towards a more profound
understanding of the ASIP’s complex dynamical behavior and
is part of a long-term goal—the elucidation of the ASIP’s
steady-state distribution in full detail. As an intermediate step,
it is natural to turn to the study of correlations between the
occupations of several disjoint intervals. The empty interval
method was employed in the study of correlations for ASIPs
on a ring [16] and may thus also prove useful for open
boundary ASIPs. This question is especially interesting in
light of the picture discussed above of an open ASIP as a
“conveyor belt”: If a single snapshot of an open boundary ASIP
is similar to the temporal evolution of the ASIP on a ring, it
would be interesting to examine the relation between two-point
correlation functions in the former and two-time correlation
functions in the latter. Furthermore, it would be interesting
to see whether this conveyor belt picture can be useful in
the analysis of other models of condensation, including the

ZRP and the chipping model (a related study of the latter has
recently appeared in Refs. [96,97]).
Other interesting questions remain open, many of which
are related to the concept of universality. To this end, it would
be very interesting to examine the robustness, and inevitable
collapse, of the results presented herein with respect to a large
range of perturbations. For example, it would be interesting
to further consider the effect of nonhomogeneous hopping
rates on cluster formation and delineate the conditions under
which nonhomogeneity is asymptotically averaged out. While
some progress in this direction has already been made [14],
much still remains to be done. Modifying the ASIP a bit,
one may ask how does a dependence of the hopping rate on
cluster size affect the observed statistics? Another question
is what happens when particles arrive to sites other than
the first? Finally, the analysis of a generalized ASIP with
non-Markovian hopping (e.g., with nonexponential hopping
times) would be both interesting and rather challenging, as it
will inevitably require different methods than the ones applied
herein. This line of investigation was recently pursued in
studies on non-Markovian ZRPs [98,99] and non-Markovain
ASEPs [100]. In both cases it was found that non-Markovian
dynamics may trigger condensation and change the nature of
the condensed phase.
As discussed above, the ASIP is related to other models
of driven particle transport, including the TJN and the
ZRP, the ASEP, and models of coagulation and aggregation.
Unlike the homogeneous TJN and ZRP which have stationary
translationally invariant product measures, the ASIP steady
state is nonhomogeneous even when rates are homogenous,
and occupations of different sites are highly correlated. This
situation is somewhat similar to that of an open-boundary
ASEP, but it is interesting to note that while in the ASEP the
mean density is site dependent and occupation fluctuations
are bounded, in the ASIP the mean density is constant while
fluctuations diverge as one progresses along the lattice. Despite
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the differences between the three, the ASIP, ASEP, and TJN
can all be seen as limiting cases of a single generalized model.
Making any progress with the analysis of this unified model
would of course be very interesting, but undoubtedly this is
an extremely difficult task. Nonetheless, the appearance of
similar combinatorial expressions in the stationary description
of the ASEP and the ASIP (Catalan’s numbers and triangle in
the former, Catalan’s trapezoid in the latter) hints that perhaps
some progress is possible in this direction.
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APPENDIX A: DERIVATION OF EQ. (21)

In this Appendix we present the derivation of Eq. (21). To
do so, we define two auxiliary probability functions,
P̂lleft (t; k,m) ≡ Pr(L(t; k,m) = l and Xk−1 (t) = 0)
right

P̂l

(A1)

equation is
∂
Pl (t; 1,m) = λPl−1 (t; 1,m) − λPl (t; 1,m)
∂t


right
+ Pl (t; 1,m − 1) − P̂l (t; 1,m − 1)


right
− Pl (t; 1,m) − P̂l (t; 1,m − 1) . (B1)
Once again, the auxiliary probabilities cancel out, yielding
Eq. (23).
APPENDIX C: UNIVERSALITY OF EQS. (34) AND (35):
AN EXPLICIT EXAMPLE

In this appendix we demonstrate how the asymptotic scaling
forms (34) and (35) emerge for an explicit example of an ASIP
with a generalized arrival process. As explained in Sec. V D,
the universality is a result of the central limit theorem for the
distribution of L(1,k), which leads to Eq. (33). The scaling
forms are obtained by showing, for the specific example
considered below, that the central limit theorem applies. We
also present a formal argument that heuristically explains why
the central limit theorem is expected to apply for a much larger
class of arrival processes.
Consider an ASIP in which particles may enter the first
site not only one by one but also in batches of n = 2,3,4, . . .
particles. The arrival of a batch of n particles is assumed to be
a Poisson process with rate λn . The occupation of the first site
thus increases according to the rule

(t; k,m) ≡ Pr(L(t; k,m) = l and Xk+m (t) = 0).

λn

X1 ,X2 , . . . −
→ X1 + n,X2 , . . .

These are the probabilities that sites {k, . . . ,k + m − 1} are
occupied by l particles, and the site immediately to their left
or right is empty. Next, note that the probability that sites
{k − 1, . . . ,k + m − 1} support l particles and site k − 1 is not
empty is exactly Pl (t; k − 1,m + 1) − P̂lleft (t; k,m). Similarly,
the probability that sites {k, . . . ,k + m − 2} support l particles
and site k + m − 1 is not empty is exactly Pl (t; k,m − 1) −
right
P̂l (t; k,m − 1). Although the auxiliary probabilities are
needed in order to write down the equation of motion for
Pl (t; k,m),


∂
Pl (t; k,m) = Pl (t; k − 1,m + 1) − P̂lleft (t; k,m)
∂t


right
+ Pl (t; k,m − 1) − P̂l (t; k,m − 1)


− Pl (t; k,m) − P̂lleft (t; k,m)


right
− Pl (t; k,m) − P̂l (t; k,m − 1) , (A2)

(C1)

[this is a generalization of Eq. (1)], and otherwise the ASIP
dynamics remains unchanged. The goal of the current calculation is to find the initial condition Pl (1,m) that is generated by
this arrival process and to analyze the conditions under which
the central limit theorem leads to the approximation (33).
The equation equivalent to (23) for this generalized ASIP
is
∂
Pl (t; 1,m) = [Pl (t; 1,m − 1) − Pl (t; 1,m)]
∂t
∞

−
λn [Pl (t; 1,m) − Pl−n (t; 1,m)]. (C2)
n=1

Multiplying by zl and summing over l leads, in the steady
state, to
G(z; 1,m − 1) − G(z; 1,m) = [fλ (1) − fλ (z)]G(z; 1,m),
(C3)
where fλ (z) is the generating function for λn ,

they cancel out in Eq. (A2) and Eq. (21) readily follows.

fλ (z) ≡
APPENDIX B: DERIVATION OF EQ. (23)

∞


λn z n .

(C4)

n=1

The derivation of Eq. (23) is similar to the derivation of
Eq. (21) albeit replacing terms corresponding to the entry of
particles into the interval from the left [first and third lines
of the right-hand side of Eq. (A2)] with terms corresponding
to the arrival of a particle to the first site. The resulting

Iterating (C3) and using G(z; 1,0) = 1 yields
G(z; 1,m) = [1 + fλ (1) − fλ (z)]−m .

(C5)

One observes that the distribution of L(1,m) has a product
form and is equal to the distribution of a sum of i.i.d. random
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variable whose generating function is
g(z) ≡ [1 + fλ (1) − fλ (z)]−1 ,

(C6)

[compare with Eq. (74)]. The central limit theorem for this sum
applies when the mean and variance of these i.i.d. variables
is finite, i.e., when g  (1),g  (1) < ∞. It is easy to verify that





2
g
(1) 2= f (1) and g (1) = 2f (1) + [f (1)] . Thus, as long as
1
n n λn < ∞, one obtains for m
Pl (1,m) ∼ δ(l − mλ) = λ−1 δ(m − l/λ),
(C7)

where we have defined λ ≡ n nλn .
Let us now motivate in a heuristic fashion why the central
limit theorem is expected to hold for a much larger class of
arrival processes. Assume that the arrival process is such that
Eq. (C3) is replaced by
G(z; 1,m − 1) − G(z; 1,m) = A(z)G(z; 1,m),

PHYSICAL REVIEW E 89, 042109 (2014)

For large k, the sum in Eq. (D4) may be approximated
by an integral, which can be evaluated using a saddle-point
approximation. We thus search for a saddle point u∗ for which
f  (u∗) = 0 and find it to be
√
u∗ = t − t 2 /2 k + O(k −1 )

√
(u∗ is computed limk→∞ kf  (u∗ ) = 0). Evaluating the integral approximation of the sum in Eq. (D4) to leading order, we
find

APPENDIX D: SADDLE-POINT EVALUATION OF EQ. (42)

0

e
t e

m!

(D1)

.

2π m

Next we substitute Eqs. (D1) and (40) into Eq. (42) to obtain
P Tk (t) 

2
k−1 −t+m log(t/m)+m

me−m /4(k−m)
e
.
√
2(k − m)
2π m
m=1

P Tk (t) 

u

√

√
√
k log(t/u k)+u k

PTk /√πk (t) =


√
2π u k

2

with

√
f (u) ≡ u log(t/u) + u − t − u2 /(4 k − 4u).

(D8)

Equation (12) follows immediately.

APPENDIX E: DERIVATION OF EQ. (47)

Conditioning on the occupancy vector X(t) and utilizing
the Markovian dynamics of Eq. (46) we have




zL(t ;1,m)  = zL(t ;1,m) |X(t)
= (λ )zL(t;1,m)+1  + (μm )zL(t;1,m−1) 
+ (1 − (λ + μm ) )zL(t;1,m)  + o( ).

(E1)

Equation (47) is obtained after rearranging terms in Eq. (E1),
dividing by , taking → 0, and using the PGF notation of
Eq. (43).

Conditioning on the occupancy vector X(t) and utilizing
the Markovian dynamics of Eq. (53) we have
(D3)





zL(t ;k,m)  = zL(t ;k,m) |X(t)
= (μk−1 )zL(t;k−1,m+1)  + (μk+m−1 )zL(t;k,m−1) 

where the sum runs over values u = k −1/2 ,2k −1/2 , . . . ,k 1/2 −
k −1/2 . We now observe that
√

√
k 1/4 u1/2
PTk ( kt) 
e kf (u)
√
√
8π (k − ku)
u

√
√
π kPTk ( π kt) .

APPENDIX F: DERIVATION OF EQ. (54)

√

ue−u /4(1−u/ k)
,
√
2( k − u)

(D7)

(D2)

√
Setting u = m/ k we rewrite (D2) as
 e−t+u

te−t /4
√ + O(k −1 ) .
2 k

We now observe that the probability
density function of the
√
normalized interexit time Tk / π k is related to the probability
density function of Tk in the following way:

−t+m log(t/m)+m

√

√
k 3/4 u1/2
e kf (u) du
√
√
8π (k − ku)

2

=

In this section we show how Eq. (12) follows by applying a
saddle-point approximation (also known as Laplace’s method)
to the sum in Eq. (42) in the limit k → ∞. The first step is
to apply Stirling’s approximation to the probability density of
the traversal time
m −t

√
k

√
PTk ( kt) 

(C8)

where A(z) is a formal notation for the operator associated
with the arrival process. The formal solution of this equation
is G(z; 1,m) = [1 + A(z)]−m [compare with Eq. (C5)]. If
the operator [1 + A(z)]−1 is characterized by a nonvanishing
spectral gap, i.e., there is a finite difference between its largest
and second-largest eigenvalues, then when m → ∞ one has
asymptotically G(z; 1,m) ∼ gmax (z)m , where gmax (z) denotes
the largest eigenvalue of [1 + A(z)]−1 for some fixed value of
z. If, in addition, gmax (z) is the PGF of a random variable with
finite variance, a central limit theorem holds for L(1,m) and
an approximation of the form (33) is valid.

(D6)

+ (1 − (μk−1 + μk+m−1 ) )zL(t;k,l)  + o( ).

(D4)

(F1)

(D5)

Equation (54) is obtained after rearranging terms in Eq. (F1),
dividing by , taking → 0, and using the PGF notation of
Eq. (43).
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APPENDIX G: DERIVATION OF EQ. (56)

We prove Eq. (56) by showing that the probability generating function G(z; k,m) it defines satisfies Eq. (55). To this end we
apply mathematical induction on the index k. We start by showing that Eq. (56) holds for k = 2 and an arbitrary value of m.
Indeed, for k = 2 Eq. (56) reads
G(z; 2,m) = (2,m) + (2,m)

m

j =1

μ1
G(z; 1,j + 1)
.
μ1 + μ1+j
(2,j )

(G1)

Substituting Eq. (G1) into Eq. (55) and utilizing Eq. (49) we have
⎛
⎛
⎞
⎞
j +1
j +1
μi
μi
m
m−1


μ
μ
μ
i=1 μi +λ(1−z)
i=1 μi +λ(1−z)
?
1
1+m
1
⎠=
⎠
(2,m)⎝1 +
+
(2,m − 1)⎝1 +
μ
+
μ
(2,j
)
μ
+
μ
μ
+
μ
(2,j )
1
1+j
1
1+m
1
1+j
j =1
j =1
m+1

μj
μ1
+
.
μ1 + μ1+m j =1 μj + λ(1 − z)

(G2)

Canceling matching terms on both sides of Eq. (G2) gives the trivial identity 0 = 0 and proves our claim.
We finish the proof by showing that if Eq. (56) holds for k  2, it holds for k + 1 as well. Indeed, replacing k by k + 1 in
Eqs. (55) and (56) we substitute Eq. (56) into Eq. (55) and obtain
⎛
⎞
⎞
⎛
m
m−1


μk
G(z; k,j + 1) ⎠ ? μk+m (k + 1,m − 1) ⎝
μk
G(z; k,j + 1) ⎠
=+
1+
(k + 1,m)⎝1 +
μ
+
μ
(k
+
1,j
)
μ
+
μ
μ
+
μ
k+j
k
k+m
k
k+j (k + 1,j )
j =1 k
j =1
⎛
⎞
m+1

μk−1
G(z; k − 1,j + 1) ⎠
μk (k,m + 1) ⎝
1+
+
. (G3)
μk + μk+m
μ
+
μ
(k,j )
k−1
k+j −1
j =1
Canceling matching terms on both sides gives

⎛

G(z; k,m + 1) = (k,m + 1)⎝1 +

m+1

j =1

⎞
μk−1
G(z; k − 1,j + 1) ⎠
,
μk−1 + μk+j −1
(k,j )

(G4)

which coincides with Eq. (56) for G(z; k,m + 1) and concludes our proof.
APPENDIX H: ASYMPTOTIC ANALYSIS OF EQ. (70)

In this Appendix we sketch the asymptotic analysis of the exact expression for the occupation probabilities (70) and show
how the results of Sec. V, and in particular Eqs. (6), (31) and (32), and (35), can be obtained from it. We concentrate here solely
on the case of m = 1; the calculation for other values of m is similar but somewhat more lengthy.
For the case m = 1, the sum in (70) can be rewritten, by substituting the definition (66) and the “initial condition” (25), as


k−2 
k−2 


2i + 1
1
k − 1 + i k − 1 − i −(k−1+i)
−(2i+1)
2
2
P0 (k,1) =
+
(1 + λ)−(k−i)
(H1)
i
i
2i
+
1
k
−
1
+
i
i=0
i=0
for l = 0, while for l  1 it has the form
Pl (k,1) = S(2,k),

(H2)

where we define

S(j1 ,j2 ) ≡

λ
1+λ

l 
j2
j =j1




2k − j − 1 l + j − 1 −(2k−j −1)
j −1
2
(1 + λ)−j .
2k − j − 1
k−1
l

To obtain these relations we have used the binomial identity (n −k 1) − (nk) =
We first evaluate the sums in Eq. (H1) for large
k. The first sum
√ exactly and equals
√ can be calculated
1 − (k − 1/2)/ π (k)  1 − 1/ π k. The main contribution to the second sum is from values of i which are close

(H3)

n−2k n
(k ).
n

to k. It can be shown, by expanding the summand for
k
k − i, that the second sum decays to zero as k −3/2 and
is therefore negligible compared to the first. We thus arrive at
Eq. (6).
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We now move on to the asymptotic evaluation of (H2)
and (H3) for large k. The main contribution to the sum,
as shown below, is from values of j which are close
√ to l.
Therefore,√two cases are treated separately: (i) l
k and
(ii) l = x k with x = O(1).
1. Case (i): l 

√

PHYSICAL REVIEW E 89, 042109 (2014)

Replacing as before
√ the sum by an integral with an integration
variable y = j/ k leads to
l
∞
2 √
λ
y 3/2
− y4 − kf2 (y)
Pl (k,1) 
e
√
1 + λ 4π k 3/4 x(x + y)
0
with

k

In this case, the sum is evaluated using Stirling’s approximation

 
2k − j − 1
−(2k−j −1) 2k − j − 1

2
e−f1 (k)
k−1
2π (k − j )(k − 1)
(H4)
with
k−j
k−1
+ (k − j ) log
2k − j − 1
2k − j − 1
 
j
j2
1+O
.
(H5)
=
4k
k

f1 (k) = (k − 1) log

The term f1 in the exponent yields a significant contribution to
the
√ summand only for
√ values of j which are comparable with
k, while for j
k it is negligible. Accordingly, we split
the sum in (H2) into two: Pl (k,1) = S(2,N) + S(N + 1,k),
the first running over j = 2, . . . ,N and the second over j =
N + 1, . . . k. Here N = N(k) is chosen in such a way that
l
N
k. The first of these sums may be approximated
using (H4) as


l 

N
j −1 l+j −1
λ
(1 + λ)−j .
S(2,N ) 
√
l
1 + λ j =2 4π k 3/2

f2 (y) ≡ x log

√
For k
1, the integral can be evaluated using a saddle-point
approximation: f2 has a minimum at y ∗ = x/λ, where its value
is f2 (y ∗ ) = x log λ/(1 + λ). We therefore obtain the scaling
form
x
2
2
e−x /4λ
Pl (k,1)  √
2
4π λ k
[compare with (35)]. Note that this saddle-point calculation
carries through to any 1
l
k. The results differ, however,
at the scale of l = O(k), as the main contribution to the sum
(the saddle point) comes from values j = O(k), leading to nonnegligible corrections to the calculation due to terms neglected
above such as the higher-order terms in (H5).
APPENDIX I: DERIVATION OF EQ. (80)

In this Appendix we provide an alternative derivation of
Eq. (80). The derivation of this appendix is algebraic in nature
and serves to show that the desired result may also be obtained
without reference to the probabilistic argumentation presented
in the main text. The proof is divided into three parts. In Part
I we show that for k > 1, G(z; k,m) can be written as

Since N
1 and the summand decays exponentially with j ,
replacing the upper boundary in the last sum by ∞ results in
a negligible error. The sum can now be computed exactly and
yields
l+1
S(2,N )  √
.
4π λ2 k 3/2
The contribution of the second
√ sum (from N + 1 to k)
k. To see this, approximate
is negligible as long as l
l+j −1
l+1
( l )  j / l! (which is valid for j > N
l) and then
approximate the sum as an integral,
S(N + 1,k)

l (l−1)/2
λ
k

√
1+λ
4π l!

√

G(z; k,m) =

y l+2 e−y

2

2

(I1)

where


λ
A(k,m,l) =
1+λ

l 
m j
1 +1 j2 +1

j1 =1 j2 =1 j3 =1

jk−3 +1 jk−2 +1 

dy,




2 jk−1 +1
.
1+λ

(I2)

2j +1 Cm (k − 2,m + k − 2 − j )Pl (1,j + 1).

(I3)

 

jk−2 =1 jk−1 =1

N
√
k

C1 (k + m − j − 1,k − j )

 2k+m−2 
∞
1
+
A(k,m,l)zl ,
2
l=0

√

/4−y k log(1+λ)

k  2k+m−2j

1
j =2

···
k

y
x
+ y log
+ y log(1 + λ).
x+y
x+y

jk−1 + l
jk−1

In Part II we show that

√
where a change of integration variable y = j/ k was made.
Once again, we incur a negligible error by approximating
the
√
lower and upper integration boundaries as N/ k  0 and
√
k  ∞. By evaluating the integral, it can be shown that
S(N + 1,k)
S(2,N), leading to (31)–(32) (remember that
here m = 1).

In Part III we combine Eqs. (I1) and (I3) to conclude the proof.

√
2. Case (ii): l = x k

1. Part I

In this case, since l
1, one may employ Stirling’s
approximation also for the second binomial coefficient in (H3).

We prove Eq. (I1) by induction on k. We start by showing
that Eq. (I1) holds for k = 2 and an arbitrary value of m.

A(k,m,l)
=

m+k−2

j =1
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Setting μi = μ (i = 1,2,3, . . . ) in Eq. (56) we have
G(z; k,m)
 m 
m  m+1−j
1
1
=
+
G(z; k − 1,j + 1)
2
2
j =1

Performing an index shift j → k + 1 − j , Eq. (I11) can be
rewritten as
G(z; k + 1,m)
⎤
⎡
 m
m 
k−1  2j

1
1 ⎣
C1 (i + j − 1,j − 1)⎦
1+
=+
2
2
i=1 j =1

(I4)

(k > 1). Setting k = 2 in Eq. (I4) and utilizing Eq. (74) we
have
G(z; 2,m)
j +1
 m 
m  m+1−j 
1
1
1
=
+
.
2
2
1 + λ(1 − z)
j =1

+
(I5)

C1 (j + m − 1,j ) =

∞

=
xi

(I6)

i=0

G(z; 2,m)
j +1
 m 
m  m+1−j 
1
1
1
=
+
2
2
1+λ
j =1
⎞
i j +1
∞ 

λz
⎠ .
×⎝
1
+
λ
i=0

A(k + 1,m,l) =

j =1

2
1+λ

j +1 


j +l
,
j

we substitute Eq. (I8) into Eq. (I7) to obtain
 m  m+2 
∞
1
1
G(z; 2,m) =
+
A(2,m,l)zl .
2
2
l=0

(I14)

G(z; k + 1,m)
⎡
⎤
 m
k−1  2j

1
1 ⎣
=+
1+
C1 (j + m − 1,j )⎦
2
2
j =1
 m+2k 
∞
1
+
A(k + 1,m,l)zl .
2
l=0

(I15)

(I8)

(I9)

G(z; k + 1,m)
k+1  2k+m+2−2j

1
=+
C1 (k + m − j,k + 1 − j )
2
j =2
+

(I10)

G(z; k + 1,m)
⎡
⎤
 m
m 
k  2k+2−2j

1 ⎣
1
1+
C1 (k − j + i,k − j )⎦
=+
2
2
i=1 j =2
 m+2k 
m 
∞
1
A(k,i + 1,l)zl .
2
i=1 l=0

A(k,i + 1,l) .

Applying the index shift j → k − j + 1 and noting again that
C1 (m − 1,0) = 1 (m = 1,2,3, . . . ) we conclude that

Noting that C1 (m − 1,0) = 1 (m = 1,2,3, . . .), we see that
Eq. (I10) identifies with (I1) for k = 2.
We finish this first part of the proof by showing that if
Eq. (I1) holds for k  2 it holds for k + 1 as well. Indeed,
replacing k by k + 1 in Eq. (I4) we substitute Eq. (I1) into
Eq. (I4) and obtain

+

m


Substituting Eqs. (I13) and (I14) into Eq. (I12) we obtain

and
l 
m 

(I13)

i=1

(I7)

Noting that
⎞
⎛

i j +1 

∞ 
∞ 

λz l
λz
j +l
⎠
⎝
=
j
1+λ
1+λ
i=0
l=0

λ
1+λ

C1 (i + j − 1,j − 1)

and

⎛



m

i=1

|x| < 1, we expand the parenthesis in the second term of
Eq. (I5) to obtain

A(2,m,l) =

(I12)

We now note that Eqs. (65) and (I2) imply, respectively,
that

Recalling the Taylor expansion
1
1−x

 m+2k 
m 
∞
1
A(k,i + 1,l)zl .
2
i=1 l=0

(I11)

 m+2k 
∞
1
A(k + 1,m,l)zl ,
2
l=0

(I16)

a form which coincides with Eq. (I1) for G(z; k + 1,m).
2. Part II

We will now prove Eq. (I3). Examining Eq. (I2) it is easy
to see that it can be rewritten in the following form:
A(k,m,l) =

m+k−2


m
2j +1 Nk,j
Pl (1,j + 1),

(I17)

j =1

where we have used Eq. (25) and defined
m
Nk,j

=

m j
1 +1 j2 +1


j1 =1 j2 =1 j3 =1

jk−3 +1 jk−2 +1

···

 

δ(jk−1 ,j )

(I18)

jk−2 =1 jk−1 =1

to be the exact number of times that the running index jk−1 in
Eq. (I2) is equal to j (j = 1, . . . ,m + k − 2).
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m
What can be said about the numbers Nk,j
? First, it is fairly
straightforward to see that when k = 2 we have
m
N2,j

=1

(I19)

(m = 1,2, . . . ;j = 1, . . . ,m). In addition, when j = m + k −
2, we have
m
=1
Nk,m+k−2

(I20)

(m = 1,2, . . . ; k = 2,3, . . . ). Now, for k > 2 and 1  j <
m + k − 2, we note that the following recursion relation holds:
m
Nk,j

=

m
Nk−1,j
−1

+

m
Nk,j
+1 .

(I21)

m j
1 +1 j2 +1



···

m j
1 +1 j2 +1





?

 

δ(jk−1 ,j + 1), (I22)

jk−2 =1 jk−1 =1

jk−3 +1

···



(I27)

(m = 1,2, . . . ;k = 2,3, . . . ). Finally, we note that, for k > 2
and 1  j < m + k − 2, Eqs. (I21) and (I25) imply that

which together with the boundary conditions specified in
Eqs. (I26) and (I27) give back the iterative construction of
the Catalan trapezoid of order m. Substituting Eq. (I25) into
Eq. (I17) we recover prove Eq. (I3) and conclude the second
part our proof.

m j
1 +1 j2 +1



3. Part III

j1 =1 j2 =1 j3 =1

⎡

⎣δ(jk−2 ,j − 1) +

jk−2 =1

jk−2 +1



⎤
δ(jk−1 ,j + 1)⎦.

jk−1 =1

(I23)
However, it easy to check that
⎛
⎞
jk−2 +1
jk−2 +1


δ(jk−1 ,j + 1) = ⎝
δ(jk−1 ,j )⎠ − δ(jk−2 ,j − 1).
jk−1 =1

m
Nk,m+k−2
= Cm (k − 2,0) = 1

(I28)

jk−3 +1 jk−2 +1

···

(I26)

(m = 1,2, . . . ;j = 1, . . . ,m). In addition, for j = m + k − 2
we have

δ(jk−2 ,j − 1)

which immediately gives
m
Nk,j
=

m
N2,j
= Cm (0,m − j ) = 1

+ Cm (k − 2,m + k − 3 − j ),

jk−2 =1

j1 =1 j2 =1 j3 =1

(I25)

Indeed, for k = 2

jk−3 +1

j1 =1 j2 =1 j3 =1

+

m
= Cm (k − 2,m + k − 2 − j ) .
Nk,j

Cm (k − 2,m + k − 2 − j ) = Cm (k − 3,m + k − 2 − j )

Indeed, substituting Eq. (I18) into Eq. (I21) we have
m ?
Nk,j
=

We now note that

In this part we complete the derivation of Eq. (80).
Substituting Eq. (I3) into Eq. (I1) we have
k  2k+m−2j

1
G(z; k,m) =
C1 (k + m − j − 1,k − j )
2
j =2
⎡
 2k+m−3−j
∞
m+k−2


1
⎣
+
Pl (1,j + 1)
2
l=0
j =1
⎤
× Cm (k − 2,m + k − 2 − j )⎦zl ,

jk−1 =1

(I24)

(I29)

Substituting Eq. (I24) into Eq. (I23) we recover Eq. (I18) and
assert the validity of Eq. (I21).

where we have utilized the fact that P0 (j,0) = 1. Shifting the
index of summation in the inner sum of the second line of
Eq. (I29) we obtain (80).

[1] S. Reuveni, I. Eliazar, and U. Yechiali, Phys. Rev. E 84, 041101
(2011).
[2] Note that the name ASIP was also used for a different model:
S. Grosskinsky, F. Redig, and K. Vafayi, J. Stat. Phys. 142, 952
(2011).
[3] B. Derrida, E. Domany, and D. Mukamel, J. Stat. Phys. 69, 667
(1992).
[4] O. Golinelli and K. Mallick, J. Phys. A: Math. Gen. 39, 12679
(2006).
[5] B. Derrida, J. Stat. Mech. (2007) P07023.
[6] R. R. P. Jackson, Oper. Res. Quart. 5, 109 (1954).
[7] R. R. P. Jackson, J. Roy. Stat. Soc. Ser. B Met. 18, 129 (1956).
[8] M. F. Neuts, Oper. Res. 13, 815 (1965).
[9] H. Kaspi, O. Kella, and D. Perry, Queueing Syst. Theor. Appl.
24, 37 (1997).

[10] J. van der Wal and U. Yechiali, Probab. Eng. Informat. Sci. 17,
351 (2003).
[11] O. Boxma, J. van der Wal, and U. Yechiali, Proceedings of the Sixth International Conference on “Analysis of
Manufacturing Systems” (Lunteren, The Netherlands, 155,
2007).
[12] O. Boxma, J. van der Wal, and U. Yechiali, Stoch. Models 24,
604 (2008).
[13] S. Reuveni, I. Eliazar, and U. Yechiali, Phys. Rev. Lett. 109,
020603 (2012).
[14] S. Reuveni, I. Eliazar, and U. Yechiali, Phys. Rev. E 86, 061133
(2012).
[15] P. L. Krapivsky, S. Redner, and E. Ben-Naim, A Kinetic View of
Statistical Physics (Cambridge University Press, Cambridge,
UK, 2010).

042109-21

REUVENI, HIRSCHBERG, ELIAZAR, AND YECHIALI

PHYSICAL REVIEW E 89, 042109 (2014)

[16] D. Ben-Avraham, in Nonequilibrium Statistical Mechanics in
One Dimension, edited by V. Privman (Cambridge University
Press, Cambridge, UK, 2005), pp. 29–50.
[17] S. Reuveni, in Probability in the Engineering and Informational Sciences, FirstView Article (Cambridge University Press,
Cambridge, 2014), pp. 1–9.
[18] K. Thomas, Catalan Numbers with Applications (Oxford
University Press, Oxford, 2008).
[19] H. G. Forder, Math. Gaz. 45, 199 (1961).
[20] L. W. Shapiro, Disc. Math. 14, 83 (1976).
[21] D. F. Bailey, Math. Mag. 69, 128 (1996), http://www.maa.org/
programs/faculty-and-departments/classroom-capsules-andnotes/counting-arrangements-of-1s-and-1s.
[22] R. A. Blythe and M. R. Evans, J. Phys. A: Math. Theor. 40,
R333 (2007).
[23] E. Duchi and G. Schaeffer, J. Comb. Theory A 110, 1 (2005).
[24] K. Jain and M. Barma, Phys. Rev. E. 64, 016107 (2001).
[25] D. Gross, J. F. Shortle, J. M. Thompson, and C. M. Harris,
Fundamentals of Queueing Theory (Wiley-Interscience,
New York, 2008).
[26] J. N. Daigle, Queueing Theory with Applications to Packet
Telecommunication (Springer, Berlin, 2004).
[27] G. Giambene, Queuing Theory and Telecommunications:
Networks and Applications (Springer, Berlin, 2004).
[28] A. S. Alfa, Queueing Theory for Telecommunications: Discrete
Time Modeling of a Single Node System (Springer, Berlin,
2010).
[29] G. Ausgabe, Traffic Theory (Kluwer, Amsterdam, 2002).
[30] G. Bolch, S. Greiner, H. de Meer, and K. S. Trivedi, Queueing
Networks and Markov Chains: Modeling and Performance
Evaluation with Computer Science Applications, 2nd ed.
(Wiley-Interscience, New York, 2006).
[31] W. J. Stewart, Probability, Markov Chains, Queues, and
Simulation: The Mathematical Basis of Performance Modeling
(Princeton University Press, Princeton, NJ, 2009).
[32] R. Nelson, Probability, Stochastic Processes, and Queueing
Theory: The Mathematics of Computer Performance Modeling
(Springer, Berlin, 2010).
[33] A. L. Barabási, Nature 435, 207 (2005).
[34] A. Vázquez, Phys. Rev. Lett. 95, 248701 (2005).
[35] J. Walraevens, T. Demoor, T. Maertens, and H. Bruneel,
Phys. Rev. E 85, 021139 (2012).
[36] Vidar Frette and P. C. Hemmer, Phys. Rev. E 85, 011130 (2012).
[37] A. Arazi, E. Ben-Jacob, and U. Yechiali, Physica A 332, 585
(2004).
[38] A. Arazi and U. Yechiali (unpublished).
[39] V. Elgart, T. Jia, and R. V. Kulkarni, Phys. Rev. E 82, 021901
(2010).
[40] T. Jia and R. V. Kulkarni, Phys. Rev. Lett. 106, 058102
(2011).
[41] P. Ashwin, C. Lin, and G. Steinberg, Phys. Rev. E 82, 051907
(2010).
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4

Approach to equilibrium of diffusion in
a logarithmic potential

4.1

Introduction

The works presented so far focus on properties of nonequilibrium steady states. In this section,
a different type of problem is explored: the relaxation process of a system to its equilibrium
steady state. The system which is considered here is rather simple: a single particle diffusing in
a one-dimensional external potential whose tails diverge logarithmically, i.e., V (x) ∼ b log |x|
when x → ±∞. The probability distribution P (x, t) to find the particle at location x at time t
evolves according to the Fokker-Planck equation which for large |x| has the form


∂P (x, t)
∂ b
∂ 2 P (x, t)
≈
P (x, t) +
∂t
∂x x
∂x2

(4.1)

(the equation is presented in dimensionless variables). For an attractive potential, i.e., when
the dimensionless strength of the potential b is positive, the equation may admit an equilibrium
solution with the Boltzmann form
1 −V (x)
1
e
∼ x−b ,
(4.2)
Z
Z
R
where Z is a normalization constant given by Z = e−V (x) dx. One immediately observes that
for the equilibrium solution to be normalizable, b > 1 must hold. In addition, the potential
must deviate from a logarithm when x → 0. We thus assume that the logarithmic potential is
“regularized” at small values of x. All results presented below, including those pertaining to
x = 0, are independent of the precise form of this regularization.
P ∗ (x) =

The diffusion equation (4.1) has interesting mathematical properties, which stem from the
fact that the logarithm is a borderline potential: diffusing particles in any potential which diverges
with x faster than a logarithm remain “trapped”, i.e., their distribution reaches a steady state. On
the other hand, diffusion in potentials which diverge slower than logarithmically cannot reach
a steady state, leading particles to “escape” to infinity (the basic example is free diffusion, i.e.,
b = 0). Exactly at the borderline logarithmic case, the existence of a stationary distribution
depends, as explained above, on the coupling constant b.
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The goal of this chapter is to study how P (x, t) relaxes to the equilibrium distribution (4.2).
As will be shown below, this seemingly simple question has a surprisingly rich answer, as the
relaxation is given, at late times, by a scaling solution with some unexpected features.
The results of this chapter have applications in many physical contexts, as Eq. (4.1) describes
the dynamics of a large variety of systems. These include the momentum-diffusion of cold atoms
in optical lattices [65–69], and the dynamics of unbound segments in DNA molecules at the
denaturation transition [70–75], to name two examples that are accessible to experimental studies.
Our original motivation for the study of Eq. (4.1) was to calculate two-time current correlation
functions in the ZRP at the condensation transition, where this equation arises [15, 76, 77]. A
review of other systems described by Eq. (4.1) appears in Sec. 5 of Ref. [5] (reproduced below).
In a different guise, the equation is also relevant in a quantum mechanical context. Using the
standard transformation [78]
P (x, t) = e−V (x)/2 ψ(x, t),

(4.3)

the “wavefunction” ψ is found to obey
∂ψ(x, t)
∂ 2 ψ(x, t)
λ
≈
− 2 ψ(x, t),
2
∂t
∂x
x

(4.4)

with γ = 2b ( 2b + 1). This is an imaginary-time Schrödinger equation which describes a quantum
particle in a repulsive inverse square potential. This potential is known to be marginally singular
[79, 80], highlighting again the marginal nature of the equation, and has drawn much attention
over the years (see for example Refs. [81, 82] and references therein).

4.2

Main results

Scaling solutions to Eq. (4.1) have been examined in the past in Refs. [76, 77, 83]. In these works,
only the solution for an initial conditions which is localized at the origin was considered, and it
was tacitly assumed that, as is usually expected, the scaling behavior should be independent of
the initial condition. We show below that this assumption is incorrect. Furthermore, these studies
focused solely on the case of a reflecting boundary condition at the origin, and have found the
solution only asymptotically for x  1.
Our study of equation (4.1) generalizes the previous results by finding a scaling solution
which is valid for any initial condition, any boundary condition at the origin, and at any x. This
solution is surprising in several ways.

(i) At large finite times, the solution is given by an overall scaling form which is comprised
of two scaling functions, one corresponding to small values of x (x ∼ tγ with γ < 1/2),
and another corresponding to large values of x (x ∼ t1/2 ). Together, these two scaling
functions yield the distribution P (x, t) at any value of x, including at the “microscopic”
scale near the origin where the potential deviates from a logarithm. The small-x details of
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Figure 4.1: A schematic representation of the solution P (x, t) [Eq. (4.5)] at a given late time t  1 (not

drawn to scale). The red double line represents the small-x scaling form gβ (x/tγ )t−δ while the blue solid
line represents the large-x scaling form fβ (x/t1/2 )t−β . The interval on which the two solutions overlap
(Eq. [4.6)] is labeled x1 (t).

the potential V (x) enter only through the steady-state distribution which multiplies this
scaling form.
The equation admits not only one, but a family of such overall scaling forms, each
characterized by different scaling exponents. All scaling solutions have the form (see Fig.
4.1)
i
h

|x|  −δ
∗

CP
(x)
1
+
g
t
for |x| ≤ x1 (t)
β tγ


P (x, t) ≈
,
(4.5)
h
i



 CP ∗ (x) 1 + f |x| t−β
for |x| ≥ x (t)
β t1/2

1

where C is a constant, β, γ and δ are scaling exponents, the scaling functions fβ and gβ
are known, and x1 (t) can be chosen to have any value which satisfies
tγ  x1 (t)  t1/2 .

(4.6)

The value of γ depends on the boundary condition at the origin; for a reflecting boundary
at the origin (i.e., when probability is conserved), this value is γ = 1/(b + 1). Continuity
at x1 (t) dictates a scaling relation between β and δ:
δ=β+

b−1
.
2

(4.7)

The scaling solutions are parameterized by the scaling exponent β, which can take any
value.
(ii) The scaling form which describes the observed relaxation to equilibrium is selected by the
initial condition. For any initial condition P0 (x) ≡ P (x, t = 0) define
a = lim −
x→∞

log[P0 (x)/P ∗ (x) − 1]
,
log x

(4.8)
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which essentially means that P0 (x  1) ' P ∗ (x)[1 + Ax−a ] where A is a constant. The
selected β is given by
(
a
if a < 2
2
β = β(a) =
.
(4.9)
1 if a > 2
The exponent δ is also selected by the tail of the initial condition via Eq. (4.7). Note that
localized initial conditions correspond to a = 0; the solution in this case reduces to the
one found previously in Refs. [76, 77, 83].
(iii) From Eq. (4.9) it is seen that by continuously changing the tail of the initial condition,
the selected scaling exponents exhibit a “phase transition”, from a regime in which they
depend on the initial condition to a regime in which they are independent of it.
(iv) This selection mechanism and the phase transition have many similarities with the selection
of velocity of fronts propagating into unstable states [84]. In particular, in the frontselection problem, the velocity of the front is selected by the tail of the initial condition,
and manifests a phase transition between a marginally stable value which is selected
when the initial conditions has a steep enough tail, and a tail-dependent value for initial
conditions with slowly decaying tails (see Sec. 3.2 of Ref. [5], reproduced below, for
further details).
In addition to the mathematical derivation of the solution to Eq. (4.1), we also examine
applications of these results to several systems of physical interest: (a) cold atoms in an optical
lattice undergoing a rapid “quench” from one steady state to another. Here, we propose an
experimental protocol, which is within current experimental capabilities [85], to generate initial
conditions with a fat tail of the form (4.8) with a < 0. (b) The dynamics of unbound loops in
DNA molecules undergoing denaturation. This is an example of a system with an absorbing
boundary condition at the origin. The dependence of the scaling solution on the initial condition
is in this case important for the analysis of experiments on the dynamics of the DNA denaturation
transition. (c) Our original motivation for the study of Eq. (4.1) was to calculate current
correlations in the ZRP with rates (1.6) at criticality. It can be shown that the relevant initial
condition for this problem has a = 1. Using the scaling solution (4.5) and (4.9), we show that
for t  1
hjin (0)jout (t)i − j 2 ∼ t−(b+1)/2 ,
(4.10)
where jin/out (t) is the current into/out of a given site at time t, j = 1 is the stationary current, and
h. . .i denotes an average in the steady state (see Sec. 5.2 of Ref. [5], for details).
Details of the study may be found in Refs. [4] and [5], which are reproduced below. The first,
Ref. [4], contains a short account of the scaling analysis of the solution for a reflecting boundary
condition at the origin, while Ref. [5] provides the details of the exact solution, generalizes
the results to different boundary conditions, discusses the relation to velocity selection in front
propagation, and presents applications of the results.
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The late-time distribution function P (x,t) of a particle diffusing in a one-dimensional logarithmic potential is
calculated for arbitrary initial conditions. We find a scaling solution with three surprising features: (i) the solution
is given by two distinct scaling forms, corresponding to a diffusive (x ∼ t 1/2 ) and a subdiffusive (x ∼ t γ with a
given γ < 1/2) length scale, respectively, (ii) the overall scaling function is selected by the initial condition, and
(iii) depending on the tail of the initial condition, the scaling exponent that characterizes the scaling function is
found to exhibit a transition from a continuously varying to a fixed value.
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I. INTRODUCTION

There exist many physical systems whose temporal evolution is described by a diffusion process in a one-dimensional
logarithmic potential. Examples include the denaturation
process of DNA molecules [1] and the temporal evolution of
the momentum distribution of cold atoms trapped in an optical
lattice [2–4]. Effective logarithmic potentials also appear, for
example, in models of real-space condensation such as the
zero-range process [5–7], relaxation to equilibrium of longrange interacting gases [8,9], dynamics of the two-dimensional
XY model below the Kosterlitz-Thouless transition [10], the
Alessandro Beatrice Bertotti Montorsi (ABBM) model for
Barkhausen noise [11], and dynamics of sleep-wake transitions
during a night’s sleep [12].
The Fokker-Planck equation corresponding to diffusion in
a one-dimensional potential is


∂P (x,t)
∂
∂P (x,t)

=
V (x)P (x,t) +
,
(1)
∂t
∂x
∂x
where P (x,t) is the probability distribution. We consider
potentials that increase logarithmically at large x,
V (|x|  1) ∼ b log(|x|),

(2)

and are regular at x = 0. For simplicity, we have taken in
these equations the diffusion constant and the temperature to
be equal to 1. Here we consider the case b > 1, for which the
system evolves into a stationary state given by the normalizable
Boltzmann distribution,
P ∗ (x) =

1 −V (x)
1
∼ x −b ,
e
Z
Z

(3)


where Z = e−V (x) dx is the normalization constant. For some
applications the variable x is by definition non-negative, x  0,
as in the case of DNA denaturation where x corresponds to the
length of a denaturated loop. In these cases, the equation has
to be supplemented by a boundary condition at the origin.
In this paper, we use a scaling analysis to study the
long-time evolution of the probability distribution toward the
stationary state. We find that the solution of Eq. (1) relaxes to
equilibrium via a universal scaling form which depends on the
potential only through its asymptotic form (2). This scaling
form exhibits several features that are not typically found in
scaling solutions [13]: (i) At large times, the equation exhibits
1539-3755/2011/84(4)/041111(4)

two distinct scaling regimes, which we refer to as the large-x
and the small-x regimes. The two scaling functions yield, to
leading order in time, the distribution at any point x. They join
smoothly at an intermediate scale x1 (t), which grows with time.
(ii) The overall scaling solution (composed of both regimes)
is not unique. There exists a one-parameter family of such
solutions, and the appropriate solution is selected by the tail
of the initial distribution. The mechanism by which the initial
condition selects the eventual scaling solution is analogous
to that encountered in, e.g., fronts propagating into unstable
states [13,14]. (iii) For a class of initial conditions whose tails
are sufficiently close to the eventual steady-state distribution,
the scaling solution is found to be independent of the details
of the initial condition. On the other hand, the scaling function
resulting from other initial conditions varies continuously with
the initial condition.
A large-x scaling solution of Eqs. (1) and (2) has recently
been analyzed in [6,7,15], where the dependence on the initial
distribution has not been considered. Although this analysis is
valid for a rather broad class of initial conditions, including
compactly supported ones, other initial conditions that may
arise in various physical circumstances are left out. The
analysis presented here applies to all initial conditions, and
provides the scaling form in both the small-x and large-x
regimes.
The paper is organized as follows. In Sec. II, we present our
scaling analysis. The scaling solution for the case of reflecting
boundary conditions at the origin is considered in Sec. II A,
where a one-parameter family of solutions is identified. In
Sec. II B, we present a mechanism by which a particular
solution is selected by the initial condition, and test it
numerically. A generalization to other boundary conditions
is discussed in Sec. II C. Finally, in Sec. III, we summarize our
results.

II. SCALING ANALYSIS
A. Scaling solutions for reflecting boundary conditions

We begin our analysis by introducing a function G(x,t)
defined as

041111-1

P (x,t) = P ∗ (x)[1 + G(x,t)].

(4)
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The deviation P ∗ (x)G(x,t) from the steady state also satisfies
Eq. (1), but its normalization is zero. For x  1, where the
deviation of the potential from the logarithmic form (2) is
negligible, G satisfies
b ∂G(x,t) ∂ 2 G(x,t)
∂G(x,t)
=−
+
.
∂t
x ∂x
∂x 2

(5)

To be specific, we consider the case where the equation is
defined on the positive real axis, x  0, with a reflecting
boundary condition at x = 0. This implies ∂G(x = 0,t)/∂x =
0. We later comment on other boundary conditions.
The scaling solution of Eq. (5) may in fact be obtained
by an exact solution of Eqs. (1) and (2). This is done by
transforming the Fokker-Planck equation into an imaginarytime Schrödinger equation via the transformation P (x,t) =
e−V (x)/2 ψ(x,t) [16]. The resulting equation for the “wave
function” ψ is
∂ψ(x,t)
∂ 2 ψ(x,t)
− Vs (x)ψ(x,t),
=
∂t
∂x 2
with the Schrödinger potential Vs (x) =
potential of the form (2) this gives

V  (x)2
4

−

(6)
V  (x)
.
2

Vs (x  1) ∼ γ /x ,
2

one concludes from (9), (11), and (12) that
f (u  1) ∼ Cub+1
and
δ = β + (b + 1)

(7)

The analysis is rather lengthy and will be presented elsewhere
[18]. Below we derive the long-time solution directly by
assuming a scaling form. We make use of the result (8) only in
relating the appropriate scaling solution to the initial condition.
Let us now present the scaling solution of this equation and
outline its derivation. As we demonstrate below, two length
scales emerge at large times: a large-x regime with x ∼ t 1/2 ,
and a small-x regime, x ∼ t γ , with a b-dependent γ satisfying
γ < 1/2. Starting with the small-x regime, we consider a
scaling solution of the form
x
G(x,t) = t −δ g(z), z = γ ,
(9)
t
with some function g and exponents γ and δ. Substituting (9)
in Eq. (5) yields
(10)

The right-hand side of this equation may be neglected as long
as γ < 1/2, yielding the solution
g(z) = C̃ + Czb+1 ,

Requiring that the small-x and large-x solutions join smoothly
at an intermediate scale
(14)
t γ  x1 (t)  t 1/2 ,

For a

with γ = b2 ( b2 + 1). For large x, this equation describes the
well-studied problem of a quantum particle moving in a
repulsive inverse square potential [17]. The solution of this
equation may
be found by expanding it in eigenfunctions,

2
ψ(x,t) = dk ak e−k t ψk (x), where ψk (x) can be expressed
in terms of Bessel functions. The long-time scaling behavior
is then obtained by studying the small-k behavior of the
amplitudes ak . Carrying out this expansion, we find that any
localized initial condition for the function G evolves at long
times to
 
x
2
−1
with f1 (u) = ub+1 e−u /4 . (8)
G(x,t) ∼ t f1 √
t

b
g  (z) − g  (z) = −[γ zg  (z) + δg(z)]t −(1−2γ ) .
z

where C and C̃ are integration constants. Thus, for z  1 one
has G(zt γ ,t) ∼ t −δ C̃. In fact, since for z  1 this solution
satisfies the boundary condition at x = 0, it is valid down
to x = 0.
In order to determine γ and δ one needs the solution in
both small-x and large-x regimes. We thus consider a different
scaling function for x ∼ t 1/2 ,
x
G(x,t) = t −β f (u), u = 1/2 ,
(12)
t
where the scaling exponent β and the function f (u) are to
be determined. Substituting (12) in Eq. (5) yields a family of
ordinary differential equations for f (u), parameterized by β:


u b
f  +
−
f  + βf = 0.
(13)
2 u

(11)

1
2

(15)


−γ .

The solution of Eq. (13), which satisfies (15), is [19]


1 + b + 2β b + 3 u2
b+1
;
;−
,
f (u) = Cu 1F1
2
2
4

(16)

(17)

where 1F1 is the hypergeometric function. For small and large
arguments f (u) satisfies [19]
⎧
b+1
⎪
for u  1
⎨u
−2β
f (u) ∼ Bu
for u  1,β = 1,2,3, . . . (18)
⎪
⎩ b+2β−1 − u2
Bu
e 4 for u  1,β = 1,2,3, . . . ,
where B is a known constant that depends on b and β.
Once the small-x and large-x scaling functions are known,
conservation of probability enables us to determine the scaling
exponent γ and the integration
constant C̃. We evaluate the
∞
normalization condition 0 P ∗ (x)G(x,t)dx = 0 by splitting
the integral into two domains: 0  x  x1 (t) and x1 (t) 
x  ∞. Using the solutions found in the two domains and
evaluating the integrals to leading order in t we obtain
γ =

1
b+1

Also,
C̃ = −

C
Z

∞
0

and

b−1
.
2

(19)

C 2(b + 1)
.
Z 2β + b − 1

(20)

δ=β+

u−b f (u)du = −

Summarizing the results of the scaling analysis, we find
that the solution of Eqs. (1) and (2) is, to leading order in t,
⎧  x  −δ
x  x1 (t)
⎨g t γ t ,
P (x,t) ≈ P ∗ (x) + P ∗ (x)
(21)
⎩  x  −β
f t 1/2 t , x  x1 (t),
where f and g are given in Eqs. (11) and (17), γ and δ
are given in (19), and x1 (t) satisfies (14). We thus obtain
a one-parameter family of scaling solutions parameterized
by β. Below we denote a member of this family by
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β = 1 [18]. This can be understood heuristically by noting that
β = 1 is the most localized of all scaling solutions; see (18).
Therefore, the scaling form at large x of Eq. (24) is given by
P (x,t) − P ∗ (x) = P ∗ (x)Gβ (x,t) + δP (x,t)

 
 
x
x
≈ P ∗ (x) t −β fβ √ + t −1 f1 √
,
t
t
(25)

FIG. 1. (Color online) A schematic representation of the scaling
solution G(x,t) [see Eq. (21)] at a given late time t  1 (not drawn
to scale). The red double line represents the small-x scaling form
g(x/t 1/(b+1) )t −δ while the blue solid line represents the large-x scaling
form f (x/t 1/2 )t −β . The interval on which the two solutions overlap
Eq. (14) is labeled x1 (t).

Pβ (x,t) ≡ P ∗ (x)[1 + Gβ (x,t)]. The overall form of these
scaling solutions for G is given schematically in Fig. 1. For
small-x, the function is flat, with a value that approaches
zero
√
as t −δ . For x  x1 (t), it exhibits a peak at x ∼ t, whose
height scales as t −β . Thus, as time progresses, the peak shrinks
and moves to the right, and G approaches its steady-state value
G(x,t → ∞) = 0.
B. Selection mechanism

To conclude our analysis, we argue now that the parameter
β is selected by the tail of the initial distribution. To this end,
we consider initial distributions of the form
(22)

where a > b − 1 and A are parameters. Initial conditions
G0 (x) which decay faster than algebraically correspond to
a = ∞. Note, however, that localized initial distributions
P (x,0) correspond to a = 0. Since the dynamical process
of Eq. (1) is diffusive, one would naively expect
√ the tail of
the distribution to remain unchanged for x  t. Using the
asymptotics (18), this suggests that β = a/2. The parameter
C is then given by C = A/B. Substituting the value of B
yields [19]
(23)

500

This naive argument is found to be valid only for a < 2.
For a > 2 we make use of Eq. (8) to demonstrate that the
correct scaling solution is given by β = 1. This is done by
analyzing the stability of a scaling solution with a given β.
We thus consider a perturbation δP (x,t) around the scaling
solution (21):
∗

∗

P (x,t) − P (x) = P (x)Gβ (x,t) + δP (x,t),

400

0.4

0
−0.1

0.3

−0.2

300 −0.3
0

1

2

200

t

100

(24)

which is initially localized in x, such as a function
with

compact support. Normalization dictates that δP dx = 0.
This perturbation satisfies Eqs. (1) and (2).
The scaling solution Gβ is stable to such perturbations and
will dominate the approach to equilibrium only if at late times
δP (x,t) is negligible compared to it. The exact solution of
Eq. (1) reveals that the scaling solution (8) to which a localized
initial condition converges at long times is of the form (21) with

0
0

t=
158
478
1258
3799
11472
34645
Theory

t

t

G(x,t ) t β

(1 − a/2)

 A.

21+b+a  3+b
2

∂
P (n) = P (n−1) + w(n+1)P (n+1) − [1 + w(n)]P (n).
∂t
(27)

δ

C=

The exact solution of the Fokker-Planck equation further
reveals that when a = 2, there are logarithmic corrections to
Eq. (21) [18]. Note that for a > 2, the constant C is not given
by (23) and it depends on the details of the initial condition.
The large-x scaling solution for localized initial distributions
(corresponding to a = 0) agrees with the results previously
obtained in [6,7,15]. Knowledge of the scaling solution
for other initial conditions is often required for calculating
correlation functions of physical interest. Applications of this
approach to physical examples where the late-time behavior
is determined by the initial conditions will be presented
elsewhere [18].
In order to check the applicability of the scaling solution
found in this analysis, we studied numerically the evolution
of a single-site zero-range process at criticality [5]. In this
process, particles hop into a site with a constant rate 1, and
hop out of this site with rate w(n) = 1 + b/n, where n is
the number of particles in the site. The occupation number
probability distribution P (n,t) satisfies the master equation

G(x,t ) t

G0 (x  1) ∼ Ax −a ,

where fβ is the solution (17) corresponding to β. For β < 1
the second term on the right-hand side is negligible compared
to the first, and therefore the fβ solution is stable. On the other
hand, for β > 1 the second term is dominant and the scaling
solution is given by f1 . Thus,
a
if a < 2
(26)
β = β(a) = 2
1 if a > 2.

0.1

(a)

xt

−γ

0.2

10

0
0

(b)

xt

−1/2

20

FIG. 2. (Color online) The (a) small-x and (b) large-x scaling
collapse obtained by numerically integrating Eq. (27) for b = 3.5 and
a = 1. Different curves correspond to different times in increasing
order in the arrow direction. The dashed curve is the theoretical
function (21), with no fitting parameter. Inset shows a magnified
region around the origin.
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absorbing boundary condition at x = 0, namely, P (0,t) = 0,
the stationary distribution vanishes. Defining G(x,t) by

2
1.5
δ
σ
Theory

1
0.5
0

P (x,t) = e−V (x) G(x,t)

−1

0

1

2
a

3

4

∞

FIG. 3. (Color online) The scaling exponents δ and σ obtained by
numerical integration of (27), compared with theoretically predicted
values. Here b = 2.9 and A = 1. The transition at a = 2 is readily
seen.

This is a discrete version of (1) and (2). Its steady state is
given by P ∗ (n) ∝ [w(1) . . . w(n)]−1 ∼ n−b . We have studied
the relaxation to the steady state starting from various initial
conditions. In Fig. 2 we display the results obtained for an
initial condition with a = 1. A very good agreement with
the predicted scaling functions is obtained at long times. To
investigate the dependence (26) of the scaling exponents on the
initial condition, we have measured G(0,t), which is predicted
to decay to zero as t −δ (19). As an independent measure, we
calculated n(t), which is predicted to decay to its equilibrium
value neq as t −σ with σ = β + b/2 − 1. This can be easily
obtained using the scaling function (21):
∞

n(t) − neq ≈ t −(β+b/2−1) C

u1−b f (u)du.

(28)

0

In Fig. 3 we compare numerical measurements of δ and σ to
the theoretical predictions and find a very good agreement,
both for a < 2 and a > 2.

(29)

and repeating the derivation outlined above for the evolution of
G, we find that in the scaling limit it takes the same form (12)
as before, with f unchanged, γ = 0, and a different function
g(z), which can be calculated explicitly [18]. Equation (26),
which yields the relation between β and a, remains valid.
However, since G is defined differently in this case, the same
initial distribution P (x,0) would correspond to different values
of a depending on whether the boundary condition is reflecting
or absorbing. Other boundary conditions, and the case where
the equation is defined on the entire x-axis, may be treated
similarly [18].
III. CONCLUSION

In summary, the approach to equilibrium of a diffusion
process in a logarithmic potential is analyzed in the scaling
limit and is shown to exhibit uncommon and interesting
features. These include the existence of two characteristic
length scales, the fact that the scaling function depends on
the tail of the initial distribution, and the nonanalytic way
the scaling exponents varies with the initial condition. The
mechanism by which the scaling exponents are selected is
similar to the one encountered in problems of velocity selection
in propagating fronts [13,14]. Here, however, unlike problems
of front propagation, the evolution equation is linear, although
inhomogeneous. This facilitates the explicit demonstration of
the selection mechanism.
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a subdiﬀusive (x  t) length scale, respectively; (ii) the scaling exponents
and scaling functions corresponding to both regimes are selected by the initial
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transition’ from a regime in which the scaling solution depends on the initial
condition to a regime in which it is independent of it. The selection mechanism
which is found has many similarities to the marginal stability mechanism, which
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1. Introduction
A large variety of physical problems are governed by the simple diﬀusion equation which
describes a Brownian particle in a logarithmic potential. Such problems range from the
momentum spreading of cold atoms in optical traps [1]–[5] to the dynamics of ‘bubbles’ in
denaturing DNA molecules [6]–[11], and from the relaxation of a single particle in a ﬂuid
with long-range interactions [12]–[14] to models describing brief awakenings in the course
of a night’s sleep [15]. In these examples, as well as in others which will be described below,
doi:10.1088/1742-5468/2012/02/P02001
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2. The
2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
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one is interested in the distribution of a ﬂuctuating quantity x: for optically trapped cold
atoms x stands for the momentum of the atom, in the problem of DNA denaturation x is
the length of a denatured unbound loop in the double stranded molecule, and when
modeling sleep dynamics, x represents the wakefulness level of a sleeping individual.
In the problems we consider, the temporal evolution of the distribution P (x, t) can be
approximated when x is large enough by the equation


∂P (x, t)
∂ b
∂ 2 P (x, t)
.
(1)
=
P (x, t) +
∂t
∂x x
∂x2

where T is the temperature, kB is Boltzmann’s constant and b measures the strength of
the potential. The corresponding Fokker–Planck equation has the form of a continuity
equation for the probability distribution
∂P (x, t)
∂P (x, t)
∂J(x, t)
=−
,
with J(x, t) = −V  (x)P (x, t) −
,
(3)
∂t
∂x
∂x
where J(x, t) denotes the probability current. To simplify notation, here and throughout
the paper time is measured in units in which the diﬀusion coeﬃcient is equal to 1, and
the potential is measured in units of temperature, i.e., kB T = 1. For large values of |x|
this Fokker–Planck equation reduces to (1). For some applications it is natural to restrict
the variable x to be non-negative, in which case the equation should be supplemented
by a boundary condition at x = 0. We therefore discuss both the case of restricted x
with diﬀerent boundary conditions, and the case where x is unbounded (which requires
no additional boundary conditions).
Our goal is to study the long-time behavior of the solutions to this diﬀusion problem.
In a recent paper [16] we have reported that the solutions of equation (3) relax to
equilibrium via a universal scaling form which depends on the potential only through
its asymptotic form (2), and also depends on the initial condition. In the present paper
we elaborate on the analysis of [16], present in more detail the derivation of this result,
and discuss its implications and applications.
The scaling form which we ﬁnd exhibits several features which are not typically found
in scaling solutions. (i) For any large ﬁnite time, the overall scaling form
√ is comprised
of two scaling functions, one corresponding
√ to small values of x (x  t) and another
corresponding to large values of x (x ∼ t). Together, these two scaling functions give
the distribution P (x, t) for all values of x, including the microscopic scale where the
potential deviates from a logarithm. The small-x details of the potential V (x) enter only
through the steady-state distribution which multiplies this scaling form. (ii) The equation
admits not only one, but a family of such overall scaling forms, each characterized by
doi:10.1088/1742-5468/2012/02/P02001
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The dimensionless parameter b, which plays a central role in the solution of the equation,
has a diﬀerent physical meaning in each problem. In physical systems of the type which
we consider, equation (1) has corrections at small values of x, and, in particular, the
divergence at small x is not present.
To have a concrete physical picture in mind, we will mostly concentrate on a Brownian
particle diﬀusing under the inﬂuence of a one-dimensional external potential which is
logarithmic for large x:
V (|x|  1)
∼ b log(|x|),
(2)
kB T

Diﬀusion in a logarithmic potential: scaling and selection

diﬀerent scaling exponents. The scaling form which describes the observed relaxation to
equilibrium depends on the initial condition via a selection mechanism akin to the marginal
stability selection mechanism encountered in, e.g., fronts propagating into unstable states.
(iii) As in problems of propagating fronts, by continuously changing the tail of the initial
condition, the selected scaling exponent exhibits a ‘phase transition’ from a smoothly
varying to a ﬁxed value.
Features (ii) and (iii) of the scaling solution provide an interesting connection between
this diﬀusion problem and the well-known problem of fronts propagating into unstable
states. Many systems of the latter type admit a family of traveling wave solutions with
diﬀerent propagation velocities, and the mechanism by which the eventual velocity and
waveform are selected has been widely studied [17]. As described below, the selection
mechanism which we ﬁnd for the diﬀusion problem is similar in many of its details to
that corresponding to propagating fronts. The two problems diﬀer however in some basic
aspects: unlike the homogeneous nonlinear propagating front problems, equation (3) is
linear yet inhomogeneous in space. Although the inhomogeneity of our problem restricts
the utility of mathematical methods used to analyze the selection of front velocities,
most notably Fourier analysis, its linearity makes it exactly solvable and facilitates the
demonstration of the selection mechanism. The similarities between the problems suggest
that a common mathematical description of their solutions might exist.
As mentioned above, at late times the entire distribution is given by a scaling form
(feature (i) above). At late times t  1, two diﬀerent length scales emerge: a largex length scale of x ∼ t1/2 and a small-x length scale of x ∼ tγ with a b-dependent
exponent γ < 1/2. Hereafter, we refer to these two length scales as ‘the large-x’ and
‘the small-x’ regions, respectively. The exponent γ depends on the boundary conditions,
and in particular, for a reﬂecting boundary condition at the origin, γ = 1/(b + 1). The
solution in each of the length scales is given by a diﬀerent scaling function, with a smooth
interpolation between the two functions. Moreover, to leading order in t, these two scaling
functions yield the solution at any point x (see ﬁgure 1). Both scaling functions are
selected by the initial condition: the large-x scaling function determines the one in the
doi:10.1088/1742-5468/2012/02/P02001
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Figure 1. A schematic representation of the solution P (x, t) (equation (10)) at
a given late time t  1 (not drawn to scale). The red double line represents
the small-x scaling form gβ (x/t1/(b+1) )t−δ while the blue solid line represents
the large-x scaling form fβ (x/t1/2 )t−β , where scaling exponents β = β(a) and
δ = δ(a) are presented in (16) and (17) and the parameter a is deﬁned in (15).
The interval on which the two solutions overlap (equation (11)) is labeled x1 (t).

Diﬀusion in a logarithmic potential: scaling and selection

2. The scaling solution and its universal character
In this section we present the scaling solution of equations (2) and (3). We begin in
section 2.1 with a general discussion of the problem of diﬀusion in a logarithmic potential,
and present its scaling solution. In the following subsections this results is derived
heuristically, while the exact derivation of this result, which is somewhat technical, is
found
√ in appendix A. First, in section 2.3 we demonstrate that in the large-x regime of
x ∼ t, equation (1) admits a one-parameter family of scaling solutions. In section 2.4, we
present the selection criterion which explains how the initial conditions determine which
member of this family is eventually observed. In section 2.5 we derive the scaling form
for the
√ small-x regime. The derivation of section 2.3 rests on the assumption that when
x ∼ t  1, equation (3) can be well approximated by equation (1). In section 2.6 we
doi:10.1088/1742-5468/2012/02/P02001
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small-x region. In the language of traveling waves, this corresponds to a system with two
fronts propagating with diﬀerent velocities, whereby the selected scaling solution of the
‘faster’ front dictates that of the ‘slower’ one.
For a wide class of initial conditions, which include compactly supported (or ‘steep’)
initial distributions, the large-x scaling solution of equations (2) and (3) has recently been
found in [18]–[20]. There, the dependence of the solution on the initial condition and the
behavior at small x have not been considered. In fact, in many physical circumstances
the initial distribution is not steep. In other situations, the small-x behavior rather than
the large-x one determines the physical observables of interest. In these two respects,
beyond the relevance of our work to the general theory of selection problems and scaling
solutions, it also presents a comprehensive analysis of the scaling solution of (2) and (3)
which provides useful results for many concrete systems. To demonstrate the applicability
of our results, we consider at the end of this paper three physical examples. (a) Cold atoms
in an optical lattice undergoing a rapid ‘quench’ from one steady state to another. Here
we discuss initial conditions with a fat tail. (b) Non-equilibrium driven models exhibiting
real-space condensation. Here we show that current correlations in these systems may
be evaluated by considering initial conditions with speciﬁc algebraic decay at the tails.
(c) The dynamics of loops in DNA molecules undergoing denaturation. Here the eﬀect of
an absorbing boundary condition is probed.
The paper is organized as follows. In section 2 we present the scaling solution and
its selection mechanism, and heuristically derive its form. The results of this section
are backed up by an exact solution of the Fokker–Planck equation (1), which appears in
appendix A. In section 3, the scaling solution is discussed in the broader contexts of the
general theory of scaling solutions (section 3.1), of selection in problems of propagating
fronts (section 3.2), and of the results of previous work on equation (1) (section 3.3). The
discussion in sections 2 and 3 is focused on systems whose boundary conditions conserve
probability. In section 4 we generalize the results of the previous sections to the case
in which probability is not conserved at the boundary. In particular, we show that the
large-|x| scaling form is not aﬀected by the boundary conditions. Applications of our
results to concrete physical systems are discussed in section 5, in which we also present a
general review of some of the problems which are described by equations (2) and (3), for
which our results may be relevant. Finally, section 6 contains a summary of our results
and some concluding remarks.

Diﬀusion in a logarithmic potential: scaling and selection

justify this assumption by showing that our scaling solution is universal, i.e., it depends
only on the large-|x| tails of the potential (2).
2.1. General discussion of the problem

We begin by writing the Fokker–Planck equations (2) and (3) in more concrete terms. We
consider a potential of the form
V (x) = b log(|x|) + U(x),

(4)

U(x  1) = O(|x|−σ )

with σ > 0.

(5)

Regularizing the potential at small x is needed since for b > 1, the case on which we
focus below, a logarithmic divergence of the potential at the origin makes x = 0 an
absorbing state and any normalized initial condition tends to a δ-function distribution
around it [21, 22]. This suggests that, in systems with b > 1, physical corrections to the
logarithmic potential near the origin cannot be neglected when analyzing the long-time
behavior.
With this notation, the Fokker–Planck equation (3) is


∂ b
∂ 2 P (x, t)
∂P (x, t)
=
(1 + h(x))P (x, t) +
(6)
∂t
∂x x
∂x2
where
h(x) ≡

xU  (x)
= O(|x|−σ ).
b

(7)

We begin in this section by considering only the boundary condition at x = 0 where the
probability ﬂux at the origin is zero, i.e., J(0) = 0. This corresponds to diﬀusion on the
entire real line with an even initial condition, or diﬀusion on the positive half-line with
a reﬂecting boundary condition at the origin. The general case, and the eﬀect of other
boundary conditions, will be examined in section 4.
The stationary solution of the diﬀusion equation (3) in this potential has the form of
a Boltzmann distribution
1
1
P ∗ (x) = e−V (x) ∼ x−b ,
(8)
Z
Z

where Z is a normalization constant given by Z = e−V (x) dx. For b > 1, Z is ﬁnite
and the system tends toward this unique equilibrium distribution regardless of the initial
condition (we assume that the potential does not contain inﬁnite energy barriers and
the system is ergodic). However, for b ≤ 1, the equilibrium distribution cannot be
normalized. In this case, any normalized initial condition tends to zero. Thus, potentials
with logarithmic tails are a marginal case for the diﬀusion equation. Any potential
which increases at large x faster than a logarithm ‘traps’ the particle and the probability
distribution reaches a steady state at long times. On the other hand, potentials which
increase with x more slowly than logarithmically are non-trapping and the probability
distribution eventually spreads out to inﬁnity. In the marginal case where the potential is
doi:10.1088/1742-5468/2012/02/P02001
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where the correction U(x) is negligible for large |x| and it ensures that V (x) does not
diverge at the origin. For concreteness, we assume that for large x

Diﬀusion in a logarithmic potential: scaling and selection

P (x, t) = P ∗ (x)[1 + G(x, t)],

or equivalently G(x, t) =

P (x, t) − P ∗ (x)
.
P ∗ (x)

(9)

We seek scaling solutions of P (x, t) − P ∗(x), or equivalently of G(x, t), rather than of
P (x, t). Note that, since the Fokker–Planck equation is linear and it is satisﬁed by P ∗ (x),
∗
∗
the distribution P (x, t) and the deviation from
 equilibrium P (x, t)−P
 ∗(x) = P (x)G(x, t)
satisfy the same equation. However, while P (x, t) dx = 1, here P (x)G(x, t) dx = 0.
Looking for a scaling form for solutions with zero normalization is our primary extension of
the calculations of [18]–[20], which enables us to ﬁnd all scaling solutions to the problem.
2.2. The scaling solution

The Fokker–Planck equation (1) can be solved exactly by standard methods [23]. By a
transformation of variables, it can be mapped to a Schrödinger equation in imaginary time
which describes a quantum particle moving in an inverse square potential. Analysis of this
quantum problem yields the exact solution of the equation for arbitrary initial conditions
represented as a series of Bessel functions. Asymptotic analysis of these Bessel functions
allows one to identify the scaling form which characterizes the approach to equilibrium at
late times. Although this calculation is straightforward, it is rather technical and lengthy.
We therefore delay its presentation to appendix A. Here, we present the results of this
calculation, and in the rest of this section we heuristically motivate these results.
According to the exact calculation of appendix A, the long-time behavior of the
solution of the Fokker–Planck equation (3) with any normalizable initial condition and
for a reﬂecting boundary condition at the origin is given, to leading order in t, by
⎧
|x|
−δ
⎪
⎪
for |x| ≤ x1 (t)
⎨ gβ t1/(b+1) t
∗
∗
(10)
P (x, t) ≈ P (x) + CP (x)
⎪
|x|
⎪
−β
⎩ fβ
for |x| ≥ x1 (t),
t
t1/2
where x1 (t) can be chosen to have any value which satisﬁes
t1/(b+1)  x1 (t)  t1/2 ,

(11)

doi:10.1088/1742-5468/2012/02/P02001
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logarithmic at large x the particle is trapped at low temperatures and becomes delocalized
at high temperatures, as the dimensionless parameter b changes from b > 1 to b ≤ 1.
The aim of this paper is to describe how P (x, t) relaxes toward the eventual Boltzmann
distribution. We therefore concentrate on the normalizable case b > 1. Recently, [18]–
[20] have shown that this relaxation is given by a useful and compact scaling form. The
scaling form which was found, however, describes the solution of equations (2) and (3)
only for a speciﬁc (albeit large) class of initial conditions, and it represents correctly only
the large-|x| behavior of the actual scaling solution. The main result of the present work
is the surprising fact that the long-time scaling form of the solution depends on the initial
condition in a non-trivial fashion. Moreover, the entire solution can be described by a
scaling form, where the non-universal features are contained in P ∗ (x). We now present
these results, and then derive them.
As we are interested in the relaxation toward the equilibrium distribution, it is
convenient to study the deviation of P (x, t) from P ∗ (x). To this end we deﬁne a function
G(x, t) via

Diﬀusion in a logarithmic potential: scaling and selection

and the scaling functions are given by
gβ (z) = −

4(b + 1)
+ z b+1 ,
rZ(2β + b − 1)

(12)

1 + b + 2β b + 3 u2
;
;−
.
(13)
2
2
4
The values of the scaling exponents β and δ and of the constant C will be discussed
shortly. The constant r depends on the domain on which the diﬀusion is deﬁned: r = 2
for diﬀusion on the positive half-line (with a wall at the origin), while r = 1 for symmetric
diﬀusion on the entire real line. Here, 1 F1 is the conﬂuent hypergeometric function, whose
known properties yield the asymptotic form [24]
⎧ b+1
for u  1
⎪
⎨u
−2β
for u  1, β < 1
(14)
fβ (u) ∼ Du
⎪
⎩ b+1 −u2 /4
for u  1, β = 1,
u e
fβ (u) = ub+1 1F1

G0 (|x|  1) ∼ A|x|−a .

(15)

Here, a > 1 − b must hold for P (x, 0) to be normalizable. Note that a may be negative.
If G0 (x) decays faster than a power law, we formally take a = ∞. A few examples of
diﬀerent initial conditions and the corresponding values of a and A are given in table 1.
In section 4 we brieﬂy discuss cases in which G0 (x) is not asymptotically symmetric, i.e.,
when the tails of G0 (x) at x → ±∞ decay at diﬀerent rates.
For this large class of initial conditions, the scaling exponents are given by
a
if a < 2
(16)
β = β(a) = 2
1
if a > 2
and
δ = δ(a) = β(a) +

b−1
.
2

For a < 2, the constant C is
Γ(1 − a/2)
C = b+a+1
· A,
2
Γ[(3 + b)/2]
doi:10.1088/1742-5468/2012/02/P02001
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where D = 21+b+2β Γ[(b + 3)/2]/Γ(β − 1).
The solution (10) is presented schematically in ﬁgure 1. It is made up of two diﬀerent
scaling forms with diﬀerent dynamical exponents: x ∼ t1/(b+1) and x ∼ t1/2 . At small
values of |x|, the solution is ﬂat up to x ∼ t1/(b+1) , with a value√that approaches zero as
t−δ . At large values of |x|, the solution exhibits a peak at x ∼ t, whose height shrinks
as t−β (this schematic form is modiﬁed for negative β since in this case fβ (u) diverges
for large u, see (14)). As equations (12)–(14) indicate, the two scaling functions are, to
leading order in t, identical for any x1 (t) in the range (11), explaining why the crossover
point between the two regimes can be chosen anywhere in this range.
According to the calculation of appendix A, the values of β, δ and C depend of the
initial conditions. We consider initial conditions G0 (x) ≡ G(x, 0) which for large |x| have
an asymptotic form

Diﬀusion in a logarithmic potential: scaling and selection

Table 1. A variety of initial conditions P (x, 0) and the corresponding values of
a and A according to equation (15). G0 (x) ≡ G(x, 0) is deﬁned by equation (9),
and its leading asymptotic behavior for |x|  1 is presented. (x) and C are
a compactly supported function and a constant whose values
change from line

to line. They are added to ensure the normalization P (x, 0) dx = 1. The
equilibrium distribution P ∗ (x) is given in equation (8).
P (x, 0)
δ(x − x0 )

C|x|−(b+1) + (x)
C|x|−(b−1) + (x)
P ∗ (x) + C|x|−(b+1) + (x)
P ∗ (|x| + x0 ) + (x)
P ∗ (x)[1 + e−|x|/x0 ] + (x)
CP ∗ (x)[1 + e−|x|/x0 ]

δ(x − x0 )
− 1 ∼ −1
P ∗ (x)
Ce−|x|/x0
− 1 ∼ −1
P ∗ (x)
C|x|−(b+1) + (x)
− 1 ∼ −1
P ∗ (x)
C|x|−(b−1) + (x)
− 1 ∼ CZ|x|+1
P ∗ (x)
C|x|−(b+1) + (x)
∼ CZ|x|−1
P ∗ (x)
P ∗ (|x| + x0 ) + (x)
− 1 ∼ −bx0 |x|−1
P ∗ (x)
(x)
e−|x|/x0 + ∗
∼ e−|x|/x0
P (x)
C − 1 + Ce−|x|/x0 ∼ C − 1

a

A

0

−1

0

−1

0

−1

−1

CZ

1

CZ

1

−bx0

∞
0

C −1

while for a > 2, C depends on the full forms of the initial condition and the potential.
For a = 2 there are logarithmic corrections to equation (10), which are presented in
equations (A.36), (A.37) and (A.40) of appendix A.
We make two comments about the solution (10). First, we would like to emphasize
the non-trivial fashion in which the solution depends on the initial condition. The scaling
functions fβ and gβ and the scaling exponent δ are determined by the value of β. The
β exponent exhibits a ‘phase transition’ at a = 2, between a regime (a < 2) in which β
depends on the value of a and a regime (a > 2) in which it does not. As discussed in
section 3.2 below, it is this threshold phenomenon which ties our scaling solution with the
problem of velocity selection of propagating fronts.
The second comment is that this scaling solution is universal, in two ways: it is
independent of the small-x details of the potential, i.e. of U(x) of equation (4). It is also
independent of the small-x details of the initial condition. When we say below that a
particular result is universal, we use the term in both these senses. To be more precise,
the universal function is (P (x, t) − P ∗ (x))/P ∗(x); P (x, t) itself depends on U(x) for small
values of x, but only through the simple Boltzmann distribution (8). It is interesting to
note that when a > 2, where the solution does not depend on the initial condition, the
constant C is non-universal, while in the case of a ≤ 2, where the initial condition does
aﬀect the scaling form, C is universal.
In the remainder of this section, we motivate these results in order to gain an
understanding of their origin. To do so, we derive these results in a heuristic fashion,
doi:10.1088/1742-5468/2012/02/P02001
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Ce−|x|/x0

G0 (x)
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which, although not rigorous, is more transparent than the calculation of appendix A. In
this heuristic derivation, we do not presume the results of appendix A, but for a single fact:
in order to establish the selection mechanism which leads to equation (16) (in section 2.4),
we rely on the fact that localized initial conditions G0 (x) (which correspond to a = ∞)
evolve into scaling solutions of the form (10) with β = 1. In other words, using the scaling
solution for localized initial conditions, we are able to ﬁnd the scaling solution for all
initial conditions.
2.3. Scaling solution for |x| ∼

√

t (‘large x’)

∂G ∂ 2 G
b
∂G
∂G ∂ 2 G
=
−
.
= −V  (x)
+
(1
+
h(x))
+
∂t
∂x
∂x2
x
∂x
∂x2

(19)

Here we have used equation (8) to deduce that ∂P ∗ (x)/∂x = −V  (x)P ∗ (x). Our heuristic
derivation of the scaling solution (10) proceeds by dropping the h(x) term in this equation,
which is negligible for large values of x. This leads to
∂G(x, t)
b ∂G(x, t) ∂ 2 G(x, t)
=−
+
,
∂t
x ∂x
∂x2

(20)

which is equivalent to equation (1). Dropping h(x) is justiﬁed below, in section 2.6, where
we establish the universality of the results which we now derive, i.e. their independence
of the form of h(x).
The goal of the present subsection is to show that equation (20) admits a family of
scaling solutions. We start by looking for scaling solutions of the form
|x|
G(x, t) = t−β f √
t

(21)

where the scaling exponent β and the function f (u) are to be determined.
corresponds to the ansatz


|x|
|x|
∗
∗
−β
−b
−β
P (x, t) = P (x) + P (x)t f √ ∼ |x| 1 + t f √
t
t

This
(22)

for the probability distribution. Substituting (21) in the Fokker–Planck equation (20)
yields a family of ordinary diﬀerential equations for f (u),
f  +

u b
−
f  + βf = 0
2 u

(23)

with β a free parameter. For every value of β this equation has a solution
f (u) = C1 ub+1 1F1

1 + b + 2β b + 3 u2
;
;−
2
2
4

+ C2 1F1 β;

1 − b u2
;−
2
4

,

(24)

where 1 F1 is the conﬂuent hypergeometric function [24], and C1 and C2 are integration
constants. The three unknown constants β, C1 and C2 should in principle be determined
by the two boundary conditions at u = 0 and ∞ and by the initial condition.
doi:10.1088/1742-5468/2012/02/P02001
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As we are seeking a scaling form for G(x, t) (equation (9)) rather than for P (x, t), we
start by writing down the equation governing the evolution of G. Substituting (9) in the
Fokker–Planck equation (6) we ﬁnd

Diﬀusion in a logarithmic potential: scaling and selection

The study of the small-x scaling solution in section 2.5 below shows that the proper
boundary condition to consider at u = 0 is
f (u  1) ∼ ub+1 .

r − s = 0, 1, 2, . . .
r − s = 0, 1, 2, . . .,
(26)

we see that the boundary condition (25) implies that C2 = 0, and therefore f (u) = Cfβ (u),
where fβ is given in (13), and we have deﬁned C ≡ C1 .
Without another condition which may set the values of the two remaining constants,
C and, more importantly, β, we are still left with a family of scaling solutions. Note
that the conservation of probability cannot be used to determine these constants, since
the scaling ansatz (21) does not hold for small enough values of x. Similarly, the known
stationary distribution (8) does not provide a boundary condition as all solutions relax
to it (as can be seen using (26)). We therefore arrive at the uncommon (although not
unique, see [25]) situation in which the scaling exponent β and the scaling function f
are determined by the initial condition. This situation confronts us with a problem of
selection: which of the family of scaling solutions is selected by the initial condition of the
physical system under consideration? We turn to this question in section 2.4.
2.4. Stability and the selection of the scaling solution

In this section we elucidate the selection mechanism which leads to equation (16) (for a
discussion of the selection mechanism in this equation in a diﬀerent physical context, see
also [25], pp 252–65). Since probability is locally conserved by the diﬀusion equation (3),
it is reasonable to expect that the relaxation toward equilibrium propagates as a diﬀusive
‘front’ from the origin toward the tails. If this is so, then, at any given time, the tails
of G(x, t) do not yet ‘feel’ this front, and they should therefore be given by the initial
distribution. By matching the tails of equation (24) with initial conditions of the form (15),
the asymptotics (26) of the hypergeometric function suggest that β(a) = a/2 and C is
given by (18) when a = 2, 4, 6, . . ..
According to the exact calculation of appendix A, the naive argument of the previous
paragraph is correct only for a < 2. To understand why the argument fails when a > 2,
we turn to a stability analysis of the scaling solutions and show that those with β > 1
are unstable to localized perturbations. To this end, we make use of the following result
which is derived in appendix A: localized initial conditions G(x, 0), such as compactly
supported ones, evolve at long times to
x
G(x, t) ∼ t−1 f1 √
t
doi:10.1088/1742-5468/2012/02/P02001
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Using the asymptotics of the hypergeometric function [24]
⎧
1 + O(u2 )
for u  1
⎪
⎪
⎪
⎪
r
−2
⎪
⎨ 4 Γ(s) + O(u ) −2r
u2
for u  1,
u
=
Γ(s − r)
1 F1 r; s; −
⎪
4
⎪
⎪
Γ(s) + O(u−2) 2(r−s) −u2 /4
⎪
⎪
⎩
e
for u  1,
u
(−4)r−s Γ(r)

(25)
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where f1 (u) is given in (13). This result can heuristically be understood as follows: if
the initial condition is compactly supported, then it is plausible that the selected solution
will be the one whose decay at the tails is steepest. The asymptotics (26) of the scaling
solutions show that this is the β = 1 scaling function. We note that using the identity
1F1 (A; A; z)

= ez ,

(28)
2

Examining equation (29) we see that the late-time behavior of the solution will be
close to the scaling solution fβ if the disturbance δP is negligible compared to it. In other
words, at late times we can only see scaling solutions which are stable with respect to
local perturbations. In order to ascertain the stability of the diﬀerent scaling solutions, we
should examine how localized perturbations around them evolve in time. Since the Fokker–
Planck equation is linear, the evolution of such localized perturbations is independent of
that of the scaling solution. This simpliﬁes the stability analysis: we need only to solve
the Fokker–Planck equation for localized initial conditions.
We now use the result (27) from the exact calculation, and ﬁnd that at late times
equation (29) evolves to


x
x
x
∗
−β
∗
−β
−1
P (x)t fβ C √ + δP (x, t) ≈ P (x) Ct fβ √ + C̃t f1 √
.
(30)
t
t
t
When β < 1 the second term on the rhs is negligible compared to the ﬁrst, and the scaling
solution is stable to localized perturbations. On the other hand, when β > 1 the second
term dominates the late-time behavior. Such scaling solutions are unstable and can never
be observed in physical systems. We thus see that initial conditions of the form (15) with
a < 2, which ‘excite’ scaling solutions fβ with β < 1, evolve to a scaling solution which
depends on a. ‘Most’ initial conditions, however, evolve toward the marginally stable
scaling solution of β = 1. By ‘most’ we mean that the basin of attraction of the β = 1
solution in the space of all initial conditions has a higher dimension than the basins of
attraction of solutions with any β < 1. Note that when a > 2 the constant C̃ is determined
by the localized perturbation rather than the tail of the initial condition, and therefore it
is not given by equation (18).
2.5. Scaling solution for |x| 

√
t (‘small x’)

√
In this section we show that when |x|  t, the probability P (x, t) is also given in the
long-time limit by a scaling form. This scaling form is diﬀerent from the one discussed
above, but it, too, depends on the initial condition. Surprisingly, this scaling form is
universal: it depends on the full details of the potential V (x) only through the stationary
distribution (8) which multiplies the scaling function.
doi:10.1088/1742-5468/2012/02/P02001
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one can simplify the expression for the scaling function to f1 (u) = ub+1 e−u /4 .
Let us consider a distribution which at some time t is close to a scaling solution of the
form (22). The distribution cannot be exactly equal to this scaling solution in any physical
situation: at small enough x values, where the potential deviates from a logarithm, the
scaling form breaks down. At best, the exact solution is equal to the scaling solution plus
a small localized disturbance δP , i.e.,
x
P (x, t) − P ∗(x) = CP ∗ (x)t−β fβ √ + δP (x, t).
(29)
t
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Unlike the large-x scaling form, the small-x scaling form depends on the boundary
condition at the origin. As mentioned above, we assume in this section that the probability
current at the origin (deﬁned in equation (3)) vanishes at all times: J(0, t) = 0. This
boundary condition translates into
∂G
=0
(31)
∂x x=0,t

in the Fokker–Planck equation (19) yields
g0 (x) − V  (x)g0 (x) = −δ0 t−1 g0 (x).

(34)

For t  1 the term on the rhs becomes negligible3 . We thus arrive at the simple equation
g0 (x) − V  (x)g0 (x) = 0, which can be integrated, yielding
x

eV (y) dy,

g0 (x) = C3 + C4

(35)

0

where C3 and C4 are integration constants. The boundary condition (31) implies that
g0 (0) = 0, which means that C4 = 0. Therefore, for values of x which are small enough,
G(x, t) = C3 t−δ0 .
We now proceed to examine the solution at scales tγ with 0 < γ < 12 . At late times,
x ∼ tγ  1, and we can replace V (x) ≈ b log x. Substituting the ansatz (32) in the
equation (20) yields the ordinary diﬀerential equation in the scaling variable z = xt−γ
b
gγ (z) − gγ (z) = −[γzgγ (z) + δγ gγ (z)]t−(1−2γ) .
(36)
z
As before, we assume that the two terms which are proportional to t−(1−2γ) are negligible
at large times and we drop them. The validity of this assumption will be examined below.
We are left with the equation:
b
(37)
gγ (z) − gγ (z) = 0,
z
whose solution is given by
(38)
gγ (z) = C5 + C6 z b+1 .
More precisely, we expand G(x, t) in a power series in t−1 : G(x, t) = C3 t−δ [a0 (x) + a1 (x)t−1 + a2 (x)t−2 + · · ·],
which we substitute in (19) and solve separately at each
 y order. As is shown below, at the zeroth order we ﬁnd
x
a0 (x) = 1. The next order gives a1 (x) = C  − δ 0 dy 0 dz exp(V (y) − V (z)), which for x  1 is approximately
a1 (x) ∼ xb+1 . This means that as long as x  t1/(b+1) the approximation g0 (x) = C3 is valid.
3
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as long as P ∗ (0) = 0. The results for other boundary conditions are discussed in section 4.
√ From the calculation of section 2.3 we already know that, at x values which scale as
t, G(x, t) is given by (21) and (13) with β which depends on the initial condition. We
now examine the solution at x which scale as t−γ , with 0 ≤ γ < 12 . To this end, we look
for scaling solutions of the form
x
G(x, t) = t−δγ gγ γ ,
(32)
t
which we call ‘the solution at scale tγ ’.
We begin by considering the unscaled solution G(x, t) itself (this is the case γ = 0).
Substituting the ansatz
(33)
G(x, t) = t−δ0 g0 (x),
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The picture that emerges is that at every scale tγ the solution is either a constant C5 or
a power law C6 z b+1 . At a single intermediate scale, both C5 = 0 and C6 = 0. Continuity
at small x implies that if C5 = 0 then C5 = C3 . With an abuse of notation, we shall from
now on denote the exponent of this special intermediate scale by γ. At this intermediate
scale, we expect the solution
for large values of z to coincide with the small u behavior of
√
the solution in the x ∼ t region (see equations (10)–(16)). This yields the condition (25).
Using G(ut1/2 , t) ≈ Ct−β(a) ub+1 (see (14)), we ﬁnd that C6 = C, and
δγ (a) = β(a) + (b + 1)( 12 − γ).

(39)

∞

0=
0

[P (x, t) − P ∗ (x)] dx =

∞

P ∗ (x)G(x, t) dx = I1 (t) + I2 (t),

(40)

0

where we have deﬁned
x1 (t)

I1 (t) ≡
I2 (t) ≡

0
∞
x1 (t)

x1 (t)

P ∗ (x)G(x, t) dx ≈ t−δγ
∗

0
∞

−β

P (x)G(x, t) dx ≈ t

x1 (t)

P ∗ (x)[C3 + Cxb+1 t−γ(b+1) ] dx,

x
C −b
x fβ √
Z
t

(41)
dx.

In these equations we have substituted the small-x and large-x
solutions for G.
 ∞scaling
−δγ
−b
To leading order in t, equation (40) gives C3 t
= −2C/rZ 0 u fβ (u) du t−β−(b−1)/2 ,
where

∞
2
for diﬀusion on positive half-line
∗
P (x) dx =
r=2
(42)
1
for diﬀusion on entire real line.
0
Using (39) we deduce that
1
γ=
b+1

(43)

and
C3 = −

2C
rZ

∞
0

u−b fβ (u) du = −

C
4(b + 1)
.
rZ 2β(a) + b − 1

(44)

To sum up, we see that for any x1 (t) in the range (11)
G(|x| ≤ x1 (t), t) ≈ Ct−β−(b−1)/2 gβ

|x|

t1/(b+1)

,

(45)

where
gβ (z) = −

4(b + 1)
+ z b+1 .
rZ(2β + b − 1)
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We note that for the scaling solution (38) the two terms that were neglected when passing
from equation (36) to (37) are indeed negligible as long as z  t1/2−γ , or equivalently
x  t1/2 .
We are now left with the problem of ascertaining the values of the two remaining
undetermined constants γ and C3 . These can be found with the help of the conservation
of probability (we once again make use of the boundary condition (31)). Choosing
tγ  x1 (t)  t1/2 , we can write
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Once again we ﬁnd a scaling solution which depends on (the tails of) the initial condition.
On the other hand, just like the scaling solution at large x, this solution is essentially
independent of the full details of the potential V (x), which only serves to determine the
stationary solution P ∗ (x) and, when a > 2, the constant C.
We emphasize that the analysis presented above holds for all |x| < x1 (t), including
the region around the origin where the potential is not logarithmic. For any ﬁxed x (which
does not scale with t), equations (45) and (46) agree with rigorous results obtained for
discrete random walks in a logarithmic potential [26, 27].

In this section, we establish the universality of the results of section 2.3. That is, we
show that they depend only on the logarithmic tail of the potential, and not on the h(x)
correction term of equations (7) and (19). Moreover, our argument demonstrates that the
details of the initial condition near the origin are also irrelevant for the large-x scaling
form.
To establish the required universality, we rescale x, t and G(x, t) by deﬁning a rescaled
function
GΛ (x, t) ≡ Λ2β G(Λx, Λ2 t).

(47)

Thus, up to a normalization factor which depends on β, the rescaled function GΛ (x, t) is
equal to G at time Λ2 t as seen at the spatial scale Λx. The equation for the evolution of GΛ
may be straightforwardly obtained by substituting the deﬁnition (47) into equation (19),
yielding
b
∂GΛ (x, t) ∂ 2 GΛ (x, t)
∂GΛ (x, t)
= − (1 + hΛ (x))
+
,
∂t
x
∂x
∂x2

(48)

where hΛ (x) ≡ h(Λx).
The solution G(x, t) at a given late time t  1 can be obtained in two ways: either
by propagating the initial condition according to equation (19), or by rescaling the initial
condition, propagating it according to equation (48) to (rescaled) time 1 and rescaling
back. In the second way, the correction h(x) is negligibly
√ small. According to this
procedure, we obtain the scaling limit by replacing Λ with t:
tβ G(ut1/2 , t) = G√t (u, 1) −→ G∞ (u, 1) ≡ f (u).
t→∞

(49)

The exponent β must be chosen appropriately so that the t → ∞ limit exists and is not
zero. The limiting function G∞ (x, t) evolves according to (48) with
h∞ (x) = lim hΛ (x) ∼ lim (Λx)−σ = 0
Λ→∞

Λ→∞

(50)

for any x = 0; see (7). Therefore, the scaling limit of the original Fokker–Planck equation
does not depend on h(x).
The initial condition for the rescaled problem (48) is
G∞ (x, 0) ≡ lim GΛ (x, 0) = lim Λ2β G(Λx, 0).
Λ→∞

Λ→∞

(51)

This limiting initial condition G∞ (x, 0) is in many cases a singular function, similar to the
Dirac δ-function but with a diﬀerent type of singularity. If the tails of G(x, 0) at x → ±∞
doi:10.1088/1742-5468/2012/02/P02001
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2.6. Universality of late-time scaling solutions
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3. Comments on the scaling solution
In this section we comment on the scaling solution derived above and discuss it in some
broader contexts.
3.1. The scaling solution and incomplete self-similarity

The dependence of the scaling exponent β on the initial condition signals the failure of
dimensional analysis. The latter is easily seen to predict incorrectly that β = (1 − b)/2.
The reason for this failure is the following. The prediction of dimensional analysis for the
diﬀusion equation rests crucially on the conservation of probability [25]. When b > 1, the
limiting rescaled equation (1) does not conserve probability at the origin because of the
singularity of the potential there [21, 22]. It is the U(x) term in the potential (4) which
guarantees conservation of probability, and rescaling it away (as was done in section 2.6)
yields a singular limit. In practice, this means that at any ﬁnite time t, no matter how late,
corrections due to the potential U(x) inevitably aﬀect the form of the solution at small
enough values of x. The scaling form (22), in which these corrections are not taken into
account, should not be expected to conserve probability by itself, and therefore the scaling
exponent β cannot be found by dimensional analysis. In the terminology of Barenblatt,
the scaling solution to our problem exhibits self-similarity of the second kind (see [25]).
It is interesting to note that when b ≤ 1 the solution of the diﬀusion equations (2)
and (3) approaches a self-similar solution of the ﬁrst kind, i.e. one whose scaling exponents
can be determined by dimensional analysis. The scaling solution in this case was found
4

Consider for example a symmetric localized initial condition G(x, 0) which is negative at the origin, becomes
positive at |x| = 1, and is exactly zero for |x| ≥ 2. In this case GΛ (x, 0) is somewhat similar to δ  (x), the second
derivative of the
more or less singular than δ  (x): if φ(x) is a smooth test
 Dirac δ function, but might be either

2β+b−3
, which in the limit Λ → ∞ might diverge or vanish,
function, then φ(x)GΛ (x, 0) exp[−VΛ (x)] dx ∼ φ (0)Λ
depending on the sign of 2β + b − 3. Here, VΛ is the rescaled potential, deﬁned by VΛ (x) = (b/x)(1 + hΛ (x)).
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decay with |x| faster than algebraically (e.g., exponentially), then G∞ (x, 0) is zero when
x = 0 and is singular at the origin4 . The exact details of the initial condition around the
origin are lost in the limit which yields G∞ (x, 0). The tails of the initial condition may,
however, aﬀect G∞ : an initial condition which decays algebraically as in equation (15) is
rescaled to GΛ (x, 0) ∼ Λ2β−a A|x|−a . If β = a/2, the rescaled initial condition G∞ has the
same algebraic decay as G. We see that initial conditions may aﬀect the scaling solution
only through their tails, and that for initial conditions with power-law tails a limit of (51)
exists only when choosing β ≤ a/2 (compare with (16)).
The rescaling argument which we have presented in this section is inspired by the
renormalization group (RG) techniques used by Goldenfeld et al [28] and by Bricmont
and Kupiainen [29] to analyze nonlinear partial diﬀerential equations. Here we have used
their method to analyze a linear equation which is inhomogeneous in space. From the RG
perspective, the rescaling transformation (47) can be viewed as an RG transformation that
has a one-parameter family of ﬁxed points fβ (u). The scaling limit of the original equation
is determined by the appropriate ﬁxed point, which is not aﬀected by the addition of h(x).
Therefore, the h(x) term in the equation is irrelevant and the scaling solution is universal
in the RG sense.
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in [19, 20]. Since there is no equilibrium distribution when b ≤ 1, one cannot deﬁne G(x, t)
according to equation (9). Nonetheless, one may look for scaling solutions of the form
x
P (x, t) ∼ x−b t−β f˜ √ .
t

(52)

3.2. Selection and propagating fronts

A selection mechanism similar to the one described in section 2.4, by which most initial
conditions evolve into a marginally stable state, is well known to exist in several other
problems [17], [30]–[32]. Many of these problems can be expressed as propagation of
fronts into unstable states [17]. A well-studied example is given by the nonlinear diﬀusion
equation which was studied originally by Kolmogorov, Petrovsky and Piskunov [33] and
by Fisher [34]:
∂2φ
∂φ
=
+ φ − φ3 .
∂t
∂x2

(53)

Their original works concern the spreading in space of an advantageous mutation in a
population. In this context 0 ≤ φ(x, t) ≤ 1 describes the fraction of individuals located
at point x who possess an advantageous gene. This equation admits two stationary
homogeneous solutions: an unstable solution φ(x) = 0 and a stable solution φ(x) = 1.
Any localized initial perturbation around the φ = 0 state grows into two traveling waves
propagating outwards with an asymptotically constant velocity. This velocity of front
propagation cannot, however, be easily determined, as equation (53) has a traveling wave
solution φ(x, t) = fv (x − vt) for every possible velocity v.
The selection mechanism for the problem of propagating fronts has strong similarities
to our problem of diﬀusion in a logarithmic potential. It is possible to show [17] that,
similarly to our problem, the selected front solution depends on the tails of the initial
condition: if φ(x, 0) ∼ e−λx , then the asymptotic velocity is v(λ) = λ + 1/λ for
λ < λ∗ = 1, and is v(λ∗ ) = 2 independently of λ for steep enough initial conditions,
i.e. when λ > λ∗ (the latter case includes localized initial conditions, i.e. those which have
a compact support). Moreover, all traveling wave solutions with v < v(λ∗ ) are unstable to
small, localized disturbances. Notice also that both in our problem, and in the problem
of front propagation, stable solutions decay monotonically at the tails, while unstable
solutions decay at the tails through oscillations (in our problem, this is a property of the
hypergeometric function (13); for propagating fronts see, e.g., [17]). The marginally stable
solution, into which localized initial conditions evolve, is the solution with the steepest
tail which is still monotonic.
The similarity between our problem and the selection of propagating fronts is
furthered by noticing that, by a simple change of variables, scaling solutions in general
can be thought as traveling waves [25]: by deﬁning ξ = log x and τ = log t, any scaling
doi:10.1088/1742-5468/2012/02/P02001
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Dimensional analysis (or, equivalently, the conservation of probability) dictates as before
that β = (1 − b)/2, which in this case is indeed the correct value, regardless of the initial
condition. For example, when b = 0, i.e. in the simple case of free diﬀusion, one obtains
the well-known result β = 12 .
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solution can be expressed as5
t−β f

x
tv

= e−βτ f (eξ−vτ ) ≡ e−βτ φ(ξ − vτ ),

(54)

3.3. Relation with previous results

We brieﬂy comment on the relation of our results to those of [18]–[20]. There, a scaling
solution of the form (52) rather than (21) was sought. For such a scaling solution, β must
5
This transformation is only valid for x > 0. One can separately transform the negative x scaling form into a
traveling wave solution by deﬁning ξ  = log(−x).
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which is a traveling wave solution (whose overall height might shrink or expand with time,
depending on the sign of β). Note also that a power-law tail of the initial conditions (15)
implies an exponential tail in the traveling wave variables: Ax−a = Ae−aξ .
A few peculiarities of the selection problem posed by equation (3) should be
mentioned. First, unlike the case in the problem of propagating fronts, the velocity
of the traveling wave (54) which corresponds to the fast front solution (10) and (16) is
independent of the selected solution: it is always v = 1/2. Instead, it is the exponent β
which is selected by the initial condition. In addition, as discussed above, localized initial
distributions for the diﬀusion equation correspond to initial conditions (15) with a = 0,
which, in the context of selection, are not localized (in other words, when the distribution
P (x, 0) is localized, then G(x, 0) is not localized, and β = 0 is selected rather than the
marginal value 1). This is in contrast with the many problems of selection in which the
generic initial conditions which are natural to consider are the localized ones. Furthermore,
other ‘non-steep’ initial conditions are physically relevant in many situations, as will be
discussed in section 5. In other words, unlike many other selection problems, equation (3)
naturally leads us to study those cases in which the solution does depend on the initial
condition (another such exception is found in [35]).
Another diﬀerence of the diﬀusion problem from most known problems of selection
lies in the fact that the scaling solution of the diﬀusion problem is made up of two scaling
functions. As mentioned above, the scaling form of the slower front is determined by
that of the faster one, and hence it is also selected by the initial condition. In the
language of traveling waves, this corresponds to a case in which two moving fronts exist,
propagating at diﬀerent velocities. While there are systems which are known to develop
two fronts selected by a marginal stability mechanism, we are not aware of a case in
which the velocities of the two fronts are related to each other by an expression akin to
equation (17).
An interesting feature of equation (3) is that, unlike other problems where selection
takes place, this equation is linear, yet not homogeneous in space. The linearity of
equation (3) enables the derivation of an exact solution (as is done in appendix A),
and thus assists in analyzing the selection mechanism in detail. It should be noted that,
while many problems of selection are conjectured to be governed by a marginal stability
criterion, a rigorous proof of this fact is rarely known. The simpler linear example provided
by equation (3) might help to shed light on the common mathematical structure governing
these similar problems.

Diﬀusion in a logarithmic potential: scaling and selection

be equal to zero and
f˜(u  1) = 1/Z + O(u)

(55)

4. Non-conserving boundary conditions
So far, we have concentrated on solutions of equation (3) with no-ﬂux boundary conditions
at the origin, i.e., we have assumed that the current of probability at the origin J(0, t)
is zero at all times. In this section, we describe what happens for J(0, t) = 0. Such a
situation arises in two diﬀerent scenarios: (i) the distribution P (x, t) is deﬁned only for
x ≥ 0 and the boundary condition at the origin allows J(0, t) = 0; (ii) x is unbounded,
but the initial condition is asymptotically non-symmetric, i.e., G(x → ±∞, 0) ∼ A± x−a±
with a+ = a− or A+ = A− . We focus here on the ﬁrst scenario, and only brieﬂy describe
what happens in the second.
For concreteness, we discuss a speciﬁc choice of boundary condition at the origin: an
absorbing boundary condition, i.e. P (0, t) = 0. This boundary condition arises naturally in
many physical problems, especially when studying ﬁrst-passage properties of the dynamics
(see section 5.3). Other boundary conditions (e.g. P (0, t) = P0 , where P0 is a constant)
can be treated in a similar manner. We remark that diﬀusion on the half-line x ≥ 0
with an absorbing boundary at the origin is equivalent to diﬀusion on the entire real
line with an initial condition which is antisymmetric. This suggests that the case of an
absorbing boundary can be treated similarly to the unbounded x which we have considered
in previous sections. We do not follow this alternative route below, as we seek a derivation
which can easily be generalized to other boundary conditions.
When probability is not conserved at the origin, the eventual steady state which
the system reaches need not be P ∗ (x) (which by deﬁnition (8) is normalized to unity).
Thus, we need to redeﬁne G(x, t), as we expect to ﬁnd a scaling form for solutions which
eventually relax to zero. We therefore deﬁne
P∞ (x) ≡ lim P (x, t)
t→∞
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must hold, since P (x, t) should eventually converge to the steady state distribution (8).
The scaling function f˜ satisﬁes the same diﬀerential equation (23) as f , whose solution
is (24). Using the asymptotics of the hypergeometric function (26), the boundary
˜ → ∞) → 0 determine the constants C1 and C2 , and the
condition (55) together with f(u
scaling solution is found to be f˜(u) = Z −1 Γ[(b + 1)/2, u2 /4]/Γ[(b + 1)/2], where Γ(a, x) is
the incomplete Γ function.
Examining the general solution (10), (13), (16), and (18), and using properties of the
hypergeometric functions [24], it can be veriﬁed that when a = 0 and A = −1 the scaling
exponent β is indeed equal to zero and the large-x scaling solution reduces to the results
of [18]–[20]. This case includes the large class of initial conditions P (x, 0) which decay
to zero faster than a power law, e.g., P (x, 0) = δ(x − x0 ) (see table 1). Other initial
conditions, however, select diﬀerent values of β and lead to a scaling function diﬀerent
from the one considered previously.
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Table 2. A variety of initial conditions P (x, 0) and the corresponding values of
a and A according to equation (15) for a system with an absorbing boundary at
the origin (in which case P∞ (x) = 0). G0 (x) is deﬁned by equation (57), and its
leading asymptotic behavior for |x|  1 is presented. (x) and C are a compactly
supported function and a constant whose
values change from line to line. They are

added to ensure the normalization P (x, 0)dx = 1. The equilibrium distribution
P ∗ (x) is given in equation (8). In some cases, the values of a and A for the same
initial condition might diﬀer when the boundary condition is changed (compare
with table 1).

δ(x − x0 )
Ce−|x|/x0
C|x|−(b+1) + (x)
C|x|−(b−1) + (x)
P ∗ (x) + C|x|−(b+1) + (x)
P ∗ (|x| + x0 ) + (x)
P ∗ (x)[1 + e−|x|/x0 ] + (x)
CP ∗ (x)[1 + e−|x|/x0 ]

G(x, 0)
δ(x − x0 )
∼0
P ∗ (x)
Ce−|x|/x0
∼ CZ|x|b e−|x|/x0
P ∗ (x)
C|x|−(b+1) + (x)
∼ CZ|x|−1
P ∗ (x)
C|x|−(b−1) + (x)
∼ CZ|x|+1
P ∗ (x)
C|x|−(b+1) + (x)
∼1
1+
P ∗ (x)
P ∗ (|x| + x0 ) + (x)
∼1
P ∗ (x)
(x)
∼1
1 + e−|x|/x0 + ∗
P (x)
C + Ce−|x|/x0 ∼ C

a

A

∞
∞
1

CZ

−1

CZ

0

1

0

1

0

1

0

C

to be the steady state which the system eventually reaches, and generalize the deﬁnition
of G to
P (x, t) − P∞ (x)
G(x, t) =
(57)
P ∗(x)
(compare with (9)). Note that P∞ (x) depends on the boundary condition at the origin.
For instance, for a reﬂecting boundary condition P∞ (x) = P ∗ (x), while an absorbing
boundary results in P∞ (x) = 0. The deﬁnition (57) allows us to consider both cases on
the same footing.
The parameter a is deﬁned by the tails of G(x, 0), which depends by deﬁnition on
the boundary condition (see equation (57)). Therefore, the same initial condition P (x, 0)
may result in two diﬀerent values of a when considering two diﬀerent boundary conditions
(conversely, one may say that for diﬀerent boundary conditions, the same initial condition
G(x, 0) corresponds to diﬀerent initial distributions P (x, 0)). A few examples of diﬀerent
initial conditions and the corresponding values of a and A in the case of an absorbing
boundary are presented in table 2.
Examining the arguments of sections 2.3 and 2.4, we see that the boundary condition
at the origin does not play any role in the derivation of the scaling form at large values
of x. We can therefore conclude that the large-x scaling form is independent of the
doi:10.1088/1742-5468/2012/02/P02001
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boundary condition at the origin. This conclusion is supported by the exact calculation
of appendix A.
The small-x scaling function, on the other hand, does depend on the boundary
condition. As in section 2.5, we start by considering an ansatz (33) for the unscaled
solution G(x, t), and obtain equation (35). When the origin is absorbing, the boundary
condition on G is G(x, 0) = 0, from which we deduce that C3 = 0. We therefore have
G(x ≤ x1 (t), t) ≈ Ct−δ̃ g̃β (x),

(58)

x

eV (y) dy,

g̃β (x) = C̃4

(59)

0

√
and x1 (t) is in the range 1  x1 (t)  t (compare with (45) and (46)). The constant C
is the same as in equation (13), and C̃4 = C4 /C. From (59) together with the form (2)
of the potential it is seen that g̃β (x) ∼ xb+1 /(b + 1) for x  1. Matching the large-x
asymptotics of (58) with the small-u asymptotics of (13) yields
δ̃(a) = β(a) +

b+1
2

(60)

and C̃4 = b + 1. Note that the new form of the small-x scaling function (59) is no longer
independent of the small-x details of the potential V (x).
To sum up, changing the boundary condition at the origin aﬀects the scaling solution
in two ways. First, it entails a change in the deﬁnition of G(x, 0), which might alter
the value of a. Second, it modiﬁes the small-x scaling function. Importantly, the largex scaling function and the scaling exponent β remain unchanged. For the case of an
absorbing boundary, these changes are summed up in the ﬁnal scaling form of the solution
⎧
⎨ g̃β(a) (x)t−δ̃(a)
∗


P (x, t) ≈ P∞ (x) + CP (x)
⎩ fβ(a) x t−β(a)
t1/2

for x ≤ x1 (t)
for x ≥ x1 (t),

(61)

where g̃ is given in equation (59) and δ̃(a) by (60). This solution is depicted schematically
in ﬁgure 2.
Finally, we brieﬂy comment on diﬀusion on the entire real axis with non-symmetric
initial conditions G(x → ±∞, 0) ∼ A± x−a± (scenario (ii) above). In this case, there are
two diﬀerent
‘fast fronts’ which
√ propagate from the origin to ±∞: a scaling function for
√
x ∼ t and another for x ∼ − t. Each of these is selected by the corresponding tail of the
initial condition. Similarly, there are two ‘slow fronts’ (i.e. small-x scaling functions), each
one overlapping with the corresponding large-x scaling function. A calculation similar to
that of section 2.5 can be repeated, leading to solutions of the form (32), (38) and (39).
Four unknown variables remain: γ± and C5,± (the values of γ and C5 for the positive-x and
negative-x scaling functions). These can in principle be determined from two equations:
the conservation of total probability, and continuity of the probability current at x = 0.
doi:10.1088/1742-5468/2012/02/P02001
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5. Applications
In this section, we present applications of the new theoretical results which have been
derived above. In particular, we give examples of several problems in which the
dependence of the scaling form on the initial conditions plays an important role.
As discussed above, when probability is conserved, a large class of initial distributions
(including localized ones) correspond to a value of a = 0 (see equations (9) and (15) and
table 1). For these initial conditions the distribution evolves to the β = 0 scaling form,
which is the one previously obtained in [18]–[20]. An inspection of equations (9) and (15)
and of table 1 reveals that initial conditions with a = 0 can be divided into two broad
classes: for a ≤ 0, the exponent a yields the leading decay of the tail of the initial
distribution. On the other hand, when a is positive, the tail of the initial distribution
approaches the equilibrium distribution P ∗ (x); in this case, the leading decay of the initial
distribution as x → ±∞ is that of P ∗ , and a determines the sub-leading correction to P ∗ .
Below we consider examples of both classes. In section 5.1, we describe an experimental
protocol by which initial conditions with negative values of a can be obtained, and we
propose a cold-atoms experiment which, using this protocol, could measure the predicted
dependence of the relaxation on the initial condition. Initial conditions belonging to the
second class may at ﬁrst sight seem unnatural in physical circumstances, as they require
ﬁne-tuning the initial distribution. In section 5.2 we show that this is not necessarily the
case, and explain how initial conditions with a = 1 arise naturally in the calculation of
current correlations in the zero-range process, a stochastic model of particle transport.
When the boundary condition at the origin is absorbing, on the other hand, the value
of a is always determined by the leading decay of the tail, no matter what the initial
distribution is (see equation (57) and table 2). Therefore, no value of a requires ﬁnetuning of the initial distribution. In section 5.3, we provide one example of such a system:
we explain why the dynamics of loops in a denaturating DNA molecule is described by
doi:10.1088/1742-5468/2012/02/P02001
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Figure 2. A schematic representation of the solution P (x, t) (equation (61)) at
a given late time t  1 (not drawn to scale) for a system with an absorbing
boundary at the origin. The red hollow line represents g̃β (x)t−δ̃ , the solution at
small values of x, while the blue solid line represents the large-x scaling form
fβ (x/t1/2 )t−β , where the scaling exponents β = β(a) and δ̃ = δ̃(a) are presented
in (16) and (60). The boundary condition may modify the value of a, but it does
not have any further eﬀect on the large-x scaling form (compare with ﬁgure 1).
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equation (1) with an absorbing boundary, and show the implications of the dependence
on initial conditions for the analysis of results of single-molecule experiments.
For the sake of completeness, we provide in section 5.4 a review of some other systems
which are described by equation (1), to which our results may be relevant.
5.1. Initial conditions with a < 0 and atoms in optical lattices

Equations (9) and (15) indicate that the tail of the initial distribution for a < 0 is of the
form
with μ < b.

(62)

Here, a = μ − b. Thus, such initial distributions can be relatively easily generated in
physical situations. This observation straightforwardly suggests a protocol by which one
can observe the dependence of the relaxation dynamics on initial conditions. For the sake
of concreteness, we present this protocol in the context of cold atoms trapped in optical
lattices, where the dependence on initial conditions can be tested experimentally.
When cold atoms are placed in optical lattices, their momentum performs a
diﬀusion, which, in the semi-classical regime, is of the form (1), where x represents the
momentum [1]. In recent years, this momentum diﬀusion has received both theoretical
and experimental attention due to the power-law distribution and ‘anomalous’ dynamics
to which it gives rise [2]–[5], [36]. The Fokker–Planck equation for the semi-classical
probability distribution W (p, t) of an atom with momentum p at time t is


∂
∂W (p, t)
∂W (p, t)
=
−F (p)W (p, t) + D(p)
,
(63)
∂t
∂p
∂p
where, in appropriate units, F (p) = −bp/(1 + p2 ) = −b/p+O(p−3 ) is the cooling ‘friction’
force, and D(p) = 1 + D/(1 + p2 ) is a momentum-dependent diﬀusion coeﬃcient [1]. The
parameters b and D are determined by the depth of the optical lattice, which may be
controlled in an experiment by the intensity and detuning of the optical lattice. When
D  1 equation (63) is of the form (2) and (3). The equation can be brought
 p  to this form
D/D(p ) dp =
even when D is not negligible, by the standard transformation q(p) =
p + D arctan(p) [23]. The transformed equation reads


∂
∂W (q, t)
∂W (q, t)
=
−F̃ (q)W (q, t) +
,
(64)
∂t
∂q
∂q
where once again F̃ (q) = −b/q + O(q −3). For convenience of notation, we will assume
below that D  1 and study equation (63).
The experimental protocol to observe the ‘anomalous’ scaling suggested by
equations (10)–(16) is fairly straightforward. For any given value of the parameter b, the
stationary distribution of momentum is given by Wb∗ (p) = Zb−1 e−Vb (p) = Zb−1 (1 + p2 )−b/2
(where we have made the dependence on the parameter b explicit in our notation).
In an experiment, the parameter b can be controlled by changing the depth of the
optical potential. The following two-step procedure would generate an appropriate
initial condition with negative a: (1) a state with momentum distribution W (p, 0) =
−1
(1 + p2 )−(b+a)/2 with some b > 1 and 1 − b < a < 0 is prepared by setting the
Zb+a
parameters of the experiment to a value which corresponds to b + a, and allowing the
doi:10.1088/1742-5468/2012/02/P02001
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system to equilibrate; then (2) at time t = 0 the parameters are rapidly changed from
b+a to b. Following this ‘quench’, the distribution W (p) or one of its moments is measured
as a function of time. For instance, if b + a > 3, one may measure the variance of the
momentum p2  (which is proportional to the mean kinetic energy of the atoms), which
is predicted to decay as
p2 (t) − p2 (∞) =

dp p2 [P (p, t) − Pb∗ (p)] ∼ t−(b+a−2)/2

u2−b fa/2 (u) du.

(65)

5.2. Initial conditions with a = 1 and current correlations in a critical zero-range process

Another way to generate initial conditions with a = 0 without ﬁne-tuning the parameters
of the initial state is to prepare the system initially in a translate of the equilibrium
distribution, i.e. P (x, 0) = P ∗ (x + Δx) for some Δx. In this case, the initial condition
corresponds to a = 1 (see table 1). Such a situation may be realized experimentally if it
is possible to displace the conﬁning logarithmic potential.
In this section we present a diﬀerent case in which such an initial condition arises.
The problem we shall address here is the calculation of stationary two-time correlations of
particle currents in a zero-range process (ZRP), a stochastic model of particle transport
exhibiting real-space condensation.
In the ZRP which we consider, N = ρL particles hop on a one-dimensional lattice
of L sites with periodic boundary conditions (ρ is the density of particles). The particles
can only move in one direction. The deﬁning property of the model is that the rate of a
jump from site i to i + 1 is a function only of the number of particles ni in the departure
site. We denote this rate by w(ni ). This non-equilibrium model of interacting particles
has been studied extensively in recent years. For certain choices of the hopping rates, the
model exhibits a condensation transition, whereby, when the density is increased above
a critical density ρc , a ﬁnite fraction of all particles resides in a single site (selected at
random). For reviews of this condensation transition and other applications of the model
see [37]–[39].
We consider a ZRP at the critical density, and examine correlations of the current
ﬂowing across a single site. We concentrate on hopping rates which for large n have the
form
w(n) = 1 +

b
+ O(n−2 ).
n

(66)

These commonly studied rates give rise to condensation when b > 2 [40]. In the
thermodynamic limit (when L → ∞), the arrival of particles into any site is a Poisson
process with rate 1 which is independent of the process of particles departing from the
doi:10.1088/1742-5468/2012/02/P02001
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Although we have presented this experimental protocol in the context of cold-atom
experiments, it could be used in many other physical contexts as well.
We remark that, unlike many cases in which fat-tail distributions lead to an anomalous
time evolution, in the case which we discuss here there is no requirement that any
particular moment of the initial distribution diverges. In fact, any particular moment
of the initial (or ﬁnal) distribution can be guaranteed to be ﬁnite by selecting b large
enough with a ﬁxed value of a.
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where Z is a normalization constant and Z is non-universal and depends on the full form
of the rates w(n). For w(n) = 1 + b/n, for example, it can be shown that Z = b/(b − 1)
and Z = [(b − 1)Γ(b)]−1 .
Having presented the model, we now present the speciﬁc problem which we wish to
study, and show how the results of previous sections can be used to solve it. Our task is
to calculate the correlation function
C(t) ≡ Cin,out (t) ≡ jin (0)jout (t) − j 2 ,
t ≥ 0,
(69)
where jin (t) dt is the number of particles arriving at the site between time t and t + dt,
jout (t) dt is the number of particles
 ∗ departing from the site during this time period, and
P (n)w(n) = 1 is the mean current in the steady state.
j = jin (t) = jout (t) =
Angular brackets denote an average in the steady state. We may similarly deﬁne the
correlation functions Cin,in (t), Cout,out (t) and Cout,in (t), but these are all equal to zero:
both the arrival process of particles entering the site and the departure process of particles
leaving it are Poisson processes7 , and the arrival process is independent of the departure
process. To simplify notation we shall from now on drop the subscripts and denote
C(t) ≡ Cin,out (t).
Although the exact steady-state distribution of the model can be calculated for any
jump rates, little is known about two-time correlation functions such as C(t), even in the
steady state. We now show that the long-time asymptotics of this correlation function
can be found using the scaling solution (10) and (16) of equation (67) with a = 1. To this
end, we note that jin (0)jout (t) is given by a product of the rate at which a particle enters
the site at time 0, (which is 1) and the conditional rate at which a particle leaves the site
at time t given that a particle has entered at time zero. The latter rate depends on the
(conditional) occupation of the site at time t, and therefore the correlation function is

P ∗ (n)1[P (m, t|n + 1, 0) − P ∗ (m)]w(m)
C(t) =
n,m

=

∞


m=1

[P (m, t|P0 ) − P ∗ (m)]w(m),

(70)

6

In a system of ﬁnite size L  1, the arrival process is approximately Poisson on timescales t  L [41]. Therefore,
the result obtained below (equation (73)) is correct for ﬁnite systems in the intermediate asymptotics regime of
1  t  L.
7
It is not a trivial statement that the departure process is a Poisson process. In the ﬁeld of queuing theory, this
statement is known as Burke’s theorem, see [42].
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site6 [41]. The occupation probability of the site P (n) evolves according to the master
equation [19]
∂
P (n) = P (n − 1) + w(n + 1)P (n + 1) − [1 + w(n)]P (n)
∂t


∂ 2 P (n)
∂ b
−1
(1 + O(n ))P (n) +
,
(67)
≈
∂n n
∂n2
which is of the form of equations (6) and (7). It is straightforward to verify that the
steady-state distribution is
n
1 1
1
P ∗ (n) =
(68)
= n−b (1 + O(n−1))
Z k=1 w(k)
Z
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where P (m, t|n, 0) is the conditional probability to have m particles in the site at time t
given that there were n at time 0, and in the last equality we have introduced the notation
P (m, t|P0 ) ≡

∞


P0 (n)P (m, t|n, 0)

n=0

with P0 (n) ≡ P ∗ (n − 1).

(71)

For large n, the initial condition P0 (n) satisﬁes
P0 (n) = P ∗ (n)[1 + bn−1 + O(n−2 )],

(72)

C(t) ∼

πΓ[(1 + b)/2] −(b+a)/2 πΓ[(1 + b)/2] −(b+1)/2
t
t
=
,
Z2b Γ2 (b/2)
Z2b Γ2 (b/2)

(73)

where Z is deﬁned in equation (68).
5.3. Absorbing boundary conditions and dynamics of denatured DNA loops at criticality

The analysis of section 4 has revealed that initial conditions with any value of a can be
achieved without ﬁne-tuning when the boundary at the origin is absorbing (see table 2).
Absorbing boundary conditions arise naturally when studying ﬁrst-passage problems such
as the mean time it takes a diﬀusing particle to reach the origin from a given initial
condition (see for example [43]). In this section, we discuss one such example in the
experimental context of the dynamics of denaturing DNA molecules.
It is well known that, when the double stranded DNA molecule is heated, it undergoes
a denaturation phase transition in which it separates into two single strands. The nature
of this phase transition has been debated over the years. Many of the theoretical studies of
this transition are based on the model of Poland and Scheraga [44]–[46] (for recent reviews
see [47]). These studies model the DNA molecule as an alternating sequence of bound
segments and denatured loops, or bubbles. The bound segments are considered rigid, with
each bound pair contributing a negative energy of − in the case of homopolymers, while
the shape of open loops may ﬂuctuate and thus contribute to the entropy of the molecule.
The energetic cost of initializing a loop is 0 > 0, and the conﬁguration of an open loop
of size  does not further aﬀect its energy. The number of states of a long loop of length
  1 is given by the number of random walks of 2 steps which return to their starting
point:
Ω() ∼

s
.
b

(74)

Here s is a geometrical constant which depends on the microscopic details of the molecule,
while the universal exponent b depends only on space dimension and on the existence of
doi:10.1088/1742-5468/2012/02/P02001
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and therefore it is of the form (15) with a = 1 and A = b.
The calculation of C(t) now proceeds by substituting the appropriate solution (10)
in equation (70) and evaluating the sum. We carry out this calculation in appendix B.
This calculation turns out to be somewhat subtle, as the leading terms in t exactly cancel
out, and the decay of correlations is determined by the next-to-leading term. We note
here that the cancelation of the leading-order terms can only be established using both
the small-x and large-x asymptotic regimes. The result of the calculation is

Diﬀusion in a logarithmic potential: scaling and selection

S(t) =

∞


P (, t) =

=1

L


P (, t) +

=1

∞


=L+1

P (, t) ≡ S1 (t) + S2 (t),

(75)

where S1 (t) and S2 (t) correspond to the contributions to the sum from small and
large loops, respectively. Here, L  1 is a constant. Using the scaling form (61)
for the probability distribution, it is easy to evaluate the two sums and ﬁnd that
S1 (t) ∼ t−β−(b+1)/2 , while S2 (t) ∼ t−β−(b−1)/2 , where β depends on the initial condition, as
discussed below. Therefore S2 (t) dominates the sum and
S(t) ∼ t−β−(b−1)/2 .

(76)

When the loop is allowed to ﬂuctuate freely, the probability of selecting an initial
loop of length 0 in the steady state is
−(b−1)

P0 (0 ) ∼ 0 P ∗ (0 ) ∼ 0

,

(77)

which is normalizable in the case of DNA where b > 2 [7]. This is the natural
experimentally relevant initial condition when one probes the state of a base pair (whether
it is bound or not) at random. According to the deﬁnition of the parameter a for the case
of absorbing boundary conditions, it corresponds to a = −1 (see equations (15) and (57)).
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long-range interactions in the molecule such as self-avoiding interactions: for a non-selfavoiding loop in d dimensions b = d/2, while self-avoiding interactions, both within the
loop and between the loop and the rest of the molecule, were shown to increase the value
of b to approximately 2.11 in d = 3 dimensions [48, 49]. The value of this exponent has
received much attention, since it determines the order of the transition: for 1 < b < 2 the
transition is second order, while b > 2 leads to a ﬁrst order transition.
In recent years, with the advent of single-molecule experiments, direct measurements
of the dynamics of denatured segments became possible [50, 51]. In particular, the state
of a single tagged base pair can be followed using ﬂuorescence correlation spectroscopy,
whereby ﬂuorescence occurs as long as the base pair is open and is quenched when
it is closed. Such experimental developments have led to a theoretical eﬀort to study
the dynamics of denaturation using the Poland–Scheraga model [6]–[11]. These studies
consider dynamics which obey detailed balance with respect to the Poland–Scheraga free
energy: if w± () are the rates at which a loop of length  changes its length by ±1,
then w+ ()/w− ( + 1) = se−β [/( + 1)]b . At the transition temperature Tm , open loops
are sparse. They rarely coalesce or split up since 0  10kB Tm [52]. Therefore, to a
good approximation, the dynamics of a single loop may be considered independently
from that of other loops. From these considerations one may conclude that, at the
melting temperature, the loop-length probability distribution evolves according to a
master equation, which, when the loop size is large, approaches the Fokker–Planck
equation (1) (where x is the loop size ). Note that the large value of 0 implies that
once the length of a loop shrinks to zero it does not reappear in the same position for a
long period of time. Therefore, an absorbing boundary condition at  = 0 is appropriate
for the study of the dynamics of denatured loops.
The ﬂuorescence correlation function which can be measured in experiments is related
to the probability that an unbound loop remains open after time t [7]–[9], [50]. At late
times, this survival probability is given by
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5.4. Other systems described by equation (1)

In light of its simplicity, it is not surprising that equation (1) arises in many diﬀerent
contexts. We now brieﬂy review some of the problems described by this equation. This
review, which is far from being exhaustive, is included to indicate the variety of problems
to which the results obtained in this paper may apply. The physical implications of our
results to these systems have so far not been worked out.
(i) We have considered so far only one-dimensional problems of diﬀusion in a logarithmic
potential. In fact, as long as the problem is spherically symmetric, diﬀusion in a
logarithmic potential in any dimension leads to an equation of the form (2) and (3)
for the diﬀusion in the radial direction [53]. In this case, the parameter b depends
on the spatial dimension. A similar equation results when considering a spherically
symmetric convection–diﬀusion equation in two dimensions with a sink or source at
the origin [54].
(ii) The one-dimensional diﬀusion equation in an attractive logarithmic potential can be
mapped, as we show in appendix A, to the (imaginary time) Schrödinger equation
which describes a quantum mechanical particle in a repulsive inverse square potential
Vs (|x|  1) ∼ γ/x2 (where the coupling constant γ is related to b, see equations (A.4)–
(A.7)). The quantum inverse square potential has drawn much attention over the
years (for references, see for example [55, 56]). Although the questions we address
in the present study are motivated by problems of diﬀusion, the scaling solution we
have found above is valid also in the corresponding quantum system. It would be
interesting to understand its implications in the context of quantum mechanics.
(iii) Models of gases with long-range interactions exhibit slow relaxations toward
equilibrium. One approach to study these slow relaxations is to examine the evolution
toward equilibrium of a single tagged particle inside an equilibrated gas of this type.
In several models it has been established that the kinetic equation which describes
the relaxation of the tagged-particle momentum distribution can be transformed
doi:10.1088/1742-5468/2012/02/P02001
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Thus, for the relevant initial condition one has from equation (16) β = −1/2, yielding
S(t) ∼ t−(b−2)/2 , as was previously obtained in [7] using a diﬀerent method.
A diﬀerent possible experimental protocol is obtained when one forces one end of
the loop to be on a particular site. In this case, there is no need for the factor of 0 in
equation (77) [7]. The initial condition is then P0 (0 ) = P ∗ (0 ), yielding a = 0 and β = 0.
Therefore, the survival probability decays as S(t) ∼ t−(b−1)/2 , once again in accordance
with [7].
Finally, the case of a localized initial condition, namely starting from a loop of a given
length, has been considered by [8]. This case is far harder to realize experimentally. In
our approach, this initial condition corresponds to a = ∞, which leads to β = 1 and a
diﬀerent behavior of the survival probability, S(t) ∼ t−(b+1)/2 .
The conclusion from this discussion is that, since the initial condition selects the value
of the scaling exponent β, it may aﬀect all correlation functions which can be measured
experimentally. Therefore, when analyzing experiments which measure the dynamics
of denaturing DNA loops, one must carefully take into account the appropriate initial
condition which is relevant to the experiment.
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(iv)

(vi)
(vii)

6. Conclusion
In this paper we considered the late-time scaling behavior of a particle diﬀusing in
a potential with logarithmic tails, focusing solely on the trapping case in which the
probability distribution relaxes to a normalizable steady state. By concentrating on the
deviation from equilibrium (i.e. the diﬀerence between the solution and the steady state),
we have generalized to any initial condition the scaling solution which in [18]–[20] was
obtained for localized initial conditions.
The scaling solution to this, rather simple, linear diﬀusion problem contains
√ several
surprises. The ﬁrst is that at small values of |x|, where the diﬀusive (x ∼ t) scaling
regime is invalid, the solution is given by a diﬀerent scaling function. Thus, to leading
order in t, the full solution on the entire real axis is given by the simple scaling form (10).
With this new result it is easy to compute the time dependence of many correlators, even
of functions which are concentrated around the origin (e.g. 1/x(t)). The utility of this
scaling form was demonstrated in the calculation of current correlations in the zero-range
process presented in section 5.2.
Another surprising aspect of the solution is that the Fokker–Planck equations (2)
and (3) have incomplete scaling solutions, i.e. solutions in which the scaling exponents
cannot be determined from dimensional analysis. Moreover, these scaling exponents
depend on the initial condition via a selection mechanism which is similar in many of
its details to the marginal stability mechanism which governs selection in problems of
fronts propagating into an unstable state. Since our system is not spatially homogeneous,
doi:10.1088/1742-5468/2012/02/P02001
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(v)

to a Fokker–Planck equation with the asymptotic form (1), from which the time
dependence of diﬀerent correlation functions can be calculated [12, 13] (for a review
see [14, section 5.2.3] and references therein).
Equations of type (1) arise when studying the dynamics of vortex–antivortex pairs
in two-dimensional systems in the Kosterlitz–Thouless phase, where the vortex and
antivortex have a logarithmic attraction. The intra-pair diﬀusion is studied in [57] in
relation to ﬂux noise in thin superconducting or superﬂuid ﬁlms. In [53], it is shown
that this equation can describe the annihilation of vortex–antivortex pairs during
the relaxation to equilibrium of a two-dimensional XY model below the Kosterlitz–
Thouless transition after a quench from high temperatures.
In the study of Barkhausen noise, this equation is used to derive the distribution of
magnetization jumps within the mean-ﬁeld ABBM model [58, section IV, B].
In a biological context, a discrete-time version of equation (1) was suggested as a
model for the dynamics of sleep–wake transitions during a night’s sleep [15].
Many studies of equation (1) were motivated not by speciﬁc physical phenomena,
but by interesting mathematical features of the equation. These include studies
of the persistence exponents for a diﬀusion described by equation (1), which are
found to depend on the dimensionless coupling constant b [21, 53, 59]; an examination
of the eﬀect of noise on evolution equations such as (1) which give rise to ﬁnitetime singularities [22]; and an examination of the relation between the tails of
stationary distributions of Markov processes and power-law decay of correlations in
the dynamics [60].
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Appendix A. Derivation of the scaling solution
In this appendix we solve exactly the Fokker–Planck equations (2) and (3) and calculate its
long-time asymptotic form. We proceed by performing the calculation only for symmetric
potentials which are exactly equal to a logarithm for large enough x. The scaling argument
of section 2.6 implies that the long-time asymptotics we thus obtain hold for any potential
with the asymptotic form (2). The calculation presented below is based on the methods
of [2] and [59]. The case of a = 0 has recently been analyzed in a similar fashion in [61].
A.1. Mapping to a Schrödinger equation

Consider a particle diﬀusing under the inﬂuence of a symmetric potential
V (x) =

Ṽ (x)
b log(|x|)

for |x| < x0
for |x| > x0 ,

(A.1)

for some x0 > 0, where Ṽ (x) is some symmetric potential. By a proper rescaling of x and
t, it is always possible to set the threshold x0 = 1. We further assume that the potential
is measured in units of temperature (i.e. kB T = 1). From now on we denote by a tilde
any quantity in the region |x| < x0 = 1.
doi:10.1088/1742-5468/2012/02/P02001

30

J. Stat. Mech. (2012) P02001

the standard techniques which are employed in the study of the selection of propagating
fronts (most notably Fourier analysis) are inapplicable. However, as the diﬀusion equation
is linear, it can be solved exactly and the selection mechanism can be proven rigorously.
We hope that the similarities and diﬀerences between the problem we have studied here
and the selection in propagating fronts might shed light on the mathematical structure
which underlies the selection mechanism.
Beyond their intriguing and surprising mathematical properties, these scaling
solutions have considerable utility for a large variety of physical problems which are
mathematically equivalent to the diﬀusion equation in a logarithmic potential. We
demonstrated the applicability of our results to three examples: an experimental protocol
was suggested, in which cold atoms in an optical lattice are ‘quenched’ from one value
of the diﬀusion constant to another, which should exhibit a relaxation that depends on
its initial steady state; two-time current correlations in the steady state of a system
undergoing a non-equilibrium real-space condensation transition were calculated; and it
was demonstrated that initial conditions are important when analyzing experimental data
of the dynamics of denaturing DNA loops. It would be interesting to examine how the
dependence of the scaling form on the initial condition might be manifested in other
systems governed by the diﬀusion equation (1). A particularly intriguing question is the
signiﬁcance of such scaling solutions in the problem of a quantum mechanical particle in
an inverse square potential.
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The corresponding Fokker–Planck equation reads
∂ 
∂ 2 P (x, t)
∂P (x, t)
=
[V (x)P (x, t)] +
.
∂t
∂x
∂x2

(A.2)


Its normalized stationary solution is given by P ∗(x) = Z1 e−V (x) , where Z = e−V dx. We
wish to solve the general initial value problem deﬁned by this equation together with an
initial condition P0 (x) ≡ P (x, 0). As discussed in section 2, by considering deviations from
the equilibrium distribution, we may, without loss of generality, restrict our discussion to
initial conditions with zero normalization. We therefore assume from now on that
(A.3)

To solve the initial value problem deﬁned by such initial conditions we transform
equation (A.2) into an imaginary-time Schrödinger equation via the transformation [23]
P (x, t) = e−V (x)/2 ψ(x, t).

(A.4)

The resulting equation for the ‘wavefunction’ ψ is
∂ψ(x, t)
∂ 2 ψ(x, t)
− Vs (x)ψ(x, t)
=
∂t
∂x2

(A.5)

with the Schrödinger potential
(V  (x))2 V  (x)
−
.
Vs (x) ≡
4
2

(A.6)

For the potential (A.1) this gives
Vs (x) =

Ṽs (x)
2

γ/x

for |x| < 1

for |x| > 1

(A.7)

with the constant γ = (b/2)(b/2 + 1). For large x this equation describes a quantum
particle moving in a repulsive inverse square potential.
A.2. Eigenfunction representation of the solution

By separation of variables ψ(x, t) = ψk (x)T (t) we ﬁnd
2

Tk (t) = e−k t ,

k≥0

(A.8)

which yields the time-independent Schrödinger equation
−Vs (x)ψk (x) + ψk (x) = −k 2 ψk (x).

(A.9)

The zero energy (i.e. k = 0) eigenfunction, which corresponds to the steady-state
solution of the Fokker–Planck equation, is
1
(A.10)
ψ ∗ (x) ≡ ψk=0 (x) = √ e−V (x)/2
Z

where the normalization Z −1/2 ensures that ψ ∗ (x)2 dx = 1. The rest of the
eigenfunctions can be chosen to be either even or odd, since Vs (x) is a symmetric potential.
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P0 (x) dx = 0.
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ψ±,k (1 + ) = ψ±,k (1 − ) + O( )

b
Ṽ  (1)

(1 − ) +
= ψ±,k
+ O( ).
2
2
and c±,Y


1 + b − Ṽ  (1)
− v± (k) Yρ(k) + kYρ (k) ,
2


1 + b − Ṽ  (1)
v± (k) −
Jρ (k) − kJρ (k) ,
2


ψ±,k
(1 + ) +

This in turn gives for c±,J
c±,J (k) =

π
2

π
c±,Y (k) =
2

(A.12)

(A.13)


(1) = v±,0 + v±,2 k 2 + · · · (below we show that this
where we have deﬁned v± (k) ≡ ψ̃±,k
series indeed contains only even powers of k). The overall normalization c± (k), chosen so
that for large x the eigenfunctions satisfy ψ±,k (x) ∼ π −1/2 sin(kx − φ±,k ) with some phases
φ±,k , is
1/2

k/2
.
c±,J (k)2 + c±,Y (k)2
This choice of normalization guarantees the completeness relation
c± (k) =
∞

ψ ∗ (x)ψ ∗ (x ) +
0

[ψ+,k (x)ψ+,k (x ) + ψ−,k (x)ψ−,k (x )] dk = δ(x − x ).

(A.14)

(A.15)

Using these eigenfunctions and the deﬁnition (A.4), we can write down the solution
to the original Fokker–Planck equation (A.2) for any initial condition P0 (x). Denoting
this solution by P (x, t|P0 ), we have
∞

e−V (x) ∞
2
e−V (x)/2
dk α± (k)ψ±,k (x)e−k t +
P0 (x0 ) dx0
(A.16)
P (x, t|P0 ) =
Z
0
−∞
±
where the amplitudes α± (k) are given by the projection of the initial condition on the
appropriate eigenfunctions
α± (k) ≡

∞

−∞

dx0 P0 (x0 )eV (x0 )/2 ψ±,k (x0 ).

(A.17)

The second term in the rhs of equation (A.16) is obtained by projecting P0 (x) on ψ ∗ (x),
i.e., substituting (A.10) into the expression e−V (x)/2 ψ ∗ (x) dx0 P0 (x0 )eV (x0 )/2 ψ ∗ (x0 ). For
the zero-normalization initial condition (A.3) which we consider, this term vanishes.
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Denote the even eigenfunctions by ψ+,k (x) and the odd by ψ−,k (x), with k > 0. These
eigenfunctions are
⎧
|x| < 1
±,k (x),
⎪
⎨ ψ̃

(A.11)
ψ±,k (x) = c± (k)
|x|[c±,J (k)Jρ (k|x|) + c±,Y (k)Yρ (k|x|)],
x>1
⎪
⎩ 
± |x|[c±,J (k)Jρ (k|x|) + c±,Y (k)Yρ (k|x|)],
x < −1
where Jρ and Yρ are Bessel functions of the ﬁrst and second kinds of order ρ = (b+1)/2, and
ψ̃±,k (x) are the even and odd eigenfunctions of the potential Ṽs (x). We choose to normalize
ψ̃±,k by demanding ψ̃±,k (1) = 1. The constants c±,J and c±,Y can be found by proper
continuity requirements on the eigenfunctions at x = 1. Continuity of the probability
P (x, t) and of the probability current J = V  P + ∂P /∂x = ((V  /2)ψ + ∂ψ/∂x)e−V /2 (see
equation (A.2)) dictate that for small
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A.3. Eigenfunctions and amplitudes at small k
2

We are interested in the long time behavior of the solution. The e−k t term in the ﬁrst
integral of (A.16) implies that when t  1 only small values of k will contribute to the
integral. We are therefore led to investigate the small k behavior of the amplitudes α± (k)
(which according to the deﬁnition (A.17) may depend on the initial condition).
First, let us examine the small k asymptotics of the constants c±,J (k), c±,Y (k) and
c± (k). For small k, the eigenfunctions in the region −1 < x < 1 can be expanded as a
power series
(A.18)

This expansion is uniform in x in this region, and includes only even powers of k as the
eigenvalue problem (A.9) is even in k. The zeroth order terms are
x
ψ ∗ (x) 0 eV (y) dy
ψ ∗ (x)
.
(A.19)
ψ̃+,0 (x) = ∗
ψ̃−,0 (x) =
1
ψ (1)
ψ ∗ (1) eV (y) dy
0

Here, ψ (x) is given by (A.10), from which we can deduce that v+,0 = ψ ∗  (1)/ψ ∗ (1) =
1
−Ṽ  (1)/2, and similarly v−,0 = −Ṽ  (1)/2 + eV (1) / 0 eV (y) dy. By substituting the
expansion (A.18) in the Schrödinger equation (A.5) and continuing the perturbative
1
calculation to the next order, it can also be shown that v+,2 = h+,2 (1) = − −1 (e−V /2) dx,
∞
∞
which, together with 1 e−V dx = 1/(b − 1), yields Z ≡ −∞ e−V dx = 2/(b − 1) − 2v+,2 .
Substituting these in (A.13) and (A.14) we ﬁnd
∗

2
c+,J (k) = −ZΓ(ρ)
k
k
−1
c+ (k) =
ZΓ(ρ) 2

ρ−2

−π k
c+,Y (k) =
Γ(ρ) 2

2

[1 + O(k )],

ρ−3/2
2

[1 + O(k , k

b−1

ρ

[1 + O(k 2 )]
(A.20)

)],

and similarly c−,J (k) ∼ k −ρ , c−,Y (k) ∼ k ρ and c− (k) ∼ k ρ+1/2 (the coeﬃcients of the latter
three are omitted because they will not be used below). With these, together with the
known asymptotics of the Bessel functions [24], we may rewrite the eigenfunctions (A.11)
for x > 1 and k  1 as


b−1
π
k
kx
kx
ψ±,k (x > 1) ≈
Jρ (kx) +
Yρ(kx)
2
2
ZΓ (ρ) 2
2
(kx)b/2+1
k b/2−1 x−b/2
2
=
[1 + O((kx) )] −
[1 + O((kx)2 )].
(A.21)
b/2+1
b/2−1
Γ(ρ + 1)2
ZΓ(ρ)2
In order to study the amplitudes (A.17), we must make some assumptions about the
initial condition P0 (x). Below we assume that P0 (x) is asymptotically symmetric for large
|x|, i.e.
P0 (x  1) = P0 (−x  −1) ∼ P ∗ (x)A|x|−a .

(A.22)

This assumption is made solely for notational simplicity. In general, one could have
P0 (x → ±∞) ∼ P ∗(x)A± |x|−a± . The calculation which we present below can be
repeated for this more general case, resulting in diﬀerent scaling behaviors for positive
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ψ̃±,k (x) = ψ̃±,0 (x) + k 2 h±,2 (x) + k 4 h±,4 (x) + · · · .
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and negative x values, in which case only the smaller of a+ and a− dominates the
eventual long-time behavior. We further assume, without loss of generality, that for all
|x| > 1, not just for large x, the initial condition is already close to its asymptotic form,
i.e. P0 (|x| > 1) ≈ P ∗ (x)A|x|−a (one can rescale x and t to ensure that this is the case;
note that such a rescaling entails a redeﬁnition of Ṽ , ψ̃ and v± (k)).
When the initial conditions are asymptotically symmetric, the small k behavior of
α± (k) is determined as follows. Separating the integration in (A.17) into three integrals
and substituting equations (A.1) and (A.11), we can write
α− (k) = c− (k)I−,3 (k), (A.23)

with
∞

I1 (k) =

dx c+,J (k)Jρ (kx)xρ P0 (x)

∞

I2 (k) =

1

dx c+,Y (k)Yρ (kx)xρ P0 (x)

1
1
Ṽ (x)/2

I±,3 (k) =

dx ψ̃±,k (x)e

−1

(A.24)

P0 (x)

(note that P0 (x) need not be symmetric for −1 < x < 1). Changing the integration
variable in the ﬁrst integral to z = kx and substituting equations (A.20), (A.22) and
P ∗ (x) = Z −1 e−V (x) , yields
I1 (k) ≈ −AΓ(ρ)2ρ−2 k a

∞

dz z (1−b−2a)/2 Jρ (z).

(A.25)

k

The latter integral converges to a ﬁnite value when k → 0 if (1 − b − 2a)/2 + ρ > −1, or
equivalently if a < 2; otherwise, it diverges with k. Its asymptotic behavior is given, to
leading order in k, by
⎧ 1−ρ−a
2
Γ(1 − a/2)
⎪
⎪
when a < 2
⎪
⎪
⎪
Γ[(a + b + 1)/2]
⎪
⎪
⎨
∞
2−(b+1)/2
(1−b−2a)/2
dz z
Jρ (z) ∼ −
(A.26)
log k
when a = 2
⎪
Γ[(b
+
3)/2]
k
⎪
⎪
⎪
⎪
1
⎪
⎪
k 2−a
when a > 2.
⎩
(a − 2)2ρ Γ(ρ + 1)
To evaluate I2 (k), for all kx  1 we can approximate c+,Y (k)Yρ (kx) = x−ρ [1 + O((kx)2 )]
(using equations (A.20) and the known asymptotics of the Bessel function). Fixing an
 1, the integral is evaluated as
∞

/k

I2 (k) =

P0 (x) dx +
1

c+,Y (k)Yρ (kx)xρ P0 (x) dx + O(k 2 )

/k
∞

=

P0 (x) dx +

1

∞
/k

[c+,Y (k)Yρ (kx)xρ − 1]P0 (x) dx + O(k 2 ).

(A.27)

Changing once again the integration variable to z = kx reveals that
∞

I2 (k) =

P0 (x) dx + O(k 2, k a+b−1 ).

(A.28)

1
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α+ (k) = c+ (k)[2I1 (k) + 2I2 (k) + I+,3 (k)]
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The integrals I±,3 (k) are evaluated using the expansion (A.18) and (A.19):
 x V (y)
1
1
e
dy
2
P0 (x) dx + O(k 2).
P0 (x) dx + O(k )
I−,3 =
I+,3 =
01
V
(y)
dy
−1
−1 0 e

(A.29)

Combining (A.25), (A.26), (A.28) and (A.29) into equations (A.20) and (A.23), and
∞
remembering that −∞ P0 (x) dx = 0, ﬁnally yields, to leading order,
α± (k) ∼ C± k ν±

when a = 2,

ν− =

b
+ 1,
2

⎧
b
⎪
⎨ + 1 − (2 − a)
ν+ = 2
⎪
⎩ b +1
2

and

if a < 2
(A.31)
if a > 2.

The constants C± are non-universal (i.e., they depend on the full forms of the potential
V (x) and of the initial condition P0 (x)), except when a < 2, where
C+ (a < 2) =

A 21−a−b/2 Γ(1 − a/2)
·
.
Z
Γ[(b + a + 1)/2]

(A.32)

When a = 2, α− (k) is still given by equations (A.30) and (A.31), but the expression for
α+ (k) is replaced by
α+ (k) ∼ −

2−b/2
A
k b/2+1 log k
Z Γ[(b + 3)/2]

when a = 2.

(A.33)

A.4. Late-time scaling solutions

Once the asymptotic forms of ψ±,k (x) and α± (k) for small k (equations (A.19), (A.21) and
(A.30)–(A.33)) are known, they can be substituted into equation (A.16). When a = 2,
changing the integration variable to q = kt1/2 yields in the region |x| < 1
∞

0

∞

2

dk α+ (k)ψ+,k (x)e−k t = t−1/2
0

C+ t−(b+2ν± )/4 ψ ∗ (x)
=−
ZΓ[(b + 1)/2] ψ ∗ (1)

dq α+ (qt−1/2 )c+ (qt−1/2 )ψ̃+,qt−1/2 (x)e−q
∞

2

q b/2+ν+ −1 e−q dq (1 + O(t−1 )).

2

(A.34)

0

A similar calculation for the odd eigenfunctions shows that their contribution is negligible
in comparison with (A.34) for all |x| < 1. In the region |x| ≥ 1, we similarly have

∞
C± t−(b+2ν± )/4 x−b/2 xb+1 ∞ (b/2)+ν± +1 −q2
−k 2 t
dk α± (k)ψ±,k (x)e
=
q
e dq
Γ[(b + 3)/2]2b/2+1
t
0
0

2(b + 1) ∞ b/2+ν± −1 −q2
−
q
e dq (1 + O(x2 t−1 )).
(A.35)
Z
0
When a = 2, equations (A.34) and (A.35) have a similar form but are multiplied by an
overall log t correction factor.
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with

(A.30)
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∞

0

dk ψ±,k (x)α± (k)e−k

2t


πq b−1
2
−(b−1)/2
Jρ (qu) +
e−q dq,
q
Yρ (qu)t
2
b−1
ZΓ (ρ)2
0
(A.38)
and a similar expression with a log t correction when a = 2. The second term in the
square brackets is negligible at late times. Using the identity [24]
C± u1/2 t−(ν± +1)/2
√
≈
2

∞

∞

1/2+ν±



1+ρ+μ
u2
2−(ρ+1) Γ[(1 + ρ + μ)/2] ρ
u 1F1
; 1 + ρ; −
Γ(1 + ρ)
2
4
0
together with (28), we ﬁnally arrive at the scaling solution
⎧
b + a + 1 b + 3 u2 −a/2
b+1
⎪
⎪
u
;
;−
F
when a < 2
t
1
1
⎪
⎨
2
2
4
P (ut1/2 , t|P0 )
2
≈C
ub+1 e−u /4 t−1 log t
when a = 2
⎪
P ∗ (ut1/2 )
⎪
⎪
⎩ b+1 −u2 /4 −1
t
when a > 2,
u e
2

q μ Jρ (qu)e−q dq =

(A.39)

(A.40)

where the constant C is the same as in (A.37) (compare with equations (10)–(13) and
(16)–(18)).
We have repeated the calculation of this appendix also for the case considered in
section 4 of absorbing boundary conditions at the origin. This lengthy but straightforward
calculation, which we do not present here, recovers equations (58)–(61) and yields
the logarithmic corrections when a = 2. In particular, the calculation reveals that
equation (A.40) holds regardless of the boundary condition.
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As long as |x|  t1/2 , the
order terms in equations (A.34) and (A.35) can be
 ∞higher
μ −q 2
dropped. Using the identity 0 q e dq = Γ[(μ + 1)/2]/2 then leads to


⎧
|x|b+1
4(b + 1)
⎪
−(b+a−1)/2
⎪
t
+
−
when a < 2
⎪
⎪
Z(b + a − 1)
t
⎪
⎪
√
⎪


⎨
P (x  t, t|P0 )
4
|x|b+1
−(b+1)/2
≈C t
(A.36)
log t − +
when a = 2
⎪
P ∗ (x)
Z
t
⎪
⎪


⎪
b+1
⎪
|x|
4
⎪
−(b+1)/2
⎪
⎩t
− +
when a > 2,
Z
t
where
⎧
AΓ(1 − a/2)
⎪
⎪
when a < 2
⎨ b+a+1
2
Γ[(b + 3)/2]
(A.37)
C=
A
⎪
⎪
⎩ b+3
when a = 2,
2 Γ[(b + 3)/2]
and C is non-universal when a > 2 (compare with equations (10)–(12) and (16)–(18)).
Note that equation (A.36) holds even in the region |x| < 1, where the potential is not
logarithmic.
When x = O(t1/2 ), the higher order terms in equation (A.35) cannot be neglected.
They are taken into account by leaving the Bessel functions in equation (A.21) unexpanded
when substituting in equation (A.16). Changing the integration variable once again to
q = kt1/2 , and substituting u ≡ xt−1/2 , yields when a = 2
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Appendix B. Calculation of the sum in equation (70)
In this appendix, we calculate the current correlation function discussed in section 5.2
using the scaling solution (10). We begin by splitting the sum in equation (70) into three
terms,
C(t) = S1 (t) + S2 (t) + S3 (t),

(B.1)

where we deﬁne

m=n1 (t)+1

[P (m, t|P0) − P ∗ (m)](w(m) − 1)

n1 (t)

S2 (t) ≡
S3 (t) ≡



m=1

[P (m, t|P0 ) − P ∗ (m)]w(m)

(B.2)
n1 (t)

∞


∗

m=n1 (t)+1

[P (m, t|P0) − P (m)] = −



m=0

[P (m, t|P0 ) − P ∗ (m)].

n1 (t) 
 t1/2 , and in the last equality we have
Here, n1 (t) is chosen to satisfy t1/(b+1)
 
∗
used the normalization condition m P (m) = m P (m, t|P0 ) = 1.
As discussed in section 5.2, at large times, the terms in the square brackets in (B.2)
can be replaced by the scaling solution (10) and (16) with a = 1. In the ﬁrst sum, the
square brackets are replaced with the large-x scaling function, yielding
S1 (t) =

∞


m=n1 (t)+1

≈

√
√
[P ∗ (u t)Ct−1/2 f1/2 (u)](w(u t) − 1)

Cb −(b+1)/2
t
Z

∞
0

1F1

1 + b + a b + 3 u2
;
;−
2
2
4

du =

πΓ[(1 + b)/2] −(b+1)/2
t
,
Z2b Γ2 (b/2)
(B.3)

√
where in the ﬁrst line u = m/ t, and we have substituted both the asymptotic form of
P ∗ (n) (68) and the value of the constant C which is given in (18).
A similar calculation is carried out for S2 and S3 , this time using the small-x scaling
function. We now show that, although S2 , S3 ∼ t−b/2 , the two sums cancel each other
to leading order in t. To see this, substitute (10) in (B.2), and use (68) to deduce that
P ∗ (n)w(n) = P ∗ (n − 1). Combining these gives


 n1

(t)−1
mb+1
(m + 1)b+1
−b/2 ∗
t
P (m)w(m) C3 + C
t
P (m) C3 + C
S2 (t) ≈
=
t
t
m=1
m=0


n1 (t)

mb+1
−b/2 ∗
t
P (m) C3 + C
S3 (t) ≈ −
,
t
m=0
n1 (t)



−b/2

∗

(B.4)
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S1 (t) ≡

∞
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where C3 is given in (44). Therefore,
S2 (t) + S3 (t) ≈

n
1 −1
m=0

Ct−b/2−1 P ∗ (m)[(m + 1)b+1 − mb+1 ]

−b/2

−t



n1 (t)b+1
P (n1 (t)) C3 + C
,
t
∗

(B.5)
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5

Condensation in a ZRP with atypical
current

5.1

Introduction

An interesting problem in driven diffusive systems concerns the (exponentially small) probability
to see highly atypical currents in these systems, and the typical behavior of the system in case
this highly atypical event occurs. This problem has drawn much attention in recent years in
the context of the large deviations approach to nonequilibrium statistical mechanics. Here we
study this problem for a one-dimensional open ZRP which is connected to two reservoirs at the
boundaries. This is one of the few known examples where the density profile in events with
atypical currents can be computed explicitly.

A distinctive characteristic of the ZRP is the occurrence of condensation. The goal of this
section is to examine the ramifications of condensation when considering questions regarding
large deviation events. Below we shall show that conditioning on atypical currents may lead to
the formation of condensates in the system. These condensates form in the bulk of the system,
whereas under typical conditions condensates can only form at the boundaries.

One of the lessons learned in recent years from studies of atypical large deviation events is
that conditioning on such events often induces order on an otherwise disordered system [86–90].
For example, Ref. [88] studies the Baker’s map, one of the simplest textbook examples of a
chaotic dynamical system, and examines trajectories that are conditioned to remain close to a
single point (typical trajectories tend to homogeneously fill out space). While one may assume
that such trajectories remain chaotic, it turns out that such atypical trajectories are typically
achieved by following an ordered, time-periodic trajectory. The results of this section provide
a particularly simple example of this lesson, where conditioning on atypically large currents
causes an otherwise disordered ZRP to form condensates.
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5.2
5.2.1

Background
The large deviations approach to nonequilibrium statistical
mechanics

The theory of large deviations, a branch of probability theory, is the mathematical theory underpinning some of the basic structures of equilibrium statistical mechanics, including ensemble
theory and Einstein’s theory of fluctuations [55]. Mathematically, the theory provides tools
to quantify the asymptotic behavior of sequences of random variables that follow a law of
large numbers (LLN). A sequence Xn of random variables obeys a LLN if it converges to a
deterministic value Xn → x0 as n → ∞. If a LLN holds for the sequence, the probability to
see deviations from x0 must vanish when n is large. Often, these deviation probabilities vanish
exponentially with n, i.e.,
Prob(Xn = x) = e−nI(x)+o(n)

(5.1)

for some function I(x) that satisfies I(x0 ) = 0 and I(x) > 0 for all x 6= x0 . If this is the case,
the sequence Xn is said to obey a large deviation principle. The function I(x) that quantifies the
exponentially small deviation probabilities is called a large deviation function (LDF, known also
as rate function).
Viewed from the large deviations perspective, equilibrium thermodynamic potentials such
as entropies and free energies are LDFs. For example, the probability of a ferromagnet to have
magnetization M = N m, where N is the number of spins and m the magnetization per spin, is
given in the thermodynamic limit of N → ∞ by the free energy F (M ):
P (m) = e−βF (M ) ≡ e−N βf (m) ,

(5.2)

where the free energy per spin f (m) ≡ F (N m)/N is precisely a LDF (here β is the inverse
temperature). LDFs may also be used to to find the typical behavior of a system when conditioned
on exponentially atypical large-deviation events. Continuing with the previous example, assume
we are considering a spatially extended ferromagnet with a field m(x) describing its spatially
varying magnetization profile. The LDF that yields the probability to see any given magnetization
profile is in this case the free-energy functional F[m(x)] (e.g., of a Ginzburg-Landau form). If
the system is conditioned to have some atypical value of the mean magnetization, the typical
magnetization profile will be the one minimizing F[m(x)] under the constraint of the mean
magnetization, as can be verified with a simple saddle-point analysis.
LDFs can often be defined for systems driven out of equilibrium, where there is no canonical
definition of an entropy or a free energy. Once these functions are identified, the mathematical
theory of large deviations allows one to import much of Gibbs’ formalism of ensembles and
Einstein’s fluctuations theory to the nonequilibrium setting [52, 55, 91, 92]. Therefore, LDFs are
natural candidates to play the role of thermodynamic potentials far from thermal nonequilibrium.
Note, however, that nonequilibrium LDFs may differ in some of their basic properties from
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those of equilibrium thermodynamic potentials of short-range interacting systems. For example,
nonequilibrium LDFs may be non-local and non-convex [93–96].

5.2.2

The macroscopic fluctuation theory

A major difficulty with the large deviations approach to nonequilibrium statistical mechanics
is that it is usually very difficult to calculate LDFs for a given microscopic model. Even
in equilibrium, where the prescription for the calculation of the free energy is known, this
calculation can be a formidable task (the free energy of the three-dimensional Ising model is not
known analytically, for example). In nonequilibrium the problem is even worse, as no general
prescription for the calculation is available.
The macroscopic fluctuation theory (MFT) provides such a prescription for a particular class
of diffusive models that are driven from the boundaries or by a weak driving field ν in the
bulk [52, 97, 98]. Consider large systems whose macroscopic size R is much larger than the
typical microscopic size of inter-particle distances a, and define a dimensionless system size
L = R/a  1. In such systems, the density field ρ(x, t) evolves, on a hydrodynamic scale,
according to fluctuating hydrodynamic equations which consist of a continuity equation
ρ̇(x, t) = −

∂j(x, t)
∂x

(5.3)

and a Langevin type equation for the fluctuating current j(x, t)
j(x, t) = −D(ρ)

p
∂ρ
+ νσ(ρ) + σ(ρ)ξ(x, t).
∂x

(5.4)

Here ξ is a standard white noise, ν is the (weak) bulk driving field, and D(ρ) and σ(ρ) are
the diffusion and conductivity coefficients. Throughout this section we shall be focusing on
one-dimensional systems for simplicity. (5.3) and (5.4) are written in units where R = 1 and time
is rescaled diffusively, i.e., by a factor of 1/L2 compared to the typical microscopic timescale.
The validity of the fluctuating hydrodynamics description is based on an assumption of local
equilibrium [86], i.e., around each point there is window of size 1  `  L (measured in the
microscopic length units of a) which, during (microscopic) times that are much larger than `2
but much shorter than L2 , is approximately at equilibrium with density ρ(x) (i.e., microscopic
configurations in this window are approximately given by the Gibbs-Boltzman distribution with
this density). This assumption explains why only equilibrium and linear response coefficients
(D and σ) enter the macroscopic evolution equation.
From the fluctuating hydrodynamic equations, using the standard Martin-Siggia-Rose formalism [92, 99, 100], one may find that the probability of a macroscopic trajectory ρ(x, t) between
time 0 and T has the large deviations form

Prob[ρ(x, t)] ∼ exp −LF[ρ(x, t)]

(5.5)
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with the large deviations functional


Z T Z
[j(x, t) + D ρ(x, t) ρ0 (x, t) − νσ ρ(x, t) ]2

F[ρ(x, t)] =
dt dx
.
2σ ρ(x, t)
0

(5.6)

Here j is related to ρ by (5.3). Note that here and the the rest of this chapter, T is used to denote
time rather than temperature. Using (5.5)–(5.6) and saddle point approximations one may find
the probability to see an atypical mean current1
Z T
−1
j≡T
dt j(x, t)
(5.7)
0

during the long (macroscopic) time interval [0, T ]:

Prob(j) ∼ exp[−LT F (j)]
with
F (j) = lim

T →∞




1
min F[ρ(x, t)] ,
T ρ(x,t)

(5.8)
(5.9)

where the minimization is over all trajectories ρ(x, t) that satisfy (5.3) and (5.7). The typical
density profile during this atypical current event is precisely the minimizer in the last equation.
The main advantage of the MFT is that it allows for calculations that depend only on the
macroscopic quantities D(ρ) and σ(ρ) and not on microscopic details. These are two linear
response functions, and are related by a fluctuation-dissipation relation [101]
D(ρ) =

1 d log z
σ(ρ)
2 dρ

(5.10)

[here z(ρ) is the equilibrium fugacity at density ρ]. They can be experimentally found by
macroscopic measurements, and can also be calculated analytically for many models [52]. The
main drawback of the MFT is that solving optimization problems such as (5.9) is often very
difficult. The particular problem of Eq. (5.9) becomes simpler, however, if the optimal profile
ρ(x, t) happens to be a stationary profile ρ(x), as is often the case [101].

5.2.3

MFT for the ZRP

Below we consider an open ZRP connected to two reservoirs at the boundaries. The model is
defined as in Sec. 1.2.1, but with open rather than periodic boundary conditions. At the left
boundary (site 1), particles appear (enter from the left reservoir) with rate α and disappear (exit
to the left reservoir) with rate γu(n1 ). Similarly, at the right boundary particles enter from the
right reservoir with rate δ and exit to this reservoir with rate βu(nL ). The dynamics is depicted
in Fig. 5.1. It is natural to consider

1

β=p

(5.11)

γ = q,

(5.12)

As long as particles do not accumulate indefinitely at any point, the location x where the current is measured
has no effect, since the integrated current during time T can only vary by o(T ) throughout the system.

5.2. Background

151

α

δ

γu (4) pu (4)

qu (3) βu (3)
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Figure 5.1: Some possible particle hopping events and their rates in the ZRP with L sites and
open boundary conditions.

i.e., the hopping rates out of the first and last site are the same as the bulk hopping rates. The
parameters α and δ can be reexpressed in terms of reservoir fugacities:
α = zl γ = zl q

(5.13)

δ = zr β = zr p

(5.14)
(5.15)

where zl is the fugacity of the left reservoir and zr is that of the right reservoir. When zl = zr = z,
the system is in equilibrium and its mean density is
ρ(z) =
with
Z(z) ≡

∞
X
n=0

∂ log Z(z)
,
∂ log z

f (n)z n ,

f (n) ≡

(5.16)
Y 1
.
u(k)
k≤n

(5.17)

It shall be convenient for the calculation below to introduce some more notation. We thus
define chemical potentials zi = eµi , and also parameters ∆µ, µ̄ and z0 as follows
∆µ ≡ µl − µr = log(zl /zr ),
µ̄ ≡ (µl + µr )/2,
√
z0 ≡ eµ̄ = zl zr .

(5.18)
(5.19)
(5.20)

To fall within the realm of validity of the fluctuating hydrodynamic equations (5.3)–(5.4) and
the MFT, one must consider weakly asymmetric hopping, in which
p = q + ν/L

(5.21)

where ν is kept fixed in the thermodynamic limit of L → ∞. We fix the units of time by setting
q = 1/2. In this case, the hydrodynamic equations (5.3)–(5.4) are obtained by rescaling space as
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x ≡ i/L (0 ≤ x ≤ 1) and time as 1/L2 . In the weakly asymmetric ZRP defined as above, it is
known that
1 ∂z(ρ)
.
(5.22)
σ(ρ) = z(ρ)
and
D(ρ) =
2 ∂ρ
The relation z(ρ) between the fugacity and density depends on the form of the rates u(n) and is
found by inverting the relation (5.16). For the diffusion and conductivity coefficients (5.22), it
can be shown that the optimal density profile in (5.9) is stationary in time [101, 102].
When there is no external field (ν = 0), the typical macroscopic density profile of the
open-boundary ZRP in the steady state is linear
ρtypical = ρ[ztypical (x)],

with

ztypical (x) ≡ (1 − x)zl + xzr .

(5.23)

Substituting this relation in Eq. (5.4) yields the typical stationary current, jtypical = (zl − zr )/2.
When ν 6= 0, the typical profile and current are also known [103]. Our goal is to find the typical
profile for atypical values of the current.
It should be noted that ZRP conditioned on atypical currents have been studied in Refs.
[104–106]. The focus in these studies is on the statistics of the current itself. They do not
consider the spatial pattern of condensation.

5.3

Optimal profile of a ZRP with atypical current

Assume that during a long period of time T , an atypical mean current j [Eq. (5.7)] is observed to
flow through the open-boundary ZRP. What is the probability for such an event to happen, and
what is the most likely density profile conditioned on such an event? We shall now address these
questions using the MFT formalism.
As the optimal density profile in the ZRP for this problem is known to be independent of
time [101, 102], the MFT expression for the current LDF, Eqs. (5.6), (5.7) and (5.9), becomes
Z 1
dρ
− νσ(ρ)]2
[j + D(ρ) dx
F (j) = min
dx.
(5.24)
ρ(x) 0
2σ(ρ)
The minimization is over all profiles which satisfy the boundary conditions dictated by the
boundary reservoirs
ρ(0) = ρl ≡ ρ(zl )
ρ(1) = ρr ≡ ρ(zr ),

(5.25)

where ρ(z) is given in Eqs. (5.16)–(5.17). The typical profile ρ∗ (x) during this atypical current
event is then the profile for which this minimum is achieved.

5.3.1

Optimal fugacity profile: general considerations

Surprisingly, the optimal fugacity profile z(x) turns out to be independent of the hopping rates
u(n). The fugacity profile is related to the density profile by the usual equilibrium relation,
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which for the ZRP is given in Eqs. (5.16)–(5.17), and therefore the density profile does depend
on the hopping rates. Thus, it is simpler to obtain the fugacity profile than to calculate the density
profile directly.
Let us reformulate the optimization problem (5.24) in terms of the fugacity profile. Using the
fluctuation-dissipation relation (5.10) one can transform the current large deviations function to
F (j) = min F̃ [z(x), j] ≡ min
z(x)

z(x)

Z

1

[j +

σ(z) dz
2z dx

− νσ(z)]2
dx.
2z

0

(5.26)

The boundary conditions now read z(0) = zl and z(1) = zr . The optimal fugacity profile z ∗ (x) is
the one for which the minimum is achieved, and the optimal density profile is ρ∗ (x) = ρ(z ∗ (x)).
A general solution of the ensuing optimization problem can be obtained as follows [101, 107].
The functional F̃ can be rewritten as
Z 1h
Z zr
 dz 2 i
j − νσ(z 0 ) 0
F̃ [z(x), j] =
B(z) + A(z)
dx +
dz − jν,
(5.27)
dx
2z 0
zl
0

where

A(z) =

σ(z)
,
8z 2

and

B(z) =

j2
ν 2 σ(z)
+
.
2σ(z)
2

(5.28)

Performing the functional derivative of F̃ yields
0=

 dz 2
δ F̃
d2 z
= B 0 (z) − A0 (z)
− 2A(z) 2 .
δz
dx
dx

(5.29)

Multiplying this equation by dz/dx one obtains

 dz 2 i
dh
B(z) − A(z)
= 0,
dx
dx

which upon integration yields the differential equation
s
s
dz
B(z) + k̃
2jz 
νσ(z) 2
1+
=±
=±
+ kσ(z).
dx
A(z)
σ(z)
j

(5.30)

(5.31)

Here k and k̃ are integration constants which are related by k̃ = j 2 k/2 + jν. They are determined
by the boundary condition z(1) = zr . Using (5.31) one may simplify a bit expression (5.27)
evaluated at the optimal profile:
Z 1
Z zr
j − νσ(z 0 ) 0 j 2 k
∗
F (j) = 2
B(z )dx +
dz +
.
(5.32)
2z 0
2
0
zl

5.3.2

Optimal fugacity profile for the ZRP

Substituting the drift and diffusion coefficients (5.22) in (5.31) yields the ordinary differential
equation
r
dz
νz 2
= ±2j
1+
+ kz.
(5.33)
dx
j
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Note that the fugacity profile is independent of the rates u(n). The density profile, however, does
depend on the form of u(n) through (5.16) and (5.17).
The solution of (5.33) with the boundary conditions z(0) = zl and z(1) = zr is
∗

z (x) = z0

e

∆µ
2

sinh2 [ν(1 − x)] + e−

with
Q≡

∆µ
2

sinh2 [νx] + 2Q sinh[νx] sinh[ν(1 − x)]
,
sinh2 ν

r

1+

 j sinh ν 2

.
z0 ν
When integrating Eq. (5.33), the boundary condition z(1) = zr was used to find that
z0 ν 
cosh(∆µ/2) i
2ν h
1+
Q coth ν −
.
k=−
j
j sinh ν
sinh ν

(5.34)

(5.35)

(5.36)

An interesting limit is that of a symmetric ZRP, in which ν → 0. Taking this limit in Eq.
(5.34) yields the simpler quadratic expression
p
 ∆µ

∆µ
∗
zν=0
(x) = z0 e 2 (1 − x)2 + e− 2 x2 + 2x(1 − x) 1 + (j/z0 )2 .
(5.37)
This expression simplifies further in the equilibrium case where zl = zr , i.e., ∆µ = 0:
p


∗
zν,∆µ=0
(x) = z0 1 + 2x(1 − x) 1 + (j/z0 )2 − 1 .

(5.38)

Note that according to (5.34) the fugacity profile (and hence the density profile) is symmetric
around x = 1/2 whenever zl = zr , or equivalently ∆µ = 0, even when the bulk dynamics is
asymmetric (i.e., when ν 6= 0). Furthermore, this profile is symmetric as a function of j, since
the dependence on j is only through (5.35).
A few fugacity profiles with atypical values of the current for different choices of the
parameters, including symmetric and asymmetric boundary conditions and bulk dynamics, are
presented in Fig. 5.2. Note that the hight of the fugacity profile increases with the atypical value
of j, and the maximal fugacity along this profile can attain arbitrarily high values.

5.3.3

Optimal profile in a fluctuating-current ensemble

Rather than considering a system conditioned on a specific value of the current, one may move
to an ensemble in which the current is allowed to fluctuate but is “tilted” towards this atypical
value. Formally, this is done by considering the cumulant generating function of the current,(i.e.,
its log-Laplace transform) G(s), defined as
Z
LT G(s)
LT sj
e
≡ e
∼ dj eLT [sj−F (j)] ,
(5.39)

where (5.8) was used. The last integral is dominated, in the large T limit, by its saddle point, and
therefore G(s) is the Legendre transform
G(s) = max[sj − F (j)].
j

(5.40)

5.3. Optimal profile of a ZRP with atypical current
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Figure 5.2: The fugacity profile in a ZRP with atypical current: (a) zl = zr and ν = 0, (b) zl > zr and

ν = 0, (c) zl = zr and ν = 1, (d) zl > zr and ν = 1. In all plots, the blue curve corresponds to the
typical current [(a) jtypical = 0, (b) jtypical = 0.2, (c) jtypical = 0.4, (d) jtypical ≈ 0.862]. The other curves
correspond to atypical currents (increasing from bottom curve to top curve): j = 0 (purple), 1.5 (yellow),
and 2 (green) [note that in (a), j = 0 is the typical current].

It is often convenient to work in this “s-ensemble” rather than the fixed current ensemble.
Using this ensemble rather than the original constrained ensemble is not unlike using the
canonical ensemble (where the energy is allowed to fluctuate around a value dictated by the
temperature) rather than microcanonical ensemble (where the energy is fixed). The optimal
profile for a given value of s is exactly the optimal profile for the value j(s) at which the
maximum in Eq. (5.40) is attained (this is nothing but the equivalence of the two ensembles).
This value can be found by inverting the relation
s(j) = F 0 (j).

(5.41)

We shall now carry out this computation for the ZRP. Note that the current j enters the optimal
profile (5.34) only through Q [Eq. (5.35)], and therefore obtaining Q(s) is goal of the current
calculation.
The first step is to find F (j), by substituting the optimal profile in (5.32). Carrying out the
integrals, one finds
Z 1

ν i
z0 h
Q(ν coth ν − 1) + cosh(∆µ/2) cosh ν −
,
(5.42)
z ∗ (x)dx =
ν sinh ν
sinh ν
0
and

Z

0

1

p
dz
1
=
log[Q
+
Q2 − 1].
z ∗ (x)
j

(5.43)

For the ZRP, one also obtains
Z zr
Z zr
j − νσ(z 0 ) 0
jdz 0 ν(zl − zr )
dz
=
+
=
2z 0
2z 0
2
zl
zl
z 
 ∆µ 
ν(zl − zr ) j
∆µ
l
=
− log
= z0 ν sinh
−j
. (5.44)
2
2
zr
2
2
Combining Eqs. (5.28), (5.32), (5.36) and (5.42)–(5.44) yields
 ∆µ

p
p
i
z0 ν h
2
2
cosh
+ ν − Q − Q − 1 log Q − 1 + Q .
F (j) =
sinh ν
2

(5.45)
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Then, using 5.41, we find
j(s) =



∆µ
z0 ν
sinh s +
+ν .
sinh ν
2

(5.46)

Finally, (5.35) yields the simple expression



∆µ
Q = cosh s +
+ν ,
2

(5.47)

which together with (5.34) yields the optimal fugacity profile for a given value of s. As before, it
is interesting to consider the symmetric limit of ν = 0. In this case,
∗
zν=0
(x)

5.3.4


 ∆µ

∆µ 
2
− ∆µ
2
2
2
= z0 e (1 − x) + e
x + 2 cosh s +
x(1 − x) .
2

(5.48)

Comparison with microscopic calculation

Complementing the macroscopic approach presented above, it is also possible calculated the
exact fugacity profile at atypical currents for finite systems. This is done by using the known
microscopic steady state distribution [108]. This microscopic calculation for the optimal profile
yields z ∗ (i) for any finite L and for any asymmetry parameters p and q [i.e., the solution is not
restricted to the weakly asymmetric case (5.21)]. Its final result is
h
s 

 s i
L+1
z0
2
2
2
2
−i
2
z (i) = 2
(v − w ) cosh
+ v + w − 2vwa
sinh
×
(v − w2 )2
2
2
h
 s + ∆µ  

 s + ∆µ i
2
2
2
2
i− L+1
2
(v − w ) cosh
+ v + w − 2vwa
sinh
, (5.49)
2
2
∗

where v ≡ aL/2 p, w ≡ a1/2 q and a ≡ p/q. Substituting (5.21), p = 1/2 and i = Lx and taking
the limit L → ∞ leads to the macroscopic result (5.34) and (5.47).

In the finite-system case it can also be shown that while an atypical current event takes
place, the observed dynamics of the system are a Markov process. This process turns out to be a
ZRP, but with effective rates which differ from the original rates. These effective rates can be
calculated, and rather non-intuitively they are found to be space dependant [108].

5.4

Condensation in the conditioned ZRP

As stated above, we see that the optimal fugacity profile (5.34) is independent of the hopping rates
u(n). Only the density profile depends on these rates, through Eqs. (5.16)–(5.17). We now note
that a problem may occur if there are values of z for which ρ(z) is undefined. Mathematically,
this happens when u(n) is bounded from above, leading to a finite radius of convergence zc for
the series (5.17). When the atypical current j is increased, z ∗ (x) must eventually exceed zc for
some values of x, signalling that the optimal z ∗ (x) that we have calculated is not physical. The
physical meaning of this is that condensates form. These keep on accumulating particles, they

5.4. Condensation in the conditioned ZRP
do not reach a steady state, and therefore the calculation which assumed a stationary profile is
not valid.
As Fig. 5.2 demonstrates, if both boundary fugacities are below zc , the sites whose fugacity
exceeds zc are in the bulk of the system. Such condensation behavior is different from condensation on an open chain at its usual steady state (with typical current). In the latter case, the
fugacity profile is always monotone, and thus condensation always occurs at the boundaries
[103].
Note that having a finite radius of convergence for the series (5.17) is not a strong enough
condition to yield condensation in a ZRP with periodic (rather than open) boundary conditions.
For the latter to occur, the density ρ(zc ) at the radius of convergence must be finite [it is from
this condition yields that one obtains (1.5) and (1.6)]. For example, a simple ZRP with u(n) = 1
for all n would not lead to condensation on a ring with periodic boundary conditions, but will
lead to the formation of condensates when conditioning an open system to have an atypically
large current.
The typical state of the conditioned ZRP when condensates form is not yet known. It is
reasonable to believe that the regions with z < zc are described correctly by the above calculation,
while the regions with z > zc are all occupied by condensates. However, this is not proven yet,
and might turn out to be false. Finding the fate of the conditioned ZRP when condensates form
is an important open problem, which is complicated by the fact that the formalism used above,
and indeed the MFT in general, cannot be naively used in this case.
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Discussion

The works discussed above all revolve around models of nonequilibrium particle transport
which exhibit real-space condensation transitions. These studies focus mainly on the ZRP and
generalizations of it, and examine also models of clustering through coalescence (specifically,
the ASIP). Different aspects of the statics and dynamics of condensation are explored, including
mechanisms leading to condensation, the dynamics of condensate formation, and the dynamics
of condensates once they are already formed.
(i) The dynamics of condensates has been examined in Sec. 2, where it has been shown that a
drift motion of the condensate is a rather generic phenomenon in models of condensation
whose stationary state does not have a product form. The mechanism underlying this
drift has been elucidated, and specifically the relation of this drift to the combination of
spontaneous symmetry-breaking, spatial correlations, and a nonequilibrium drive has been
explained.
(ii) In Sec. 3 we have presented an exact solution of an open-boundary aggregation model, the
ASIP. This solution explains recent numerical findings of the non-trivial scaling with the
system size of fluctuations that characterize the formation of condensates in the model.
Specifically, we have shown that occupation fluctuations increase as a power law with
the distance from the origin. These results follow from a scaling form obtained for the
incremental load probabilities. We have also shown that this scaling form is universal, i.e.,
independent of the statistics of the process that feeds particles into the system.
(iii) Section 4 deals the relaxation to equilibrium of a diffusion in a logarithmic potential.
Although originally motivated by the study of current correlations in the ZRP at the
condensation transition, the scope of this study is broader and relates to a large variety
of systems whose relaxational dynamics is described by the diffusion equation (4.1). In
this section we have found that at late times the probability distribution of the diffusing
particle has a scaling form which, surprisingly, depends on the initial condition. Beyond
the practical usefulness of this solution, it has several intriguing mathematical properties.
Most interestingly, the mechanism by which the initial condition selects the scaling
solution bears many mathematical similarities with the marginal stability mechanism that
controls the velocity selection of propagating fronts in nonlinear diffusion equations. In
the nonlinear setting, the selection mechanism is often only conjectured, as there are very
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few known analytical tools that can deal with the nonlinearities of the equation. In our
case, Eq. (4.1) is linear (though nonhomogeneous in space) and we can prove the marginal
stability selection mechanism.
(iv) Section 5 explores how conditioning a ZRP on an atypical current can induce condensation.
Extending works which have examined how condensation of this type affects current
fluctuations [104–106], here we have studied the typical spatial configuration of a ZRP
under atypical current conditions. We have shown that the condensates in a spatially
extended ZRP have an interesting condensation pattern and may form in the bulk, not only
in the boundary where they form under typical current conditions.
All works described above open a variety of questions which would be interesting to study
further. Here I shall describe a few of these questions.
(i) The main question raised by our analysis of moving condensates in Sec. 2 concerns
applications: so far, our work was restricted to simplified toy models. It would be
interesting to look for this effect in real-world systems, which , unlike the ZRP, are always
spatially correlated. A natural candidate is provided by traffic jams, which are known to
drift along highways [17, 109, 110]. Can moving traffic jams be explained by our proposed
mechanism? If so, what does this imply for traffic engineering?
Numerous theoretical questions remain open as well. It would be highly desirable to obtain
a general criterion for the existence of moving condensates, since at the moment each
system must be analyzed separately to establish whether the condensate drifts or not. It
would also be helpful to find an exactly solvable model with drifting condensates, as our
analysis of the drift relies on an uncontrolled MF approximation. The latter problem is no
doubt difficult, as most exactly solvable models of condensation have a product stationary
distribution like the ZRP and thus do not exhibit such a motion1 . A class of exactly
soluble models of condensation which might exhibit a condensate drift is provided by pairfactorized mass-transport models, which generically are spatially correlated [30, 31]. So
far, however, we have not been able to find appropriate hopping rates which would induce
a condensate motion in these models, indicating that perhaps there is some obstruction
prohibiting a condensate drift in these model (which raises again the need for a criterion
for condensate motion).
It would also be interesting to study from a more general perspective the symmetrybreaking aspect of the drift mechanism. Can one find a similar motion in other nonequilibrium models where a different symmetry is spontaneously broken? A recent example in
this direction is provided by a driven XY model studied in Ref. [113] where a phase with
a rotating magnetization is found. How general is this phenomenon of motion induced by
the combination of spontaneous symmetry breaking and a drive?
1

a recently studied model of “explosive condensation” has a product measure and a drifting condensate (with
infinite velocity), but this drift is due to a different mechanism than the one discussed here [111, 112].
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(ii) Although our study of the ASIP in Sec. 3 yields an exact expression for the incremental
load probabilities, many properties of the model are not yet known, including, for example,
occupation correlation functions, and more generally the full steady-state distribution.
Furthermore, the exact expressions found in [3] for the incremental load probabilities have
a combinatorial structure (involving Catalan numbers) that bares many similarities with
the known exact solution of the simple exclusion process (one of the most widely studied
models of nonequilibrium particle transport). It would be very interesting to understand
the origin of these similarities.
In generalizations of the ASIP such as the chipping model (see Sec. 1.2.3), where one
allows fragmentation processes in addition to aggregation, one may obtain nontrivial
condensation transitions in closed systems [36, 37]. The explicit solution of such models
is not known, and in particular they cannot be solved by the empty interval method. These
models have not been studied much in open systems [114, 115], and it would be interesting
to see whether they exhibit a scaling similar to the one found for the ASIP, and whether
this scaling perspective might shed light on condensation in these models.
(iii) A detailed exploration of real-world applications is also the main obvious gap in our study
of the dependence on initial conditions of the diffusion in a logarithmic potential (Sec.
4). Systems such as denaturating DNA and cold atoms in optical lattices are known to
be described, to a good approximation, by the diffusion equation that we have studied,
and indeed we have included a preliminary analysis of the implications of our results to
these systems. It would be very interesting to continue in this direction and to understand
in detail how the dependence on initial conditions could be measured experimentally.
Similarly, experimental implications of our analysis could in principle also be found in
many other models which are described by the same diffusion, including models describing
Barkhausen noise, vortex-antivortex pairs in thin film superconductors, and gasses of longrange interacting particles (see Sec. 5 of [5], reproduced above in Sec. 4).
A related question concerns the implications of our scaling analysis to the quantum
mechanical inverse square potential (as discussed above, the two problems can be mapped
to each other). There are several systems which are known to be described by this equation
[81], and it would be interesting to understand how the scaling picture is manifest in these
systems.
From a mathematical perspective, the similarities between the selection mechanism in
our diffusion problem to the selection of velocity in nonlinear propagating fronts is very
intriguing. Can the relation between the two problems be made more explicit? What can
be learned about nonlinear front propagation from the selection in our linear problem?
(iv) There are several immediate open questions regarding the problem of a ZRP with an
atypical current of Sec. 5. So far we have identified that atypical currents may lead to
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condensation in the bulk of the system. However, since our calculation breaks down once
condensation sets in, we do not know precisely which sites turn into condensates and
what is the typical density profile in the rest of the system. Furthermore, as explained
above, in the microscopic picture one may obtain not only the profiles that lead to current
large deviation events, but also the effective rates that the system is seen to follow during
these events. It would be interesting to find an equivalent macroscopic description of the
effective rates (see Ref. [116] for related problems). Such a picture may be useful in other
systems, where a microscopic understanding is lacking.
It would also be interesting to study similar current large deviations events on a ring
with rates (1.6), where condensation occurs due to particle conservation. When there is
no condensate, it is known that the optimal profile in the MFT optimization problem is
always a flat stationary profile [101, 102]. It is an open question whether the same is true
when condensation sets in, or whether one would find a moving profile (perhaps a moving
condensate).
Beyond the (more or less direct) relation to condensation and the ZRP, the different works
presented in this thesis share a common approach to the study of complex systems. This approach
is manifest in the objectives of the investigations reported above: to seek principles and distill
lessons which are applicable to large classes of complex systems. Here, we have explored aspects
of symmetry and its breaking, of universality and scaling, and of the relation between rare events
and order. Although such lessons do not have the same all-encompassing character of Newton’s
laws of motion, of the rules of Quantum mechanics, and of the laws of thermodynamics, they
nonetheless provide powerful tools for the study of complex systems. In particular, they point
to a very effective methodology for this study, one that was followed here: to look for these
general principles in simplified toy models. We hope that the works presented here provide a
modest example of the type of progress that is possible within a research program following this
approach.

A

Appendices to Sec. 2

A.1

Fixed point analysis of Eq. (2.21)

In this Appendix we analyze the fixed points of the recursion relation for Pi (0), Eq. (2.21). To
simplify notation, we denote in this Appendix
(A.1)

pi ≡ Pi (0).

First, we rewrite the second order recursion relation (2.21) as a two-dimensional first order one
 x + y − xy 
.
(A.2)
(pi+1 , pi ) = f (pi , pi−1 ), with f (x, y) = y,
2−y

The map (A.2) has a one-parameter family of fixed points, the line x = y. Therefore, any value
of pi is a fixed point of the map.
√
Denote by d(x, y) ≡ (y − x)/ 2 the signed distance of the point (x, y) from the fixed point
line. By signed distance we mean that |d(x, y)| is the Euclidian distance, and d is positive if the
point is above the line (y > x) and negative if it is below it (y < x). A simple calculation shows
that

1−y y−x
1−y
√ =−
d f (x, y) = −
d(x, y).
(A.3)
2−y
2−y
2
Since 0 ≤ (1 − y)/(2 − y) ≤ 1/2 for all physical values 0 ≤ y ≤ 1, the distance shrinks by
more than a factor of 1/2 with each iteration of the map. Therefore, the map is an exponential
contraction, in the sense that any initial point (x, y) with 0 ≤ x, y ≤ 1 approaches the line x = y
exponentially rapidly. It is also seen that consecutive iterations oscillate between the two sides
of the fixed point map, i.e., Pi (0) decays to its limiting value via oscillations.

A.2

Equation for the LDF of the two most occupied
sites

In this Appendix we discuss the equation for the LDF of the occupation of the two most occupied
(2)
(2)
sites. Denote Pmax (mL, m2 L) ≡ P (nmax = mL, nmax = m2 L), where nmax is the occupation of
(2)
(2)
the most occupied site and nmax is the second most occupied site. The probability Pmax satisfies
a master equation similar to (2.17). Substituting the LDF ansatz
(2)

(2)
Pmax
(mL, m2 L) ∼ e−LIρ

(m,m2 )

,

(A.4)
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1.8
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Figure A.1: The transition density ρtrans (a) is estimated by extrapolating the finite-size estimators
ρLDF (a; L) and ρtime (a; L) to L = ∞. Markers are simulation measurements and lines are the best fits
to a quadratic polynomial in 1/L. Dashed lines mark the 95% confidence intervals of the fits. The two
different estimators agree to within measurement accuracy.

keeping the leading order in L and examining the steady state leads to


(2)
(2)
0 = 1 − e∂1 Iρ (m,m2 ) e−∂1 Iρ (m,m2 ) − Jin (m, m2 ) +


(2)
(2)
(2)
1 − e∂2 Iρ (m,m2 ) e−∂2 Iρ (m,m2 ) − Jin (m, m2 ) ,

(A.5)
(2)

where ∂1 = ∂/∂m, ∂2 = ∂/∂m2 , Jin is the current into the most occupied site, and Jin is the
current into the second most occupied site1 . In Eq. (A.5) we have already used the fact that the
current out of both highly occupied sites condensate is 1. This equation must be supplemented
by boundary conditions, which are derived from the boundary conditions of the master equation
(2)
(2)
for Pmax . In particular, when m2 = 0, one finds that I˜ρ (m) ≡ Iρ (m, 0) satisfies Eq. (2.19) with
(2.23) and (2.26).
A simple solution of the PDE (A.5) may be found if each of the two terms in the square
brackets vanishes independently. A necessary and sufficient condition for this to occur (found by
(2)
equation the mixed second derivatives of Iρ ) is that
(2)

∂2 log Jin (m, m2 ) = ∂1 log Jin (m, m2 ).

(A.6)

Unfortunately, this is not the case for the AEP (we do not provide the calculation here).

A.3

Numerical determination of the transition density

To calculate the numerical values for the transition density ρtrans (a) of Fig. 2.6, we have used
a finite-size scaling analysis. In this appendix we explain our calculational procedure. The
analysis is based on measuring finite-size estimators of the critical density, and extrapolating
these measurements to L = ∞.
We study two natural finite-size estimators for ρtrans (a).
1

(2)

The explicit forms of Jin and Jin will not be important for us and so we do not write them here. Jin (m, m2 )
(2)
is similar to (2.23) with ρbg = ρ − m − m2 ; Jin (m, m2 ) also has a similar form, but with q∞ and Q∞ replaced by
q3 and Q3

A.3. Numerical determination of the transition density
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(i) We define ρLDF (a; L) as the density at which the two local minima of the finite-size LDF
Iρ (m; L) [Eq. (2.32)] have the same value (see Fig. 2.10). Denote the location of the left
minimum for a given values of L and a by m∗l and of the right by m∗r . Then ρLDF (a; L) is
defined by
IρLDF (a;L) (m∗l ; L) = IρLDF (a;L) (m∗r ; L).
(A.7)
Note that for a given value of L the density ρ can only change by multiples of 1/L, and
thus there may not by a “legitimate” density at which this equality holds. In this case, we
interpolate results to densities which are not multiples of 1/L. Thus, ρLDF (a; L) need not
be a multiple of 1/L.
(ii) As an alternative finite-size estimator, we define ρtime (a; L) as the density at which the
system spends an equal fraction of the time in each of the two metastable states. To this
end we measure the fraction of time pdis (ρ) that the system is in the disordered state, i.e.,
pdis (ρ) ≡ Prob(nmax ≤ `max ). Then, ρtime (a; L) is defined by

pdis ρtime (a; L) = 1/2.

(A.8)

Here too we interpolate pdis (ρ) to densities which are not multiples of 1/L.
Both of these estimators converge to ρtrans (a) when L → ∞. At large system sizes, the second
estimator can be measured to a somewhat higher accuracy, because at the density ρLDF (a; L) the
systems spends a small fraction of the time in the disordered state, and thus more statistics (i.e.,
longer simulation times) are needed in order to estimate Iρ (a; L) to a high enough accuracy.
Next, we assume that both estimators are analytic as a function of 1/L around L = ∞, i.e.,
ρtrans (a; L) = ρtrans (a) + c1 /L + c2 /L2 + . . . for some coefficients ci , where ρtrans (a; L) stands
for either of the two estimators. We then fit the measured values to a quadratic function in 1/L,
and extract the transition density, see Fig. A.1. We estimate the error as the 95% confidence
intervals of the fit; this in fact underestimates somewhat the error, as it does not take into account
the statistical and systematic errors on the estimation of ρtrans (a; L) (the latter are due to the
interpolation discussed above).
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